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ABSTRACT

This thesis reports on semiclassical and full quantum mechanical treatments of light-
matter interaction. In particular, we look at the interaction between single-mode light
field and a two-level atom in a non-dissipating closed system. In semiclassical
treatment, the interaction is dominated by electric-dipole interaction, thus the
electric-dipole Hamiltonian is formulated in which, together with the atomic
Hamiltonian, forms the total Hamiltonian of the system. Derivations to obtain the
probability function of the atom in ground state and excited state are performed. Two
cases of detuning, namely exact resonance and near resonance are then studied. In
exact resonance, it is found that the probability of the atom to reside in ground state
and excited state is conserved and varied in sinusoidal waveform. In the case of near
resonant, the period and the amplitude of the probability function decreases with
higher detuning. On the other hand, in full quantum mechanical treatment, we
consider quantised light field of various initial field states interacting with a quantum
mechanical two-level atom. The total Hamiltonian of the system consists of atomic
Hamiltonian, field Hamiltonian and interaction Hamiltonian is derived, which is then
transformed into the interaction picture. The derived Hamiltonian is then used to
solve the Schrodinger equation to find the wavefunction of the joint system. Finally,
initial field states such as number state, coherent state and thermal state are used to
obtain the ground state probability functions of the two-level system. Initial number
state renders the atom to undergo a uniform oscillation in probability function,
similar as in the case of the semiclassical treatment. Initial thermal field interacting
with the atom turns the probability function to exhibit chaotic characteristics,
resulting in minimal amount of information to be extracted from the system. Most
interestingly, initial coherent state condition allows for the observation of the
collapse and revival of Rabi oscillation. Such phenomenon is a characteristic feature
of the quantum mechanical treatment and in fact, is the direct evidence of the
quantisation of the field state. The time period between each revival features is also
investigated and is found that the period is related to mean photon number and
interaction strength by the formula T ~ 2w A=*v/n. Furthermore, the derived model is
extended from single-photon model to multiple-photon model in which the two-level
atom absorbs multiple photons to undergo excitation. In the case of two-photon

model with initial coherent state, we observe collapse and revival features with much



Vi

shorter period. The probability function with initial thermal state, on the other hand,

remains chaotic even in two-photon model.
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CHAPTER 1

INTRODUCTION

1.1 Background

Much of the interests in studying the interaction of light with matter have been
generated over the past few centuries. Traditional studies on such interaction involve
classical treatment of light as an electromagnetic wave and atom as a Hertzian dipole.
Interactions can be observed when the oscillation of electromagnetic wave is in
resonant with the dipole. Besides that, the interaction of light with media may also be
in the form of absorption, transmission, reflection and scattering.

In the advent of quantum mechanics, quantum optics is introduced which
involves the semiclassical and quantum mechanical treatments of light-matter
interaction. In quantum mechanics, the energy levels of the atom are quantised as
opposed to continuous in classical theories. Semiclassical treatment requires such
guantum mechanical atom, but still retains the classical properties of the light field.

To completely investigate the light-matter interaction, a full quantum
mechanical treatment is applied to both the atom and the light field. In this treatment,
the light is quantised and is considered as photons. One important model of this
treatment is the Jaynes-Cummings model which was introduced by Edwin Jaynes
and Fred Cummings in 1963. This model was first used to investigate the classical
aspect of spontaneous emission, but later found that their work resulted in showing

the discreteness of the photons.

1.2 Problem Statement and Importance of the Study

Quantum applications have seen rapid development over the last few decades. One of
the earliest progresses was in 1917 when Einstein developed the theoretical
foundations of laser and maser. However it was not until in the year 1939 that Lamb
and Rutherford first demonstrated the stimulated emission process. A few years later
Kastler and Weber proposed light and microwave amplification respectively, which
later became the experimental foundation for laser and maser. These developments
stimulated a new field of quantum electronics. Besides that, photonic qubits remain
as one of the main candidates for quantum computing and long-distance quantum

teleportation.



All these aforementioned developments require the interactions between light
and matter. Therefore a solid understanding on the nature of such interaction is
required in order to analyse the theories behind these recent progresses as well as

possible future applications.

1.3 Aims and Objectives of the Study

Given the importance of quantum optics in the modern research and development,
this study aims to investigate the fundamental problem of light-matter interaction
using both semiclassical and quantum mechanical treatments. In semiclassical
treatment, the probabilities of the two-level system to reside in either ground state or
excited state is derived and discussed. This report also aims to highlight the
mathematical procedure in obtaining the theoretical form of the interaction between
an energetically quantised two-level atom and a classical light field.

Besides that, it is also one of this project’s main objectives to perform
guantum mechanical treatment on the interaction between a two-level atom and
various single-mode quantised light sources. The characteristic features of these
light-matter interactions will be studied thoroughly. This study also aims to
demonstrate the mathematical derivation of wavefunction of the interaction system.
Furthermore, in-depth studies on the properties of the collapse and revival features of

the Rabi oscillations are performed.

1.4 Scope and Limitations of the Study

This thesis reports primarily on the interaction between a single-mode light field and
a two-level atom in a non-dissipative closed system. The scope of this study can be
generally classified into two types, semiclassical and quantum mechanical treatments.
In semiclassical treatment, the energy level of the atom is assumed to be quantised
whereas the field is of classical nature. On the other hand, quantum mechanical
treatment assumed energetically quantised two-level atom and quantised light field
statistics.

The study, however, is limited to closed system in which decoherence and
energy dissipation do not occur. Several approximations such as rotating-wave
approximation and dipole approximation are also utilised in the derivations. A
thorough study without the use of these approximations is beyond the scope of this

project.



1.5 Outline of the study

The study begins with a complete investigation on the semiclassical treatment of
light-matter interaction. To simplify the scenario, several approximations such as
dipole approximation and rotating-wave approximation are utilised. From the derived
results, the probabilities of the atom to be found in either ground state or excited state
are computed and discussed.

Then, derivations on the quantum mechanical treatment of interaction
between a two-level atom and various single-modes quantised field states are
performed. For the purpose of this study, Jaynes-Cummings Model was chosen to
develop the wavefunction of the light-matter system. To achieve that, the
quantisation of electromagnetic field, which is assumed to be a free field contained
inside a closed resonator with perfectly conducting walls, is derived and reported.
Various properties of quantum fields such as number states, coherent states and
thermal states are investigated as well. After obtaining the wavefunction of the
interacting system, the probability graphs of the atom staying in the ground state are
plotted and studied for various conditions such as resonant and near resonant cases.
Furthermore, an in-depth study on the properties of the collapse and revival features

of the Rabi oscillations is performed.



CHAPTER 2
LITERATURE REVIEW

2.1 Dipole Interaction with External Electric field
In semiclassical treatment, the interaction Hamiltonian between a two-level atom and
a classical field needs to be derived. There are commonly two starting points: a
minimal coupling Hamiltonian and a direct coupling Hamiltonian (Rzazewski and
Boyd, 2004). These methods are also known as velocity gauge and length gauge
respectively. According to Dick (2016), although the two gauges may come into
different results for atoms in strong fields, it is still mathematically consistent to mix
some components of the two gauges. However, since quantum mechanics is
generally gauge invariant, the choice of the formulation should not affect the final
result considerably (Han and Madsen, 2010). Hence in this report, the direct coupling
Hamiltonian is chosen to formulate the interaction Hamiltonian because it is
conceptually simpler. The derivation for such formulation is shown in this section.
According to Griffith (1999), a dipole may interact with a uniform or non-
uniform electric field. Suppose a perfect dipole is located inside an electric field as

shown in figure 2.1, it experiences a force

F=q(E,—E.)
=F,+F_,

where F, = qE, and F_ = —qE_. The electric fields E, and E_ are the fields that
interact with +q charge and - g charge respectively. In a uniform field, the force in
the positive direction F, and the force in the negative direction F_ cancel each other
completely, leaving no net force acting on the dipole. There will be however a torque
such that

N=@r XF,)+ (r_xF_.)

—r,xE+ r’x E
—\2 71 2 * 4

= qr'XE
= dXE,



where d = qr’ is the dipole moment and r’ is the position vector of the charges.

E

Figure 2.1: Schematic drawing of a dipole located inside an electric field.

On the contrary, a non-uniform electric field does inflict a net force on the
dipole because F, and F_ do not exactly cancel each other. The force experienced

by the dipole is again given by

F=q(E,—E.)
= q(AE), (2.1)

where AE is the difference between the E field at the 4+q charge and the - g charge.
Now if we assume that the dipole is very short, the small change in the E field can be
approximated as AE = (r' - V) E which can then be substituted back into equation 2.1
so that

F=(d V)E.

In addition to that, the dipole in a non-uniform field also experiences a torque which
is the same as the torque experienced by the dipole in a uniform field.
To find the energy of an ideal dipole in an electric field, the work done on the

point charge —q and +q are recognised to be W = —qV(r) and W = qV(r + ')



respectively. The vector r describes the position of the —q charge measured from an
arbitrary origin. The energy of the dipole is then given by

U=qV(r+r)—qV(r)
=qVir+r)—-Vv(@)]

[

For an ideal dipole, the energy can be simplified into
U=—qE-r'"=-d-E,
which can be extended as a direct coupling Hamiltonian taking the form
Hep = —d-E, (2.2)
where H;p represents electric-dipole Hamiltonian operator and d is a dipole operator.

2.2 Quantum Harmonic Oscillator

The solution of a quantum harmonic oscillator remains relevant in quantum optics
because the quantisation of electromagnetic field yields similar result as a harmonic
oscillator, hence this part of the literature is included. For simplicity, the harmonic
oscillator is taken to be one-dimensional, however the solution may be generalised
into higher dimensional oscillator. Firstly, the potential of a harmonic oscillator is

written as V(x) = %mwzxz, which can then be substituted into the Schrodinger

equation so that

,hB‘P_ hzalP_I_l 2y
lat_ 2m 0x?2 mex

Since the potential is time independent, the wavefunction ¥ may take the form of
separable solution where W(x,t) = Y (x)¢(t). Since the left side of the equation
only depends on time whereas the right side of the equation only depends on position,



the two sides must be equal to a certain constant. Let that constant be energy, E and

separate the equation, we therefore obtain

_ 09
lhE—Ed),
and
2oy 1
S W 28200 —
Zmaxz-l-mexlIJ Ey

The solution of the time dependent part of the equation is simply

¢(t) = exp (— LETt)

On the other hand, the spatial part of the equation can be rewritten as

1 A F9l J—
=[5 + ()l = Ey.

Since Hy = Ei , then the Hamiltonian operator is

q= L [p? + (mwz)?]
2m '

To obtain the solution using algebraic method, we define the ladder operators as

Q
I+
I

(F+ip + mwX), (2.3)

where @, is a step up operator and a_ is a step down operator. The product of these

two operators yields

a,a_ = [P? + (mwz)? + imw(PE — £P)]. (2.4)

2hmw



Since the X operator and p operator do not commute, the term — S [imw(px —

xp)] remains non-zero. To simplify the extra term, the commutator of these two

operators using a test function f is found to be:

px —Xp = [p,%If

_hd xh d

B idxxf i dx
h( df df

=@t )

= —ihf.
[P, x] = —ih

The extra term then simplifies into —;Z:lz = —%. In other words the Hamiltonian

simplifies into

A= ho (a+a_ +

N

) (2.5)

)

N| =

=ha)(ﬁ+

where i = @, d_ is a number operator with eigenstates of |[n) and corresponding

eigenvalues of n. It therefore follows the relation
filn) = n|n).

