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A Study on Compound-Commuting Mappings

CHAN TAI CHONG

ABSTRACT

Let [F be a field carrying an involution — and [F~ be a fixed field of F
corresponding to the involution — where F~ = {a € F | @ = «a}. Let
m,n be positive integers with m,n > 2. We denote the set of all Hermi-
tian matrices of order n underlying the field F by H,,(F). Furthermore,
the (n — 1)-th compound of a matrix A and the rank of the matrix A, we
denote them by C,,_1(A) and rk(A), respectively. In our study, we char-
acterise a mapping Y: H,, (F) — H,,,(F) that satisfies one of the following

conditions:
[P1] Y(Ch—1(A— B)) = Cp1(Y(A) — Y(B)) for any A, B € H,,(F);
[P2] Y(Ch_1(A+aB)) = Chp_1(Y(A)+aY(B)) forany A, B € H,,(F)

and v € ™. /

In order to obtain a general form of a mapping T satisfying or
we need to impose some assumptions on Y. If T satisfies with
Y(I,) # 0, then T satisfies rk(A — B) = n if and only if rk(T(A) —
Y(B)) = m for any A,B € H,(F). Also, if T satisfies with
Y(I,) # Oy, then T is a rank-one non-increasing additive mapping. In
case of T satisfies with Y(I,,) = 0,,, we have T(A) = 0, for any
A € H,(F) with rtk(A) < 1,Y(C,,—1(A)) = 0,, for any A € H,,(F) and
tk(T(A)) < m — 2 for any A € H,(F). Some examples of non-zero
mapping T satisfying [[P2] with Y(I,,) = 0,, are constructed. -
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CHAPTER 1

INTRODUCTION

1.1 Preserver Problems

There are a lot of topics that are studied in matrix theory. One of the famous topics that
are studied in matrix theory is Linear Preserver Problems. Linear Preserver Problems
focus on several types of linear operators on matrix spaces or linear mappings from a
matrix space to another matrix space that preserve certain functions, subsets, relations,
etc., invariant. /

Remarkably, over the last few decades, there was much academic work on Linear
Preserver Problems. Although there are plenty of fascinating results, many unanswered
questions still exist. There are several reasons why Linear Preserver Problems is at-
tractive. The results obtained from Linear Preserver Problems are often very clean,
simple, elegant, and possess some nice properties. Here, we give some applications of
Linear Preserver Problems.

Solving the systems of differential equations can also touch upon the Linear Pre-
server Problems. Before we solve it, we may apply some transformations to the system.
This is to simplify the problems. The transformation we apply should be clean, simple,
elegant, and possesses some nice properties. In particular, we apply a linear transfor-
mation on a linear differential system so that the system’s stability or the eigenmodes
can be preserved.

Apart from this, in system theory, we are interested in the linear operator which
preserves the observable systems or controllable systems. If we are able to construct
or find such linear operators, the complicated system would become a simpler system
in which the system’s nature is not influenced. For more details on this problem, refer
to Fung (1996)). On the other hand, in quantum system, we are interested in linear
operator that transforms systems without influencing their entropy.

A few Linear Preserver Problems are treated as special cases for some mathemati-
cal problems. For instance, in Banach space, we desire to understand the structure of

the linear isometries on them. If we treat the matrix spaces as special cases for Banach
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space, then this problem is considered as a Linear Preserver Problem.

1.2 Objectives

Until now, a lot of linear preserver results are extended to non-linear mappings by
considering additive preserver problems and multiplicative preserver problems. Fur-
thermore, some research has been carried without any assumptions of additivity or
homogeneity.

This project’s main objective is to study the classification of compound-commuting
mappings on Hermitian matrices and symmetric matrices. Besides, new mathematical

techniques in Linear Algebra used in preserver problems are to be studied and to be

/

established in this project.

1.3 Problem Statements

e
First of all, we shealz_unde_tstand the definition of compound-commuting mapping.
Let m,n € N withm,n > 2. Let V; and V5 be matrix spaces underlying the same field

F. T is a compound-commuting mappings if Y: V; — V5 satisfies
T(Cp-1(A)) = Cpn—1(T(A)) forany A € V4

where C,,_1(A) is (n — 1)-th compound of a matrix A.

The compound-commuting additive mappings on Hermitian matrices and symmet-
ric matrices were researched by Chooi| (2011). In the paper of |Chooi and Ng (2010),
they are studied adjoint-commuting mappings on square matrices without imposing ad-
ditivity and homogeneity condition on Y. Inspired by their work, we continue to study

the compound-commuting mappings on Hermitian matrices and symmetric matrices

in this project. /
1.4 Methodology

In order to achieve the objectives, books, journals and articles related to preserver prob-

lems on space of matrices and compound-commuting mappings are to be collected and
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reviewed. Besides that, the intensive mathematical analysis of the collected literature

is to be carried out in this project. Moreover, for typesetting, ISTEX is used.

e
1.5 Project Planning

The following tables show our project planning.

Table 1.1: Plan for Project I
Week Plans

1 Registration of project title

2-3 | Strengthen Linear Algebra background by extensive reading

4-6 | Draft the proposal and discuss it with the supervisor

7 Mock proposal presentation and submit the proposal

8-9 | Study different types of preserver problems

10-11 | Draft the interim report

12 | Submit interim report

13 | Present the project I result

Table 1.2: Plan for Project II
Week Plans

1-6 | Collect and analyse research materials

7-8 | Draft the final report

9 Prepare FYP poster and video recorded for poster presentation

10 | Submit FYP poster, video recorded for poster presentation and

a complete draft of the final report to the supervisor

11-12 | Do correction for the report and submit all necessary documents

13 | Present the project II result and attend the poster competition

~




CHAPTER 2

LITERATURE REVIEW

2.1 Introduction

2.1.1 Definitions and Notations

In this project, we obey the following notations unless otherwise specified. Let m,n
be positive integers and [F be a field. Likewise, the set of all positive integers, real

numbers and complex numbers are denoted as N, R and C, respectively.

Definition 2.1.1.1. Let F be a field and ¢ be a mapping from [ to F. If ¢(a + 5) =
o(a)+o(B) and p(aff) = ¢(a)p(5) forany o, § € T, then ¢ is a field homomorphism
of F. Moreover, ¢ is a field monomorphism of F if ¢ is a field homomorphism of [F
with ¢ is one-to-one and ¢ is a field automorphism of F if ¢ is a field homomorphism

of [F with ¢ is bijective. /
The following remarks show us some simple deduction for Definition 2.1.1.1]

Remark. If ¢ is a field homomorphism of F, then ¢ is a field monomorphism of F.

This is because all field homomorphism of [ is one-to-one. _~

Remark. If ¢ is a field homomorphism of F, then ¢(0r) = O, ¢(1r) = 1, ¢(—a) =
—¢(a), and ¢p(a™1) = ¢(a)~! for all & € F where O and 1y are additive identity and

multiplicative identity of [F.

Definition 2.1.1.2. Let [ be a field and let — be a mapping from F to F. If —is a
bijective mapping and for any o, 3 € F,@ = o,a + 8 = a + 3, and a8 = f&, then
— is an involution of [F. Also, if — is an involution of IF, then [F carries an involution —.

Besides, the fixed field of [F corresponding to the involution —, is denoted as F~ where
F-={aecF|a=a}l -
Generally, the additive identity and the multiplicative identity of any field are de-

noted by 0 and 1, respectively. Since 0,1 € F~ and o — 3,037 ! € F~ for any
o, € F~, then F~ is a subfield of F. If F = F~, then — is identity. Otherwise, —
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is said to be proper. If it is not mentioned whether — is identity or proper, — can be
identity or proper.