The time-independent Schrodinger equation simplifies into
1
ho (a+a_ + E) b = Ey.
It is also useful to note a few properties of the ladder operators as follows:

[a_,a,]=1, (2.6)



a,n)=vn+1n+1), (2.7)
a_|n) =vnln - 1), (2.8)
H(a, ) = (E + hw) (@), (2.9)
H@a_y) = (E — hw)(@_y). (2.10)

The observable operators can be expressed in terms of the ladder operators as well,

le.
h
£= |5 (4, +a.) (2.11)
and
p=i @ (@, —a.). (2.12)
2.3 Quantisation of Electromagnetic Field

Majority of the works in this section were derived based on the methods shown by
Loudon (2000) and Schleich (2001). The electromagnetic field to be quantised in this
section is modelled as a free field trapped inside a resonator in which the walls are
made of perfect conductors. While the classical fields are shown to have quantised
properties for having spatial modes, the quantisation procedure in this section is
focused more on the quantisation of the temporal part of the vector potential. We
begin by describing the classical electromagnetic field using Maxwell’s four

equations as shown below:

VXE = ——, 2.13
™ (2.13)

OE
H0_1VXB = 80% + ], (214)
&V-E =p, (2.15)

V-B=0. (2.16)
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The variables J and p are current density and charge density respectively. These
classical fields are functions of position r and time t. The quantisation of
electromagnetic field can be facilitated by re-expressing the Maxwell equation in

terms of scalar potential ¢ and vector potential A.

2.3.1  Wave Equations of the Potentials
Firstly, it can be immediately seen that to satisfy equation 2.16, the B field can be

expressed as
B = VXA. (2.17)

Substitute equation 2.17 into equation 2.13 and simplify it using the identity Vx
V¢ = 0, we obtain

0A
~UXE —Vx—-= 0= VxV¢

VxV¢ = Vx (—E - a—A>

at
94
w0 (-5
E=-V¢p— g—‘:. (2.18)

Then, we substitute equations 2.17 and 2.18 into equation 2.14 to obtain

“lyxVxA = g ( \Y aA) +
nuo - 80 at ¢ at ]
oVep 9%A
V(V-A4) - VA = pye <_W—F> +uoJ
10Vep 1 092%A

V(V-A) - V2A+ ——+ =), (2.19)

c2 9t ' cZ? ot?

1
VHoéo

Similarly, we re-express equation 2.15 by substitute in equation 2.18 to obtain

where the identity VxXVxA4 = V(V - A) — V24 and relation ¢ = have been used.
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0A
eV (-9 —57) =

—&o(V-Vo) — ¢ % (V-A4) =p. (2.20)

Then the Coulomb gauge which is specified by the condition V - A = 0 is imposed so

that equations 2.19 and 2.20 can be further simplified into

10Vep 1 0°%4
VAt G e = (221)
and
=V-V¢ = eﬂ- (2.22)

0

Notice that equation 2.22 shows that the scalar potential ¢ satisfies the Poisson’s
equation of electrostatics. Since the field quantisation is to be done on a free field (i.e.
a radiation field that is free of current and charge), the variables J and p are set to

zero. This simplifies equation 2.22 to Laplace equation which is in the form of

V-V =0. (2.23)

In this case, ¢ can be set to equal to zero so that equations 2.18 and 2.21 can be

simplified as
0A
E=—— 2.24
ot (2.24)
and
1 92%A
2A———=0 (2.25)

c? ot?
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respectively. Note that equation 2.25 is actually a wave equation in terms of the
vector potential A.

Before moving onto the next section, it should be noted that other gauges
such as Lorentz gauge can be equivalently used in the quantisation procedure. The
choice of Coulomb gauge is justified by the fact that it is a transverse gauge which
allows the electric field to be a transverse field. Since only transverse photons are
present, the solution is practically simpler. On the contrary, Lorentz gauge contains
both transverse and longitudinal components, hence it is not used in the derivations

here for simplicity purpose.
2.3.2  Implications of the Wave Equation
Equation 2.25 from the previous section is a wave equation in terms of the vector
potential A which can be expressed as
A = aq()u(r), (2.26)

where « is a constant. We substitute equation 2.26 into equation 2.25 to give

vut) _ 140
u(r)  c2q@)’

Since the position dependent terms and the time dependent terms are separated to the
left and right sides of the equation respectively, both sides of the equation must be
equal to a constant which is independent from the position and time variables. Let
that constant be —k?, where k is a wave vector that depends on the boundary

condition, we may then express the equation in the spatial form as

Viu(r) + kK*u(r) =0

and in the temporal form as

G(t) + w*q(t) =0,

where w = ck.
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Now we proceed to study the boundary conditions on the vector potential A.
Since it is assumed that the walls of the resonator are perfect conductors, the
boundary conditions for dielectric-conductor boundary dictate that the tangential E
field and the normal B field must vanish. Suppose that e is a unit vector parallel to
the boundary whereas e is a unit vector perpendicular to the boundary, the parallel

component of the E field at the boundary takes the form

0A
e|r)-E(rt)=—e(r) gFT

= —aq@®[u(r) - e (r)].
Since the tangential component of E field at the boundary must vanish, this leads to
u(r)-e(r)=0. (2.27)
Similarly, the orthogonal component of the B field at the boundary takes the form

e, (r)-B(rt) =e, (r) [VXA]
= aq(t)[e (r) - (Vxu())].

Since the orthogonal component of the B field at the boundary must vanish, this

leads to
e (r): (qu(r)) =0. (2.28)

It is important to note that the relations in equations 2.27 and 2.28 are only
valid at the boundary. These two boundary conditions imply discrete property of the
possible wave vectors. In other words, only a discrete set of mode functions u, (r) is
allowed in a resonator. The subscript k refers to a set of integer numbers. Such
phenomenon is common for radiation field propagating inside a waveguide. In fact it

is known that these mode functions obey orthonormality property given as

J&Prw () we () = S - (2.29)
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Note that the orthonormality of mode functions imposes a constraint such that
[ d3r |u,|?> = 1. To satisfy this condition, the relation u, = Nvy, is introduced,
where N is the normalisation constant and v, is a dimensionless mode function. The
normalisation constant N is always in terms of the volume of the resonator, ¥V and an
algebraic factor. Therefore we introduce the effective mode volume V}, such that it
contains both the volume of the resonator and the algebraic factor so that the
normalisation constant is V.. Hence the orthonormality condition in equation 2.29

becomes

1

VVieVie

f d3r uk(r) : ukr(r) = 5k,k! . (2.30)

Furthermore it can be observed that the Coulomb gauge condition now takes the

form of
V-u(r)=0, (2.31)

which is valid throughout the whole resonator.

2.3.3  Quantisation of the Radiation Field

In the previous section, it is shown that the boundary condition of the resonator
causes the discreteness of the spatial part of the vector potential. However this has
nothing to do with the quantisation of the radiation field, instead it is the time
dependent part of the vector potential that is needed for the quantisation procedure.
In this section, the quantisation of the radiation field in a resonator of arbitrary shape
is formulated. We begin by first recalling the form of the vector potential in equation

2.26 and expand it into a discrete sum of mode functions which is in the form of

Qi (v (1),

1
A=y —
A wlgovk

where &, is the electric permittivity. Separate out the terms V, and g, for

convenience and now the constant « is determined by these two factors. This
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expression of the vector potential is then substituted into equations 2.17 and 2.18 so

that we obtain

H(r,t) = L vxa = Z ;qk(t)(vak(r)), (2.32)
Ho % I’LOWSOV]( .
0A 1
E(rt) === Z T O, (2.33)

Now we proceed to calculate the total energy of the electromagnetic field in
the resonator. The Hamiltonian of the total field inside the resonator is dependent on

the E field and H field and is expressed as

1 1
H= f (E 0B (1, ) + 5 o B2, t)> &r.

We substitute the aforementioned E field and H field into the Hamiltonian to gain

the expression of

1 1
H =—Zz—*%q}<'ka "V d’r
2 k k/ Vkal
) L R
= ————qkqx’ XV ) - (VXVy, T.
2 LR ViV

By making use of the identity V- (fxg) =g - (VXf) — f-(Vxg) while letting

g = Vxv, and f = vy, , the identity becomes

V: (0 XUxvy) = (VXvy) - (VXvyr) — v - (VXVXDY),
which can be rearranged into the form of

(Vxvy) - (VXvy) = V- (0 XVUXVy) + vy - (VXU XD).

We substitute this back into the Hamiltonian expression to obtain
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"L

kQR’ka'vk’d3r

Arqy’ f (V : (ver(vak)) + v

%zzm

Vxvak))

Using the Gauss theorem, the integral is converted into

fV (e x(Vxvy)) d3r = f(ver(vak)) -dS.

It is observed that vy, is proportional to the spatial part of the electric field (equation
2.24) whereas VXwvy, is proportional to the spatial part of the magnetic field (equation
2.17). Since the electric field is orthogonal to the surface of the resonator and
magnetic field is parallel to it, the cross product of these two vectors will always
yield a vector that is perpendicular to the surface vector of the resonator; hence the

surface integral vanishes. Moreover, another term may also be simplified as

VX(vak) = V(V . vk) — Vzvk
= —Vzvk

_ 1,2
= ky vy
— —C vy,

where the Coulomb gauge condition in equation 2.31 and the identity VX(Vxf) =
V(V - f) — V2f are utilised. Finally, we make use of the orthonormality to obtain the

final form of the Hamiltonian as

1.1
H = Z [5 qr +§wiqi] (2.34)
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where H;, = %q,% +%a),2(q,%. It is immediately recognised that the Hamiltonian of

mode k (i.e. H;) resembles the Hamiltonian of a harmonic oscillator. To confirm with

this claim, the Hamilton equations of two conjugate variables g, and p;, = g, are

_ 0

. Hy Hy
dk = 3
Pk

= p, and p, = —ZT = —wZqy , which lead to the equation of motion for
k

harmonic oscillator
gr + wiqe = 0.

This indicates that the electromagnetic field in a resonator consists of a
discrete set of harmonic oscillators with energies Hj,. Therefore we make use of the
known quantum mechanical solution of a harmonic oscillator which has been

covered in section 2.2, the Hamiltonian operator for each individual oscillator is

—~ 1

The Hamiltonian of the radiation field is then the sum of all these oscillators’

Hamiltonian

a

1
z [hwkd+€l_ +z hwk] (2.36)
k

- Z[hwkd+d_] +H,,
k

where

~ 1
o= ), [gho]
k

is the vacuum energy. It is observed that the vacuum energy does not contain any
operator in its expression; hence the Hamiltonian remains non-zero even when there
is no radiation field present. Moreover the frequencies w; have no upper bound and

thus the vacuum energy term is infinite.
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2.4 Three Pictures of Quantum Mechanics

2.4.1  Schrodinger Picture
In Schrodinger picture, quantum system is described by time dependent
wavefunction which satisfies the Schrodinger equation,

d [
ZI¥s(0) = —= Al ¥s(0)), (231)

where |Ws(t)) and Hs are the wavefunction and Hamiltonian of the quantum system
respectively in Schrodinger picture. The time factors can in fact be factored out as a

separable solution, so that

Ws(6)) = exp (%Hst) |w50). (2.38)

In contrast, the observables are represented by Hermitian operators which act on the

wavefunction. These operators are time independent in Schrodinger picture.

2.4.2  Heisenberg Picture

Heisenberg picture has opposite traits compared to Schrodinger picture. In this
picture, the operator is time dependent whereas the wavefunction is time independent.
Transformation from Schrodinger picture to Heisenberg picture can be achieved
using unitary transformation to eliminate the time dependence factor in the

wavefunction in Schrodinger picture, such that

|Wy) = U|Ws(2))
iHst
= exp (T) |Ws (1))

= |Lps(0)),

where U = exp (lHTst) and Wy is the wavefunction in Heisenberg picture which is

time independent. By taking the inner product of Wy, we observe that
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(Py|Wh) = <exp( s )‘Ps(t)|exp( )lps(t)>

= (Vs(D)|Ws (D).

To include the time dependence factor into the operator, we take the expectation

value of the observable to be

( ) (t)|05|lps(t))

ﬁst ~ _lﬁst
exp 7 Os exp 5

¥5(0)|0y|Ws(0))
Wy |0k |Wy).

(W

= <tps(0) L115(0)>
=
=

Therefore the observable operator in Heisenberg picture picks up the time

dependence factor through unitary transformation, where

. iHgt —iHst
Oy(t) = exp = Os exp )

Heisenberg equation may be obtained by differentiating this operator as follows,

dOH l —~ A lﬁst dOS _lﬁst l ~ -~
ek EHSOH + exp n It exp — —=0yxHs

Hst\ dO —iHst
= —[HS, OH] + exp <l hs >—Sexp< Hs ) (2.39)

2.4.3 Interaction Picture
Interaction picture, also known as Dirac picture allows both the wavefunction and the
operator to carry the time dependence traits. It is an intermediary between
Schrodinger picture and Heisenberg picture which can be very useful in solving
problems involving time-dependent interaction Hamiltonian.

Firstly the free term and the interaction term in the Hamiltonian in the

Schrodinger picture are separated, so that
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Hs = ﬁs,o + ﬁs,int' (2.40)

where HS,O and Hs,int are the free unperturbed term and the small interaction
perturbation term respectively in Schrodinger picture. From the experience in
transforming Heisenberg picture, the wavefunction and the operator in interaction
picture can be transformed in a similar manner using unitary transformation, such
that

- 1
|%,(D) = U|¥s(0)) = exp (l ;ft) |#5(0), (2.41)
0,(t) = exp (iH“;iot> O exp <_i1:f’0t>, (2.42)

where W, (t) and 0,(t) are the wavefunction and observable operator respectively in
Heisenberg picture. We differentiate equation 2.41 with respect to time to yield

dllpt)_iﬁ iHs ot wL(0) + iHs ot dI‘P )
dt (1) = 7 1s.0 exp 7 s(t) exp 7 dt s(t)

i iHs ot i
= =g [9,(0)) + exp (2= ) (=5 Aslws(0))

i i, ~
= gHs,o |W;(t)) — 7 (Hs,o + HS,int)llpI(t))

i~
= _EHS,intllPI(t))- (2.43)

This form indicates that the state vector in interaction picture evolves in time
according to the interaction term only. Next, equation 2.42 can also be differentiated

with respect to time to obtain

n ) dt 7

i . iHe ,t\ dO —iH ot
=£[H5,0,0,]+exp< Zo) . Xp< — ) (2.44)

d . i . ifsot\ dOg —iHsot\ i A
%Ol(t) = EHS,OOI + exp< ) Xp( % O/Hs

dt © A
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Barnett and Radmore (1997) showed that the transformation of the Hamiltonian from
Schrodinger picture to interaction picture can be obtained by solving the Schrodinger
equation in interaction picture, such that
~ 0
H |, (1)) = lhappl(t))
o 0
A,0195(0) = ih— (O1%5(0)))
a0 .~ 0
= lhﬁ |Ws(t)) + tha |Ws (1))

-~

oUu SN
= ih% |Ws(t)) + UHg|Ws(2)).

Hence by comparison, the transformation is obtained to be

_ ou .. ..
A = ih—— Ut + UH T, (2.49)
2.5 Exponential of Diagonal Matrices

The exponential of a two-by-two diagonal matrix is shown to take the form of

=% o)

where A is a diagonal matrix which is represented as

_(c11 O
A_(O 022)'

The mathematical proof of this formula is shown in this section. We first take the

Taylor series of an exponential which is known as

x> x3

X — —_ R ces
AR TR TR
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and let A be a two by two matrix represented as

A= (C11 C12)'

€21 C22
so that the exponential of matrix A is simply

A% A3

A _ - —_
e —I+A+2!+3!+ .

For a general form of matrix A, there is no simple solution to compute the power of
the matrix. However, the solution is greatly simplified for diagonal matrix where the

coefficients c¢;, and c¢,; are equal to zero so that

_(c11 O
A_<0 022)'

then an arbitrary power n of the matrix is simply

n _ (€11 O)
A _(0 o)

Hence the exponential of the diagonal matrix may be significantly simplified and
takes the form of

=0+ (m 0) et 03, .
(0 1)+ 0 ) T2\ 0 3, *

e =
1 2
1+C11+5C11+"' 0
= 1 ,
0 1+C22 +§C22+"‘
_ (e 0
_( . esz)' (2.46)
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2.6 Coherent State
Coherent state is a special class of field states that is an accurate representation of
field produced by a stabilised laser. Its state |a) can be expressed as a linear

superposition of number states |n) which is in the form of

n

= e (~21e12) Y < @47

n=o (n!)z

where « is a complex number. It can be easily shown that |a) is normalised by taking

its inner product, such that

5 o an
(ala) = exp(~lal?) ) “—
n=0

n:

\ el
a
— _ 2
= exp(—lal?) ) =
n=0

= exp(—|a|?) exp(lal?)
=1

One key feature of coherent state is that |a) is the right eigenstate of a_ operator

with eigenvalue a. This can be easily shown as follows,

a_la) = exp (—%|a|2)n=1 (n; Vil —1)
:exp(_;ap)z (naj -
= exp (‘%'“'2)203"; m)
= exp 5 laf) i = m)

= ala). (2.48)
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On the other hand, since the operators @, and a@_ do not commute, |a) is naturally
not the right eigenstate of @, . Instead, |a) is the left eigenstate of a, with eigenvalue

*

a’, i.e.

(alay = a_{al

© Lm+1
e
2 N
m=1
1 ="
=exp|—=|al? m
p(~ll "Z — (m
= a*(al. (2.49)

By making use of the results from equations 2.47, 2.48 and 2.49, we derive

the mean photon number in coherent state as follows,

= |a/?. (2.50)

Hence the photon number probability distribution for coherent state can be expressed

as

P(n) = [(n]a)|?

_exp(—|al?) |af?

n!

_ lexp(=m) 7] (2.51)

n!
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2.7 Thermal State

When insufficient amount of information is known, the field state can be expressed
as a mixed state represented by a density matrix. Thermal state is a kind of mixed
state that is utilised when minimum amount of information is given, knowing only

the mean value of energy. The density matrix of a thermal state is expressed as

p= P In)nl, (2.52)
n=0
where P(n) = {1 — exp (— :—wT)} exp (— ’;h—(;’) is the probability of state |n) being
B B

measured. To derive for the expression of the mean photon number, the expression

for P(n) is first simplified into

P(n) = (n|pIn)
= Tr(pIn}nl),

where the identity (a|b) = Tr(|b){a|) is used. Then the mean photon number is

simply

n= Z nP(n)

n=0

oo

> nTr(pin)al

n=0

co

> onrr ({Z P(n) |n><n|} |n><n|)
n=0

n=0

= Tr (Z P(n) nIn)(nI).
n=0

We make use of the relation 7i|n) = n|n), so that the expression of mean photon

number may be simplified into



n

Tr (Z P(n) ﬁ|n>(n|>

=0
Tr(pn).

Substitute equation 2.52 into equation 2.53, we therefore obtain

We let x = exp (—

hw
kT

), the mean photon number can then be rewritten as

n=0
= (1=} ) x ("
n=0
d o0
= (1= Y a"
n=0
d 1
= {1 - (1 — x)2
_ X
T 1—x
_ 1
|
_ 1

(hw>_1+1
*P\k,T) " 7
1+n

26

(2.53)
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which can then be inverted so that

(2.54)

Substitute equation 2.54 back into the original probability function P(n), we

therefore obtain

n
1+n

e
T+ A)1+7

n
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CHAPTER 3

METHODOLOGY AND WORK PLAN

3.1 Derivations in Semiclassical Treatment

Firstly, the total Hamiltonian of a quantum mechanical two-level system being
coupled to a monochromatic classical radiation field with frequency w was
formulated. The expression of the electric field intensity E was obtained by assuming
dipole approximation to eliminate the spatial dependence factor of the field. Then the
atomic Hamiltonian of the two-level system is formulated by assuming the ground
state’s energy as zero. Next, the interaction Hamiltonian which is predominantly
contributed by electric-dipole Hamiltonian was formulated. For this part, several
methods such as minimal coupling and direct coupling could have been used,
however direct coupling was utilised because of its conceptual simplicity. By using
several identities, the expression of the dipole operator was derived. The interaction
Hamiltonian is finally simplified using rotating-wave approximation to eliminate fast
rotation factors.

The total Hamiltonian was obtained by summing the atomic Hamiltonian and
the interaction Hamiltonian, which was then substituted into the Schrodinger
equation. The resulting differential equations were solved to obtain the expressions
of the coefficients of the wavefunction. With the available expressions and
assumption of initially unexcited atom, the solution of resonant case A= 0 was
obtained. The graph depicting probability of atom in each state against Qt was
plotted using MATLAB software, where Q is the Rabi frequency and t is the time.

Finally similar procedures were repeated for near resonant case.

3.2 Derivations in Quantum Mechanical Treatment

The full quantum mechanical treatment on light-matter interaction assumed single-
mode quantised light field of various initial field statistics interacting with an
energetically quantised two-level atom. The objective of this treatment is to derive
the field-atom wavefunction of the joint interaction system using Jaynes-Cummings
Model.
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Firstly, the quantisation of electromagnetic field which was assumed to be a
free field contained inside a closed resonator with perfectly conducting walls was
derived and reported. Various properties of quantum field states such as number
states, coherent states and thermal states were reported. The understanding on these
quantum fields serves as the foundation to apply different types of initial light
sources in the interaction. The transformations between Hamiltonians in different
pictures (i. e. Schrodinger picture, Heisenberg picture and Interaction picture) were
also investigated and reported.

With all the available resources, the interaction system may then be derived
using Jaynes-Cummings model. The atomic Hamiltonian, field Hamiltonian and
interaction Hamiltonian, all in Schrodinger picture, were derived and combined to
form the total Hamiltonian of the system. Then the total Hamiltonian in Schrodinger
picture was transformed into interaction picture using the transformation relation
derived previously. The rotating-wave approximation was applied to the resulting
total Hamiltonian which was then used to solve the Schrodinger equation. Using
similar manner as in semiclassical treatment, the coefficients of the wavefunction
were derived using algebraic operations.

After solving for the coefficients c¢; and c,, the modulus square of ¢; was
calculated to plot for the graph of ground state probability against time using
MATLAB software. The probability here refers to the probability of the two-level
atom to stay in ground state at any time t. However it is found that the coefficients
depend on the initial field statistics, therefore the probability function of the initial
field state had to be included in the derived equation to yield numerical solutions. In
this study, number state, coherent state and thermal state were used to study the
characteristics of light-matter interaction in quantum mechanical treatment. Both the
cases of resonant and near resonant were applied here. The relationship between the
probability functions and the parameters such as interaction strength, mean photon

number and detuning were studied and discussed extensively.
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CHAPTER 4
RESULTS AND DISCUSSIONS
4.1 Semiclassical Treatment

4.1.1 Classical Electromagnetic Field

We consider the simplest case of coupling a classical field to a quantum mechanical
two-level atom. It is assumed that the classical field is monochromatic with
frequency w. Dipole approximation is also utilised so that the spatial dependence
factor of the field equals to unity. This is fully justifiable as long as the wavelength 4
Is significantly greater than the dimension of the atom so that kr <« 1, which leads to

e ~ 1. The electric field of light may then be written as follows,

E(t) = €E;cos wt
1 . .
— SEOE(e_lwt + elwt)

= eEole‘i“’t + eEo1 elwt
2 2

=E* () +E (), (4.1)

where & is the unit polarisation of the vector field, E*(t) = sEoée“"“t and E~(t) =

1
SEO E e“"t.

4.1.2  Atomic Hamiltonian
Next, we proceed to derive the Hamiltonian of a two-level atom which is assumed to
have state 1 (ground state) with frequency w: and state 2 (excited state) with

frequency w2. Hence the atomic Hamiltonian can be expressed as

Hy = how,|2)(2] + hoq|1){(1].
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In general, the relative energy difference between the two levels is more important
rather than the absolute energy values, thus the Hamiltonian may be simplified by

assuming w1 = 0, then
Hy = hw,[2)(2]. (4.2)

Before moving on, it is now important to clarify that the detuning A= w — w,
is sufficiently small so that the two-level atom model stays valid. Otherwise at high
detuning, the energy of the classical field may be sufficient to excite the electron to a
third level.

4.1.3 Interaction Hamiltonian

The Hamiltonian of interaction between the light field and the atom is formulated in
this section. The interaction Hamiltonian is predominantly contributed by the
electric-dipole interaction (Loudon, 2000). Suppose there are Z numbers of electrons
in the two-level atom, the classical result from the literature shows that the

Hamiltonian takes the form
HI=_d'E, (43)

where d = —e Y%, r; is the dipole operator, e is the elementary charge and r; is the
position vector of each electron i.

Since the interaction Hamiltonian is real and has odd parity, it is immediately
concluded that (1|d|1) = (2|d|2) = 0 and (1|d|2) = (2|d|1)" # 0 provided that the
two atomic states have opposite parity. While the aforementioned equation is a
complex quantity in general, it is real for transitions between bound states (Loudon,

2000). Therefore, the expressions can then be equated to each other as
(1|d|2) = (2|d|1). (4.4)

Following that, the identity (]2)(2] + |1)(1|) is used to express the dipole operator d

into the following form,
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d = (1292] + |1)1]) d (|2)2] + |1)(1])
= 12)(2]d|2)(2| + [2)2|d|1)(1] + [1)(1|d|2)(2] + |1)(1|d|1)(1]
= 12)2|d|1)(1] + [1){1]|d|2){2].

Let 6~ = |1)(2| and 6% = |2)(1]|, while applying the relationship in equation 4.4,
then it is obtained d = (1|d|2)o~ + (1|d|2)c*.

It is worth discussing on the physical significance of 6~ and 6* operators. If
these operators are applied on an arbitrary state |¢)) = c¢;|1) + ¢;|2), the results yield
oY) = ¢4|2) and o~ |P) = ¢,|1). This means that 6* causes a transition from state
1 to state 2, whereas 6~ causes a transition from state 2 to state 1. In fact, if the

expectation value of 6~ is computed, we obtain

(67) = (" (U] + c"(2]) 67 (c1]1) + c212))
= (e (1 + 2" (2]) (J1X2]) (e1]1) + c22))

= Cl*CZ .

Similarly the expectation value of the operator 6% is (6*) = ¢,"¢;.

Since the Hamiltonian is now explicitly depending on time, we let the time
factor be absorbed by the coefficients so that ¢; ~ e~“1t and ¢, ~ e~'?2¢, Therefore
it is obvious that §~ ~ e~i(@2-®1t gnd G+ ~ eil@2-w1)t Hence the dipole operator

may be simplified into
d=d"+d-,

where d* = (1|d|2)6~ and d~ = (1|d|2)é*. Rewriting the interaction Hamiltonian

in equation 4.3, we therefore obtain

—

A =-(@+a) E+E))

=—(d*-E*+d"-E"+d -E*+d -E").

Since |w — w,| < w + w,, this means that d* - E* and d™ - E™ rotate rapidly and

can therefore be approximated as zero average value (Steck, 2007). Such
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approximation is known as rotating-wave approximation. Thus the interaction

Hamiltonian becomes

A, =—(aE +d -E)

~ 1 . .
= —(1/|d|2) - ey (67wt + greit).

We now define the Rabi frequency as

_ —(1]d|2) - £E,
= h

which therefore simplifies the interaction Hamiltonian as

ﬁl — h;(&—eiwt + é.\+e—ia)t) )

4.1.4  Total Hamiltonian and Schrodinger equation

(4.5)

The total Hamiltonian may be obtained by summing the atomic Hamiltonian in

equation 4.2 and the interaction Hamiltonian from equation 4.5, so that

H=H,+H

hQ . .
hw, |2)(2| + - (67elwt 4+ greiot)

hQ .
hw,|2)(2] + T(elwf |1)(2] + et |2)(1]).

Suppose the two-level atom is represented by a wavefunction |y) = ¢;|1) + ¢,|2),

then it is possible to solve the Schrédinger equation to give

21y + 022 12y = hwse(2) + 2 piore 1y + 2 pmiwt, |2
th— ih— = hw,c, e e

dcy dc,

: iQ iwt iQ —iwt
EHH_EB): —lw202|2)—7e c2|1)—7e ¢ 12).
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The forms of |1) and |2) for both sides of the equation are compared and we obtain

de; i
a2

eiwtcz' (46)

and

dc, ) in .
E= —l(l)2C2_7e lwtcl. (47)

To further simplify equation 4.7, we let & = e'“tc, to eliminate fast rotation so that

its time derivative is

dc; . - dc,
—= = iwe'?c, + 't —=,
dt 2 dt
which can be rearranged into the form of
dc, . dé .
—— =Wt jpe it
dt dt 2

We substitute this expression into equation 4.7 to obtain

it A . _ios o } in _;
e W2 _jpe Wt = —jwyc, — —e Wi,
dt 2
d?i . iwt . ~ iQ
— = —lw-,Cye + lwc, ——¢C
dt 262 2 5 ¢1
dc, i
—= = A, — —c4, (4.8)
dt 2 211

where A= w — w, is the detuning between the field and the atom. Similarly equation

4.6 may also be simplified into

dcy iQ
—_—= -3 4.9
dt 2 ‘2 (4.9)
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To compute the probabilities of finding the two-level atom in state 1 and state
2, the expressions of the coefficients c¢; and ¢, have to be first determined. First, the
expression in equation 4.9 is rearranged into a simpler integral form. Both sides of

the equation 4.9 are differentiated with respect to time to obtain

d’c;  iQdG

de2 2 dt’

By substituting equation 4.8 into this expression, we therefore obtain

IAC; ——¢4 ).
G —— o

d’c; iQ( i )
dez = 2

Then equation 4.9 is substituted into the expression to replace ¢, and obtain

dt? dt
d?c;,  dc; (Q
acz ~Par (E) =90

d? d [\
(E - lAE + <§> >C1 =0 (410)
A

d iA_l_iﬁ d iA iQ _ 0 (4.11)
a2 2 )\ae 2" 2)T " |

Now that a simpler expression for c; is obtained, we move on to rearrange the
expression for &,. First, both sides of equation 4.8 are differentiated with respect to

time to obtain
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Then we substitute equations 4.8 and 4.9 into the expression so that

d’e; /. iQ in i__
72 =lA(lAC2—7C1>—7 —7C2 .

Following that, equation 4.8 is substituted into the expression to replace c¢;, we

therefore obtain

d*¢; _ .. dg ~ (T _
dtz = —AZCZ + lAE + AZCZ - (E) C2
d?é, dé, N (Q)Z - _
dt? dt 2) 27

It is observed that the expression has the same form as equation 4.10, hence we may

immediately deduce that it is equivalent to

d iA+i§ d iA iﬁ~_0 4.12)
dt 2" 2 2= |

Now that the equations involving c¢; and ¢, are expressed in suggestive forms,
we proceed to solve for the coefficients. Firstly, we attempt to find ¢, by solving the

equation 4.11 such that
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RS

).

where k and K = exp(k) are constants. It may be further simplified into

[A —
¢, = Kexp (? t> exp| +

iA 1. 1.
c,(t) = exp (? t) [A1 cos5 0t + By sinzﬂt] . (4.13)

Similarly ¢, can be found by solving the equation 4.12 so that we obtain

iA 1. 1_
G(t) = exp (? t) [AZ coszﬂt + B, sinEQt . (4.14)

A4, A,, B; and B, are terms that need to be determined. When t = 0, obviously

A, = ¢,(0), (4.15)
Ay = 6(0) = ¢y(0). (4.16)

To solve for the remaining terms, we differentiate equation 4.13 with respect to time

to yield

dei(t) IA (iAt)[A 1ﬁi+B ) 152]
Fraiie e 1087 1 8in7

A N1 1 1.
+ exp (? t)EQ [—A1 smEQt + B, coszﬂt] .

If we equate this expression to equation 4.9 and let time t = 0, the expression

i iA 1.
—?CZ(O) = ?Al +E.Q.Bl

may be obtained. We then substitute in equation 4.15 and rearrange the equation such
that
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i iA
B, = _ﬁcz(o) —EQ(O)

B, =— é [Qc, (0) + Acy (0)]. (4.17)

In order to gain the solution to the last term B,, we repeat the same process by
differentiating equation 4.14 with respect to time and equating it to equation 4.8, at

the same time impose the initial condition time t = 0 to yield

, iQ iAo 1.
lACZ(O) - 76‘1(0) = ?AZ + EQBZ .

We now substitute in equation 4.16 and rearrange the equation to obtain
B, = _i ( )—_i 0)
—C,(0 —c4,(0
2T a a

i

B, = = [Acy(0) + Qc, (0)] . (4.18)

)|

Finally, we substitute the equations from 4.15 to 4.18 into equation 4.13 and 4.14;

the final expressions for the coefficients are obtained to be
A 1._ i 1
ey (6) = exp (7 t> [01(0) cos5 0t = =[0c,(0) + 8c; ()] sinfe|,  (4.9)
and
A 1 [ 1.
c,(t) = exp (7 t) [02(0) cos Eﬂt + 5 [Acy (0) + Qcq(0)] sinz Qt|. (4.20)

4.1.5 Resonant case
In resonant case, w = w, that is, A= 0. This also implies that & = Q. Applying these
conditions to equation 4.19 and 4.20, the two simplified expressions can then be

obtained as
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1 1
c,(t) = ¢4(0) cos Eﬂt —ic,(0) sinEQt, (4.21)

1 1
c,(t) = c,(0) cosEQt +ic;(0) sinEQt. (4.22)

Suppose the atom is initially unexcited, that is ¢;(0) = 1 and ¢,(0) = 0, then the

probabilities of finding the atom in state 1 and state 2 are

1

P (t) = |c;(t)|* = cos? 508, (4.23)
1

Py(t) = |, (D))? = sinZEQt, (4.24)

respectively.

The probability expressions in equations 4.23 and 4.24 are plotted in
MATLAB as depicted in figure 4.1 below. The probability of atom staying in each
state is plotted against Qt, where Q is the Rabi frequency and t is time. For P,(t), the
upward swings correspond to the absorption of light field energy by the atom to jump
up to the excited state whereas the downward trends correspond to the stimulated
emission whereby the atom jumps back down to the ground state accompanied by the
emission of light. In contrast, the trends in P,(t) indicate the exact opposite
processes. The shapes of both P;(t) and P,(t) graphs are both in sinusoidal
waveform, and it is observed that P, (t) + P,(t) = 1 holds for all Qt, indicating the
conservation of probability. Such cyclic nature is also known as the Rabi oscillation.

Another observation made is that the populations of both ground state and excited

state oscillate between 0 and 1 with a period of T = %” This means that if a laser

light is shined upon the atom for half a period of time, that is g = g a population

inversion can be achieved. However, this also poses a problem such that if the laser
light is shined on the atom to achieve population inversion (i.e. the atom is in excited
state), then the laser light is switched off and the atom will stay excited for an
indefinite amount of time. This violates the experimental observation that atom
should always jump back down to the lower energy level by spontaneous emission,

provided that there are available state in the ground state.
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Figure 4.1: Populations in the ground state and the excited state for resonant case.

4.1.6  Near resonant case
We now proceed to employ the similar condition of initially unexcited atom from the
previous section, so that the corresponding coefficients are now

(t) = (iA t) [ ! Qt B int ﬁt] (4.25)
c1(t) = exp—-t)|cos 5 sinz Qt) :
iA iQ 1.
c,(t) = exp ( > t) 5 Sinz Qt] (4.26)

Therefore the probabilities of finding the atom to reside in state 1 and state 2 are

P (t) = |(' (t)lz = COS2 — 0Ot + _Zsinz t (4 )
1 1 2 =5 -0 , 27
| (t) |C (t)lz = _~2 Si]lz =0t (4 28)
2 2 QZ 2 ’ .

respectively.
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Figure 4.2: Populations in ground state (top) and excited state (bottom) for near

resonant case.

Figure 4.2 illustrates the graph plot of ground state and excited state
populations for near resonant case with different detuning A. At first glance, the
populations of excited state and ground state are direct inversion of each other for all
A, but the conservation of probability is no longer valid in this case. Nevertheless it is
sufficient to focus the discussion solely on the excited state. Figure 4.2 shows that
even with different detuning, the population exhibits similar smooth sinusoidal
oscillation. In contrast, there are two key differences in the population oscillation
with different detuning; as the detuning gets higher, both (1) the period and (2) the
amplitude decreases. Interestingly, the lower amplitude indicates lower probability
for the atom to jump up to the excited state when the field is out of resonance with

the atom, despite the fact that the field may carry substantially more energy to
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transfer to the atom. Nonetheless, in this two-level model, it is assumed that the

detuning is sufficiently small so that higher energy levels are irrelevant.

4.2 General Approach to Quantum Mechanical Treatment

The following few sections shall demonstrate the solution for the full quantum
mechanical treatment of the light-matter interaction. In this treatment, not only that
the two-level atom is treated quantum mechanically, the single-mode light field is
expressed as quantised field state. The general strategy of this treatment is to first
obtain the total Hamiltonian of the joint system (i.e. the sum of atomic Hamiltonian,
field Hamiltonian and interaction Hamiltonian), then transforms it from Schrodinger
picture to interaction picture. The Hamiltonian obtained is then used to solve the
Schrodinger equation to obtain the wavefunction of the joint system.

4.3 Unitary Transformation on Hamiltonian
4.3.1  Hamiltonian in Schrodinger Picture

Suppose a two-state system is interacting with discrete photons, the Hamiltonian of

the quantum system in Schrodinger picture may be expressed in the form

Hs = Hs o + Hgp + Hs iy
= Hg o + Hg e (4.29)

where Hs o, = Hg o + H f is the free term of the Hamiltonian, Hg ;,,; is the interaction
Hamiltonian, HS,A is the atomic Hamiltonian and ﬁS_F is the field Hamiltonian.

The single-mode field Hamiltonian can be obtained through quantisation

procedure on the photon field which is shown in section 2.3 as
—~ A 1
Hgp = howd,d_ + Ehw.

The atomic Hamiltonian of a two-level system can be formulated as

Hs (11| + [2)2D) = E1|1X1] + E2|2)(2],
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where |1)(1| + |2)(2| is complete and its density matrix form is equivalent to that of

an identity matrix, such that

I+ el =(; 5) ="

Furthermore, E; = hw, and E, = hw,, therefore the equation becomes

Hsal = hoq|1(1]+hw,|2)(2],

and Hg , may be rewritten in the form of

~ _ (hw; O
HS'A - ( 0 fl(l)l) ’

It may be useful to re-express Hg 4 in terms of Pauli matrices, so that it is in a more
suggestive form. We suppose Hg 4, = a;[ + a,6,, such that

(5" ha) = Drel 5,

By solving the simultaneous equation, the coefficients can be obtained as

1
a, = Eh(wz + wy),

1

a, = Eh(wz — wy).

Hence the atomic Hamiltonian in Schrodinger picture can be expressed as

—~ 1 .1
HS,A = Eh((l)z + (l)l)l + Eh((l)z - (1)1)6-2. (430)
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Next, we proceed to find the expression for the interaction Hamiltonian. In
the photon-atom interaction, the electric-dipole interaction dominates. The dipole
operator can be expressed in the form

d=dé, +dé._,

so that d|1) = d*|2) and d|2) = d|1). For simplicity, the dipole vectors are taken to

be real, so that d = d*, then the interaction Hamiltonian in Schrodinger picture is
Hg e = —d(6, +6.) - E.
From equation 2.33 in section 2.3, the E field of a single mode field is obtained to be

1

V&V

E(r,t) = q@Ov(r),

m

where § = LA, /%“’((L — da_). We then substitute in the E field equation into the

interaction Hamiltonian so that

“ @, -a)
2e,V " T4

’ w
= (hd - ‘U(T) m(&_,_ + 5'_)(&_ - d+)
0

= ihA(6, +6.)(@_ —a,), (4.31)

A jne = —d(8, +6.) - v(D)i

where A =d - v(r) /ﬁ is the interaction strength. The total Hamiltonian in the
0

Schrodinger picture can then be expressed in the form of

_1 1 !
Hs = Eh(wz +wy)l + Eh(wz — 0,)6; + hod,d_ + Ehw

+ kA6, +6.)(a — a,).
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The Hamiltonian in the interaction picture can be derived using the transformation

relation in equation 2.31 which can be found in section 2.4.3 as

~ d
HI:lh

ug._.. .
— Ut + UA 0t
ot + Ul

20U et na ot.pn. ot
= ih——U% + UHg,oU" + UHg 4 U,

The unitary transformation and its time derivatives are in the forms of

-~ —iHyt
Ut = exp< hS’U )

ou i . iHg yt
FORE A

where H ; = [A(w, — w — O)]|1){1] + [(w, — &)

\CH > e

free term of the joint system Hamiltonian, § =

detuning.

(4.32)

(4.33)

(4.34)

(4.35)

12)2] + ho (a,a_ +3) is the

and A = w, —w; —w Is the

We now proceed to find the simplified expression of each term in equation

4.32. Firstly, the first term may be re-expressed as

Similarly, the second term may also be simplified as
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- HS,O
w, 0 oA 1)
—h[o 1]+ha)(a+a_+2.
Hence the first two terms may be summed up so that
ou .. .. 5 0
ih—— [t t =
ih——U"+ UHs,0 h[o 0+ 0y — w0y + 6
- [A/Z 0 ]
0 —A/2
hA
_ (7) 5, (4.36)

On the other hand, the simplification process of the third term is trickier. We first re-

express the third term as

iﬁs‘ut

~ ~ —iHgyt
UHs ;0T = <e h )(ih/l(&, +6.)(@a.—ay)) <e h )

< i(As a+Hs p)t _i(ﬁS,A"'FIS,F)t)
e ’

R > (inA(6, + 6.)(a_ — ay)) <e R

where  Hg, = [R(w; — w — 8)]IIN1| + [A(w, — 8)]12){2| is  the  atomic
Hamiltonian and Hg r = hw (d+d_ + %) is the field Hamiltonian. Since the ladder
operators &, and _ act only on Hg , whereas @, and a_ act only on H; , the third

term can thus be rearranged and solved separately for both the atomic Hamiltonian

and field Hamiltonian, such that

UHs ;U = ihA {e n (6, +6 )e = e n (4_— a+)eT}_ (4.37)

iI/:IS‘At —il/:IS'At} { l'I"\IS'Ft —ii:IS'Ft
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’

iI"\IS'At —iH At
To solve for the atomic Hamiltonian part of the factor, {e n (Gp+6)e 1 } it

is first noted that the atomic Hamiltonian can be expressed in matrix form as

Hsa = (h(wZO_ X h(w, —Ow - 6))'

Therefore, by making use of the mathematical identity derived in section 2.5, its

exponential takes the form of

eiﬁ.:L,Af_ pi(w2=8)t 0
- 0 ei(wz—w—S)t :

Moreover, the ladder operators may also be represented in matrix form such that

!

and

- Y

Hence, we make use of these expressions of matrices to solve for the atomic

Hamiltonian part of the factor, so that

iHS,At —iI"\IS'At
e n (6,+36 )e r

_ el(wz—(s)t 0 O 1 e—i(w2—5)t O
- ( 0 ei(wz—w—d)t) (1 ()) ( 0 e—i(wz—w—S)t>

_ 0 el'a)t
- e—l'a)t 0

= el®tg, + e 0tg (4.38)

where w = w, — w; — A.
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Next, we proceed to solve for the field Hamiltonian part of the factor,

iITIS’Ft _iﬁS,Ft
e n (A_—da,)e » ¢ Theraising and lowering operators are first re-expressed

into the form of

a, = Z\/n T 1ln+ 1),
i = Z\/n T inyn + 1),

d,a_ = Z(n +Dn+ 1)(n + 1],

n

Thus the field Hamiltonian can be re-expressed as
—~ 1
Hsp = Z hw ((n + Dn+1)n+ 1|+ E)
n

Moreover, the field Hamiltonian part of the factor can be further separated into two

parts for ease of derivation:

iﬁS,Ft _iHS,Ft iHS,Ft —iﬁs)pt iﬁS,Ft —iﬁs’pt
e n (A_—d,)e n =4de n d_e n (—13e n d,e n . (4.39)

We first solve for the first term on the right side of equation 4.39 to yield

l’I’:IS’Ft —iﬁs‘pt
e h d_e

Z Z {exp (%) exp(iwt(m +1)) [m + 1)(m

n r

—iwt

+ 1] {Vn + 1|n)n + 1|}{exp(

|
+11}

)exp(—iwt(r + 1)) | + 1)(r
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Obviously due to the orthogonality property, n = m + 1 = r must be true to produce

any significant result. The expression may then be greatly simplified so that

= Z{exp(ia)t(n)) In)(n|}{vn + 1in)(n

+ 1|}{exp(—ia)t(n + 1)) [n+ 1){(n + 1|}
= z exp(—iwt) Vvn + 1|n)(n + 1|

=qd_e 't (4.40)

Now, we proceed to solve for the second term on the right side of equation 4.39 such
that

= Z Z z {exp (laz)—t) exp(iwt(m + 1)) |m+ 1)(m + 1|} {\/n_-l-1|n

+ 1)(n|} {exp (—izwt> exp(—iwt(r + 1)) |r + 1)(r + 1|}.

Obviously due to the orthogonality property, n = m = r 4+ 1 must be true to produce

any significant result. The expression may then be significantly simplified into

= Z{exp(iwt(‘n + 1)) [n+ 1)n + 1|}{\/n +1|n

+ 1)}{exp(—iwt(n)) In)(nl}
= Z exp(iwt) Vvn + 1|n + 1){(n|

n

= q,e't, (4.41)
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Finally, we substitute in all the solutions for the Hamiltonian in interaction picture to

obtain

—~

-~

LoU .,
H =ih—0"+UH 0" + UHs ;,, U*

ot
= —Hgo + Hg + ihA(e't6, + e7@tG_)(a_e @t — a,e'®?)
= ihA(6,4_ — 6_a, — 6,a,e¥°t + 5_a_e 2o, (4.42)

By applying rotating-wave approximation to remove the fast rotating terms, the

Hamiltonian in interaction picture can be simplified into
hA
Hy = —-6, - ihA(8,a- — 6-a.). (4.43)

The physical consequences of equation 4.43 are obvious: &,a_ term refers to the
atom absorbing a photon to jump to the excited state and 6_a, term refers to the
atom releasing a photon while jumping down to the ground state. Nevertheless this is
not the sole possible form of interaction. Alternatively the atom may absorb k
number of photons to be excited and similarly releases k number of photons when it

is de-excited. The solution to such case can be easily extended to take the form
hA
H =—6,- ihA(6,ak — 6_ak). (4.44)

4.4 Probability Functions

4.4.1  Probability Function of Single-Photon Model
In this model, it is assumed that the atom absorbs single photon to be excited from
the ground state to the excited state. Given a two-state system described by

wavefunction

oo

¥ (1) = Z () [ D)) + ¢ (0) [2)]n), (4.45)

n=0
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where ¢;,, and c,, are the only factors that carry the time dependence in the
wavefunction. The atomic states |1) and |2), and the photon states [n) are time
independent in this case. Therefore the Schrodinger equation in interaction picture is

given as
i 0 (4.46)
—%Hlmjl(t)) = —at|lp1(t)>- :

For the right-hand side of equation 4.46, we can simply differentiate the

wavefunction to yield

2 1) = %;cmm 1)1n) + c3(6) 1DIn)

o

= 1 1D + €0 (0) [2)1).

n=0

On the other hand, the left-hand side of equation 4.46 may be re-expressed in the

form of

[ A
— = A I%(0) = 5= 3,1%,(0) — 26, — 6-a )W (®),

By solving the first term, we obtain

—iA iA iA =
e w0) = (S 10 = Z12)21) (D en® 1Dl + 60 12)In)

n=0

2V iA iA
Z?cm(t) D) == €2 (0) 12)1n).
n=0

Similarly, solving the second term yields
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—A(G.a- —6_a)|¥ (1)

= —-Mé.a-—6_ay) (2 () [Dn) + c20(2) |2>|n)>

n=0

- —AZ Vi e (6) 120l — 1) + AZ VAF T cgn(®) 1) + 1)
= -2 Z VAFT e (® |2>|n>+Achzn L© 1DIn)
n=-1

= —A;vn T ey (0 12)I) +a;vﬁcz,n_1(t) 1) ).

We may now combine the results of the two terms, so that the left-hand side of

equation 4.46 becomes

A iA
B (0) = z = ea® D) = = 6(8) 12)n)
- AZ VAT c4an (0 [2)[0) + 2 Y V7 €aa (0 (1))
n=0 n=0

Z < Cln(t) +n ncyn- 1(t)> |1)|n)

n=0
(o]
D

n=0

<——62n(t) An+1 c1n+1(t)>|2)|‘fl)

Comparing the coefficients on the two sides of equation 4.46, we obtain two

expressions which are

C1n(0) = C1 n(t) + N ez 1 (8), (4.47)
on(®) = —%cz,n(t) — AR FT € (0 (4.48)

To maintain the consistency, we rewrite equation 4.48 into
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. iA
Con-1(t) = — > Con-1(t) — n C1.n(t). (4.49)

The problem is therefore simplified into simple differential equations. Firstly, we

differentiate both sides of equation 4.47 with respect to time to yield

1 (0) = T 1, (0) + L s (0 (450)

Then, equation 4.49 is substituted into equation 4.50 so that

iA iA
() = Cin(t) = ?l\/ﬁcz_n_l(t) — A2n ¢y (8). (4.51)

To further simplify it, we substitute equation 4.47 into equation 4.51 to obtain

) iA iA A2 ,
Cl,n (t) = ? Cl,n(t) - ? Cl,n(t) - Z Cl,n (t) —A“n Cl,n (t)’

2 A?
=—(A n+z c1n(t)

2

= (%) c1a(t),

where Qp = A?n + A:Z. The solution for this double differential equation is simply

Q Q
c14(t) = Asin (TR t) + Bcos <7R t). (4.52)

Besides that, we also perform similar procedure on equation 4.49 to yield the result
for c; ,—1(t). We begin by first differentiating both sides of equation 4.49 with

respect to time so that

iA

Con-1(t) = — > Con—1(t) = Wn ¢, (D). (4.53)
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Then we substitute equation 4.47 into equation 4.53 to obtain the expression

iA

iA
Con-1(t) = —?C'z,n—1(t) — WWn 7C1,n(t) — A*ncy -4 (0). (4.54)

To further simplify the equation, equation 4.49 is substituted into equation 4.54 such
that

) in iA 2 ,
Con-1(t) = —?Cz,n—1(t) + ?Cz,n—1(t) - Icz,n—1(t) — A*ncy -4 (t)

2 AZ
= — A n +I Cz’n_l(t)

= - (%)2 Can—1(0),

2
where Qp = A?n + AT. The solution for this double differential equation is therefore

Q Q
Cyn-1(t) = Csin (TR t) + Dcos (TR t>. (4.55)

Suppose the system is initially unexcited whereas the field is in linear superposition

of number states, the initial composite state can therefore be represented as

o)

%(0) = ) an [DIn)

n=0

Thus when t = 0, we observe that
Cl,n(o) =B =a,,
and

C2n-1(0) =D = 0.
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Imposing these initial conditions into equations 4.52 and 4.55 allows us to obtain the

expressions of

Q Q
c1n(t) = Asin (7R t) + a,cos <7R t), (4.56)

Q
Con1(t) = Csin <7R t). (4.57)
We now further differentiate equation 4.56 with respect to time such that

: Qg QO Qr . (O
Cin(t) =A — cos (7 t) — an—-Sin (7 t).

The left-hand side of the expression can be replaced with equation 4.47 so that

iA

Q Q Q Q
5 C1n () + AVN Cppq (t) = A== cos (—R t) —a, TRsin (—R t).

2 2 2

Now impose the initial condition again, we therefore obtain

iA Q
?Cl.n(o) +Wncyn4(0) = A TR,
A Qg
? a, = A 7,

_ tAa,
=0,

Similarly, we differentiate equation 4.57 with respect to time to obtain the expression

. Qg Qg
Con—1(t) =C — cos (7 t).

The left-hand side of the equation can be replaced with equation 4.49 so that

iA Q Q
= Canea(8) = W 0 (6) = C=Fcos (S e),



56

Now impose the initial condition again, we therefore obtain

iA Q
- ?Cz,n—1(0) — Wn C1,n(0) = CTR-
Q
—a,\n = C7R,
o —ZanA\/ﬁ
= 0

Finally, the coefficients are obtained to be

c1a(t) = ay {;—i sin (% t) + cos (% )}, (4.58)
Con-1(t) = a, {_ZSR\M sin (% t)}, (4.59)

where Qg = VA? + 442%n.
Therefore the probability functions of state 1 (ground state) and state 2

(excited state) at any given time can be obtained by computing

PO =) |en®,
n=0

P() = ) |ean®)’,

n=0

respectively. Since the probabilities must be conserved, that is P;(t) + P,(t) =1,
the characteristics of the two probability curves are complement to each other. Hence
it is sufficient to limit our studies to only state 1 (ground state).

Besides that, both resonant case A =0 and near resonant case A # 0 are
considered. Assuming resonance case, the probability function for state 1 is then

given as



57

P() = ) lein(®)]’

= Q
= Z:Ianl2 cos? (7Rt)
n=0

= z:IanI2 cos?(Ant/? t).
n=0

On the other hand, assuming near resonant case A # 0, the probability function for

state 1 is then given as

(0]

P = ) lein(®)]’

n=0
- Qp A2 Qp

= 2 2(—t — | si 2(— ) :
;Ianl (cos (2 >+(QR> sin” | =

where Qp = VAZ + 41%n.

4.4.2  Probability Function of Multiple-Photon Model
In this section, the excitation of atom may absorb multiple photons. Similar to the

previous section in 4.3.1, the initial wavefunction of the system is represented as

oo

() = ) ein(®) 1DIn) + 2n(6) 12)I), (4.60)

n=0

where ¢, , and c,,, are the only factors that carry the time dependence in the
wavefunction. The atomic states |1) and |2), and the photon states |n) are time
independent in this case. By solving the Schrodinger equation in interaction picture,

we obtain

[ d
=219, ) = = ¥, ©). (4.61)
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Firstly, the right-hand side of equation 4.61 is derived to be in the form of

9 AN
S 1¥(0) = azocm(t) [DIn) + ¢2.0(8) 12)Im)

(0]

=D Ea(® 1DI) + &0 12)I)

On the other hand, the left-hand side of equation 4.61 can be re-expressed as

1% (D) = 6,19 (1) — A(6,a% — 5251 (0).

We proceed by first solving the first term such that

—iA iA A N
—-alw0) = (S0l - 12)el) (Z Eun(®) [} + €300 |z>|n>)

n=0

2V iA iA
z?cl_n(t) D) = c2n(0) 12)1n).
n=0

Next, we proceed to solve the second term to yield

—A(6,a% — _aH ¥, (D)

= —(5,a% - 6.%) <Z un(8) (1)) + e (6) |z>|n>)

n=0

_ _,12 VAV =1 .Nn—k + 1cyn(8) 12)In — k)
n=0

+AZ Vn+1vn+2..vn+ kcyn(t) [1)In + k)

n=0

Y z Vit kVa+k =1 .V + 1 i k() 12)[0)

n=-=k

+AZ Vi =k + IV =K+ 2 .V Cpni (©) [ 1))
n=k
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_ —/12 VTRV A k= TV T 1 e pan () 12)I0)

n=0

+AZ Vn—k+1Vn—k+2..Vncy,_ i (t) [1)|n),

By combining the two terms, the left-hand side of equation 4.61 becomes

o)

i _ iA iA
—=FI¥(0) = ) Z e DI = 20(6) 12)I0)

n=0

—AZ VT Rk VAT k= 1oV T 1 ¢y ik (6) 12)I0)

+AZ\/n KT 1V =K+ 2.1 i (6) 1))

—Wn+kvn+k—-1..Vn+1 Cl,n+k(t)> |2)|n).

=Y (2
2,

cin®+Wn—k+1Vn—k+2..Vncy,_ k(t))ll)ln)

o

—+

_?CZ n(t)

o

n=

Through comparisons between the two sides of equation 4.61, we obtain two

expressions which are

iA

Ein(8) = = cn() + Wn—k+1Vvn—k+2.Vncy,_ (D), (4.62)
iA

Con(t) = —?Cz,n(t) —Wn+kVn+k—1..Vn+1cq (0. (4.63)

To maintain the consistency, equation 4.63 can be rewritten as

iA
Con-k(8) = = ok (O) = Wn—k+1Vn—k+2.vnc,(0. (4.64)
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We letn' =vn—k + 1vVn—k + 2 ...\/n, so that equations 4.62 and 4.64 can be

rewritten into simpler form as follows,

iA
Cin(t) = 7C1,n(t) + An ¢y -k (1), (4.65)
. iA )
Cz,n—k(t) = _?Cz,n—k(t) —An Cl,n(t)- (4.66)

Remarkably equations 4.65 and 4.66 are very similar to equations 4.47 and
4.49 respectively. There are only two distinctions between the two sets of equations:
(a) the coefficient term n — 1 is replaced with n — k and (b) the constant vn is
replaced with n'. Therefore, the exact same derivation process in section 4.4.1 may

be carried out and the results are simply

A Qg Qp
c1a(t) = ay {Q_ sin (7 t) + cos (7 t)}, (4.67)
R
—2An’ Q
Con—r(t) = an{ e sin (—R t)}, (4.68)
: Qx 2

where Qp = VA2 + 42202 andn’ =Vn—k+1Vn—k +2..vn.
Finally, if we assume resonance case, the probability function for state 1 is

therefore

[ee]

PO = ) |en(®)]’

n=0
= )
= Z:Ianl2 cos? (—Rt)
2
n=0

(o]
= Z la,,|? cos?(An' t).
n=0

On the other hand, assuming near resonant case, the probability function for state 1 is

therefore given as
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P() = ) |esn(®)]’

2

- Dot (ot (50)+ () w0 (3))

where Qp = VA2 + 42202 andn’ =Vvn—k+1Vn—k +2..V/n.
4.5 Interpretation of Results

451 Initial Number State
Assume that the field state initially resides in a single number state |n') and make use
of the orthonormality property of number states, the corresponding wavefunction

reduces to

[P (©) = [n"Nn'| <Z 1 () [1)In) + c20 (0) I2)In))

n=0

= c12(0) [DIN) + c50(1) [2)|7).

Hence the probability function for state 1 reduces to

2
Pi(t) = |C1,n(t)|
Qr A\? O
_ 28 _ N2 (R
- €08 (2 t>+(QR> sl (2 t)'

where Qp = VAZ +42%n’. 1t is therefore observed that the probability function
simplified to the form derived in the semiclassical treatment (equation 4.27).
Moreover, the solution of two-photon model with initial number state actually

reduces to the same form as above, with the exception that the constant n’ is replaced

with vn' — 1¥n’. In simple resonant case, such distinction only results in a minor
difference in the angular frequency of the sinusoidal probability wave. Figure 4.3
illustrates the distinctions in probability graphs for one-photon model and two-

photon model at n" = 10.
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Figure 4.3: Probability graph to illustrate the comparison between single-photon

model (blue) and two-photon model (red) with initial number state n" = 10.

4.5.2 Initial Coherent State (Single-Photon)
Assume that the field is initially in coherent state, the probability distribution

function, as shown in equation 2.51 is

, exp(—n)n"
lan|® = ——
n!

In resonant case, the probability function for state 1 is

P(t) = Z (M) cos?(Ant/? t),

n=0

which is plotted using MATLAB software as shown from figures 4.4 to 4.7.
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Figure 4.4: Probability graph of atomic ground state with initial coherent field state,

mean photon number 7 = 10 and interaction strength 4 = 1.
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Figure 4.5: Probability graph of atomic ground state with initial coherent field state,

mean photon number 7 = 100 and interaction strength 1 = 1.

Figures 4.4 and 4.5 show the probability function against time for the ground
state of a two-level atom interacting with initial coherent photons. The mean photon
number of the coherent field was set to n = 10 (figure 4.4) and 7 = 100 (figure 4.5)
respectively. The probability function initially oscillates starting from a maximum
value of P(t) = 1 which agrees with the assumption of initially unexcited atom. In

figure 4.4 the oscillation amplitude gradually decreases until at approximately time
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t =3 s, the oscillation ceases, resulting in a quiescence period at constant
probability of 0.5. During this period the atom is in maximally mixed state, being
equally likely to reside in either ground state or excited state. The Rabi oscillation
however revives at around time t = 13 s with its amplitudes modulated in an
envelope. The observation of collapse and revival of Rabi oscillation is unique in
quantum mechanical treatment and serves as the direct evidence of the quantisation
of photon fields. As time progresses, the feature becomes less prominent, the
envelope that contains the revived Rabi oscillations becomes wider, and the envelope
peaks decreases in amplitude.

Mathematically, the cause of the phenomenon of collapse and revival of Rabi
oscillation is simply the destructive and constructive interference between individual
n-th terms in the probability function. The type of interference exhibited by the total
probability function depends on the phase-relation between the oscillating terms. If
the oscillating terms are in-phase with each other, maximum constructive
interference is observed; if the oscillating terms are anti-phase (r-phase difference)

with each other, maximum destructive interference is observed.

0 10 20 30 40 50 60 70 80 90 100

60 70 80 90 100

t(s)

Figure 4.6: Probability graph of atomic ground state with initial coherent field state

to illustrate the effects of mean photon numbers. From top to bottom: n = 5 (black),
n = 25 (red), n = 55 (green) and i = 100 (blue).
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Figure 4.6 illustrates the differences in the behaviour of the ground state
probability function with various choices of mean photon number. At low mean
photon number (i = 5), little photon-atom interactions occur and hence the collapse
and revival feature is not observed; instead the energy level of the atom oscillates
between excited state and ground state in a chaotic manner. As the mean photon
number increases, collapse and revival feature becomes more prominent. The
frequency of the Rabi oscillation inside the envelopes also increases. On the contrary,
higher mean photon number has very little, if any effect at all, on the average
probability values. The quiescent periods remain at probability of 0.5 regardless of
the mean photon number. Interestingly the period of time between revival features
increases as the mean photon number increases, signifying that there may a relation

between these two variables.

|

G I L L L I

t(s)

Figure 4.7: Probability graph of atomic ground state with initial coherent field state
and n = 50 to illustrate the effects of interaction strength A. From top to bottom: A =

1 (red), A = 2 (green) and A = 3 (blue).

Figure 4.7 displays the comparison between the ground state probability
graphs with different interaction strengths. As its name suggests, the parameter A
measures the strength of interaction between the photons and the two-level atom. As
the parameter increases, it is observed that the envelopes that contain the revived

Rabi oscillations become increasingly narrower. Its width, however still becomes
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wider as time progresses. The initial collapse of Rabi oscillation also happens sooner
as the interaction strength increases. More importantly the period between revival
features shortens with greater interaction strength, indicating some form of relations
between these two parameters.

Since the observations from figures 4.6 and 4.7 indicate that the period
between the revival features of Rabi oscillations is dependent on the mean photon
number n and the interaction strength A, it is therefore instructive to determine the
exact relation between these variables which should be in the form of

T = f(4,7), (4.69)

where T is the period between revival features.

First the interaction strength was set constant at value A = 1 and the value of
nn was varied from 30 to 100. Through observation, the separation time between
revival features is proportional to the square root of mean photon number . Hence
the corresponding straight line graph is plotted as shown in figure 4.8. The
corresponding raw data are shown in appendix A.

Similarly the mean photon number 77 was set constant at value 7 = 50 and
the value of A was varied from 0.2 to 5.0. Through observation, the separation time
between revival features is proportional to the inverse of the interaction strength A.
Thus the corresponding straight line graph is plotted in figure 4.9. The corresponding
raw data are shown in appendix B.
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Figure 4.8: Graph of separation time between revival features against square root of

mean photon number 7.
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Figure 4.9: Graph of separation time between revival features against inverse of

interaction strength A.

From figure 4.8 and 4.9, it is easy to see that the formula in equation 4.69

may be simplified into

T = kA Wn, (4.70)

where k is a constant. From figure 4.8, the straight line equation is approximately
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T ~ 6.26827.

Since A = 1 in this case, hence the constant k = 6.2682. Similarly from figure 4.9,

the straight line equation is approximately

T ~ 44.82917 1,
Since v/ = /50 in this case, hence the constant k = 6.3398. The average value is
then k = 6.3040. Finally the expression 4.70 is found to be
T = 6.3040 1~ 1/7,

T = 2w 1~ W/n. (4.71)

On the other hand, in near resonant case the probability function for state 1 is

70 = 3 (PP e () () s ()

n=0

which is plotted using MATLAB software as shown in figure 4.10.
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itO(S)
Figure 4.10: Probability graph of atomic ground state with initial coherent state and
n = 50 and different detuning. A = 1 rad/s (red), A = 5rad/s (green) and A =
10 rad/s (blue).

Figure 4.10 depicts the observations of the probability function with different
values of detuning. Generally as the detuning increases, the atom has higher
probability to reside in the ground state. This is expected because at higher detuning,
the difference between photon energy and the energy gap of the two-level atom
increases, causing the atom to be less likely to obtain sufficient energy from the
photons and hence unable to jJump into the excited state. Besides that, the quiescence

period is also observed to increase with the detuning.

45.3 Initial Coherent State (Two-Photon)
The results of the coherent photon-atom interaction using two-photon model is

shown and discussed in this section.
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Figure 4.11: Probability graph of atomic ground state with initial coherent field state

and mean photon number of n = 50. The blue line represents single-photon model

and the red line represents two-photon model.

Figure 4.11 illustrates the distinctions between one-photon model and two-
photon model. One clear difference that can be observed is the period between
revival features. The probability graph for two-photon model has significantly
shorter time between revival features compared to one-photon model. The width of
the envelope containing the Rabi oscillations is also much narrower for two-photon
model compared to its one-photon counterpart. Furthermore, the peaks of revival of
two-photon model are very high with values generally above 0.9, whereas one-
photon model’s peaks are only just above 0.7. Noticeably the quiescent periods,
however remain the same at 0.5 probabilities for both one-photon model and two-
photon model.
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Figure 4.12: Probability graph of atomic ground state with initial coherent field state

using two-photon model to illustrate the effects of mean photon numbers. From top

to bottom: 7 = 10 (red), 7 = 50 (green) and i = 100 (blue).

20

Figure 4.13: Probability graph of atomic ground state with initial coherent field state

and n = 50 using two-photon model to illustrate the effects of interaction strength A.
From top to bottom: A = 1 (red), A = 2 (green) and A = 3 (blue).

Figure 4.12 reveals the comparison between two-photon models with

different mean photon number. Generally there are little differences between the

graphs. The collapse and revival features take place at pretty much the same time
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with generally the same distribution of probabilities. A clear distinction however, can
be made on the revived Rabi oscillations. Similar to the case in single-photon model,
the frequency of the Rabi oscillations in the envelope increases with the mean photon
number.

Figure 4.13 displays the comparison between two-photon models with
different interaction strength. Interestingly as the interaction strength increases, more
collapse and revival features can be observed within the same period of time.
However at higher interaction strength, some of the revived Rabi oscillations have
lower peaks at around 0.6 compared to other revival features which are usually above
0.8.

45.4  Initial Thermal State (Single-Photon)
Assume that the field is initially in thermal state, the probability distribution function,

as shown in equation 2.55 is

an

2
lanl® = Z et

In resonant case, the probability function for state 1 is

(o]

A0 = 3 (e o an ),

n=0

which is plotted using MATLAB software as shown in figures 4.14, 4.15 and 4.16.
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Figure 4.14: Probability graph of atomic ground state with initial thermal state, mean

photon number 7 = 100 and interaction strength 4 = 1.

Figure 4.14 shows the probability function against time for the ground state
of a two-level atom interacting with initial thermal photons. The mean photon
number of the thermal field was set to 7 = 100. Unlike the case in coherent field, no
collapse and revival features of Rabi oscillations can be observed. The probability
function fluctuates chaotically and no distinctive oscillation feature is observed even
after a long time (t = 100 s). The observation made from the initial thermal field is
vastly different from the initial coherent field. The chaotic behaviour is attributed to
the fact that thermal field is a statistical mixture with minimum amount of

information other than its mean value of energy.
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Figure 4.15: Probability graph of atomic ground state with initial thermal field state

to illustrate the effects of mean photon numbers. From top to bottom: 7 = 10 (red),
nn =50 (green) and n = 100 (blue).
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Figure 4.16: Probability graph of atomic ground state with initial thermal field state

and n = 50 to illustrate the effects of interaction strength A. From top to bottom: A =
1 (red), A = 2 (green) and A = 3 (blue).

Figure 4.15 illustrates the differences in the behaviour of the ground state
probability functions with different mean photon numbers. The feature of chaotic

fluctuation persists even with different mean photon number. It is observed that as
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the mean photon number increases, the probability graphs have smaller fluctuations
around the probability 0.5. Besides that, figure 4.16 shows no observable differences
between the ground state probabilities of the atom with different interaction strength.
In sum, the mean photon number and interaction strength parameters have little to no
effect on the probability functions. The atom generally remains chaotic as it interacts
with thermal photons.

In near resonant case, the probability function for state 1 is
® 2

i = () (o (30) + (5,) 9 (310

n=0

which is plotted using MATLAB software as shown in figure 4.17.
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Figure 4.17: Probability graph of atomic ground state with initial thermal state and
n = 10 and different detuning. From top to bottom: A = 1 rad/s (red), A = 5rad/s
(green) and A = 10 rad/s (blue).

Figure 4.17 depicts the observations of the probability function with different
values of detuning. Similar to initial coherent state, as the detuning increases, the
atom is more likely to be found in the ground state. Expectedly, the probability

graphs of the ground state of the two-level atom remain chaotic as detuning increases.
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With higher detuning, the amplitudes of the fluctuations also decrease, rendering the

probability function to have greater resemblance to quiescence behaviour.

455 Initial Thermal State (Two-Photon)

The results of thermal photon-atom interaction using two-photon model is shown and

discussed in this section.
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Figure 4.18: Probability graph of atomic ground state with initial thermal state using

two-photon model and mean photon number of 7 = 100 (shorter time range).
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Figure 4.19: Probability graph of atomic ground state with initial thermal state using

two-photon model and mean photon number of 7 = 100 (longer time range).

Figures 4.18 and 4.19 illustrate the probability graphs of two-photon model
using initial thermal state. While it is observed that the probability function is
generally at 0.5, numerous sharp peaks can be observed as well. Suppose we
categorise these peaks into two types: primary peak (higher amplitude) and
secondary peaks (lower amplitude). While it is observed that primary peaks generally
do not occur consecutively, the order between primary and secondary peaks remain
seemingly random. Curiously the time between peaks is generally the same.
However if the probability graph is viewed over a long time as shown in figure 4.19,
it is observed that the secondary peaks slowly increase over time whereas the
primary peaks gradually decrease over time. After a long time (around 150 s), the
peaks transformed so much in amplitude that the two types of peaks can no longer be

clearly differentiated, with the average probability centre around 0.5.



78

0 50 100 150 200 250 300 350 400

P(t)
%

0 50 100 150 200 250 300 350 400

0 1 L | L | 1 L

200 250 300 350 400

Figure 4.20: Probability graph of atomic ground state with initial thermal field state

using two-photon model to illustrate the effects of mean photon numbers. From top
to bottom: 7 = 10 (red), n = 50 (green) and n = 100 (blue).

Figure 4.20 reveals the comparison between two-photon models with
different mean photon numbers. Generally there are little differences between the
graphs. The transformations of the primary and secondary peaks take longer time to
be undifferentiated as the mean photon number increases. It is also observed that at
lower mean photon number, the average probability shifts slightly upward. This may
be caused by less possible interactions at lower mean photon numbers, therefore it is

less likely that the two-level atom is to be excited.
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Figure 4.21: Probability graph of atomic ground state with initial thermal field state

and n = 50 using two-photon model to illustrate the effects of interaction strength A.
From top to bottom: A = 1 (red), A = 2 (green) and A = 3 (blue).

Figure 4.21 displays the comparison between two-photon models with
different interaction strength. With stronger interaction strength, the transformation
of the primary and secondary peaks takes much shorter time to become
undifferentiated. In fact, the distinctions between the two peaks become less
prominent as interaction strength increases. This is in-line with the understanding of
thermal interaction with atom. As interaction strength increases, thermal photons are
interacting more strongly with the two-level atom, resulting in the atom gaining more
of the chaotic nature. Hence the distinctions lessen and the probability graph

becomes more randomised.
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CHAPTER 5
CONCLUSIONS AND RECOMMENDATIONS

5.1 Conclusions
In semiclassical treatment, the interaction between a single-mode classical field and a

quantum mechanical two-level atom is studied. The probability of the atom to be in

the ground state and excited state are derived to be P,;(t) = cos? %Qt and P,(t) =

sinZ%Qt respectively, where Q is the Rabi frequency. Dipole approximation and

rotating-wave approximation are utilised in the derivation process. It is found that the
populations in the ground state and the excited state oscillate with Qt. Two cases of
detuning are investigated: exact resonance and near resonance. In exact resonance,
the conservation of probability holds for both the ground state and the excited state;
whereas in near resonance, the conservation is no longer valid and it is found that the
period and the amplitude decreases with increasing detuning.

In full quantum mechanical treatment, the interaction between a single-mode
quantised light-field of various field states and a quantum mechanical two-level atom
is studied. The probability of the atom to be in the ground state is derived to be
PL(t) = X°_la,|? (cosz (%¢)+ (QAR)2 sin? (22 t)) . where Qg is the Rabi
frequency and a,, is the probability distribution of the initial field state. Rotating
wave approximation was used in the derivation process.

The effects of parameters such as interaction strength, mean photon number
and detuning on the ground state probability functions are studied. When number
state is assumed to be the initial field state, the probability function reduces to the
similar form as semiclassical treatment, exhibiting uniform oscillation behaviour. On
the other hand, initial thermal state renders the probability function of the two-level
atom to be generally chaotic. Most interestingly, imposing initial coherent state
condition returns the result of collapse and revival feature of Rabi oscillations which
is a signature of quantised light field. The same observation cannot be obtained using
classical treatment of light-matter interaction. Besides that, the model was also
extended from one-photon model to two-photon model. Generally the trends of the

probability graphs in two-photon model are mostly similar as in single-photon case.
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5.2 Recommendations for future work
In this study, we used rotating-wave approximation in both semiclassical and
qguantum mechanical treatments to simplify the expressions in the derivation process.
Such approximation is justified by the fact that fast rotation terms may be averaged
to zero, thus these terms will have little effects on the expression containing it.
Nonetheless, derivation process without the usage of rotating-wave approximation
may be attempted in future work to obtain a more complete picture of the final
expression.

Moreover, this study focused solely on a closed two-level system. This study
may therefore be extended to investigate a system with more energy levels (e.g.
three-level system). To further align with practical purposes, this study may also be
extended to open systems where energy dissipation and quantum decoherence may
occur. Then, a generalisation of quantum mechanical interaction between photon and

atom may be performed based on these results.
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APPENDICES

APPENDIX A: Data for Figure 4.8

Table A.1: Data for Graph in Figure 4.8.

Mean Photon Number, n N Separation Time, T (S)
30 5.48 34.43
35 5.92 37.18
40 6.32 39.74
45 6.71 42.62
50 7.07 44.44
95 7.42 46.60
60 7.75 48.67
65 8.06 51.10
70 8.37 52.58
75 8.66 54.83
80 8.94 56.24
85 9.22 57.91
90 9.49 59.92
95 9.75 61.29
100 10.00 62.48
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APPENDIX B: Data for Figure 4.9

Table B.2: Data for Graph in Figure 4.9
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Interaction Strength, A (s) A71(s) Separation Time, T (s)
0.2 5.00 224.3
0.4 2.50 1111
0.6 1.67 74.9
0.8 1.25 55.6
1.0 1.00 444
1.5 0.67 29.6
2.0 0.50 22.2
2.5 0.40 17.6
3.0 0.33 15.0
3.5 0.29 12.6
4.0 0.25 111
4.5 0.22 10.0
5.0 0.20 9.0