The set of all m x n matrices underlying the field F is denoted by M, (F). Let
A € M, (F). We write a;; or A;; to denote the entry of A in the i-th row and j-th
column of A (in short, (7, j)-th entry of A), where 1 < ¢ < mand1 < j < n. Insome
cases, this notation may lead to confusion. For instance, use a,, 1,1 or A,,_1,_1 to
represent the (m — 1,n — 1)-th entry of A. To avoid confusion, a comma is includes
such as a,,—1,,—1 Or A, ,—1. Further, when m = n happens, we denote M, ., (F) by
M., (F) and A is a square matrix of order n underlying the field F. =~ _—

The zero matrix and the identity matrix of the set of all m x n matrices are denoted
by 0,,xn and 1,,,«,, respectively. In the case of m = n, we denote them by 0,, and 7,,.
Let A € M,,,«,(F), Ai | j] stands for a matrix obtained by eliminating i-th row and
j-th column from A and A[i | j] € Mp—1)x(n—1)(F).

Moreover, a matrix obtained from A by applying ¢ entrywise is denoted by A?.
Furthermore, we use |A|, rk(A) and char(FF) to represent the determinant of the matrix
A, the rank of the matrix A and the characteristic of the field F, respectively. To
avoid misunderstanding with the notation of determinant, we use ||.S|| to represent the
number of elements in a set .S.

Let Galois field of order 2 be GF(2). GF(2) is a finite field with two elements
which are the additive identity and the multiplicative identity. In other words, GF'(2) =
{0, 1}. Obviously, char(GF'(2)) = 2. This also tells us if GF'(2) is a subfield of F, then
char(F) = 2.

Consider a matrix in M,,,,,,(F), if all entries of the matrix are equal to 0 except
(1, 7)-th entry and the (i, j)-th entry is 1 where 1 < ¢ < m and 1 < j < n, then the
matrix is denoted by E;;. Besides that, we use F;; to introduce some square matrix of

order n that is
Wn = Z(—1)1+1Em and Jn = Z En—l—l—i,i- /
i=1 i=1

Now we would like to introduce an operator that is less often used in matrix spaces,

which is a direct sum of matrices. Let A; € M, ., (F) foreach i € {1,2,---,k}.

A Os xm
A @Ay = ! 1z
Omgxnl A2

where Al D A2 S M(m1+m2)><(n1+n2)(]F)' /
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In general,

k
PA=Aohs o4

=1

Al OT)’L1 Xn2 T Om1 XN
Omg Xni AQ e Om2 XN
Omk X1n1 Omkxnz o Ak

k
where @Ai € My, ot tmp) x (n1+na+4ng) F). Inwéase m; = n; = n for each

=1
i€{1,2,---,k}, then

k
Pa=Aohe oA

i=1

A, 0, --- 0,
0, Ay --- 0,
0, 0, --- A
k
where @ A; is a square matrix of order kn underlying the field F. P

i=1
Definition 2.1.1.3. Let V; and V5 be matrix spaces underlying the same field F and T
be a mapping from V; to V5. Forany A, B € V; and a € T,

1. T is additive if Y(A+ B) = T(A) + Y(B).

2. T is homogeneous if Y(aA) = aT(A).

3. T islinear if T is additive and homogeneous.

4. Y is a linear operator on V; if T is a linear mapping from V; to V;.

Definition 2.1.1.4. Let [ be a field carrying an involution —. Let V; and V5 be matrix
spaces underlying the same field ' and T be a mapping from V; to V5. T is F~-
homogeneous if T(awA) = aY(A) forany « € F~ and A € ;.

Definition 2.1.1.5. Let V' be a matrix space underlying the field F. T is called a func-

/

tional on V if T is a mapping from V' to F.
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2.1.2 Symmetric Matrices

Let A € M, x,(F).

The transpose of a matrix A is a matrix whose rows are the

columns of A in the same order. We denote the transpose of a matrix A by AT. All

entries of A” satisfy (AT);; = A;; and AT € M, (F).

(3 8 9 12 7]
Example 2.1.2.1. Let A = TS € Myys5(R).
12 2 4 11 8
5 0 9 2 4_
-3 7 12 5-
8 19 2 0
Then A" =9 3 4 9.
12 9 11 2
_7 23 8 4_

When m = n, A € M,(F). A is equal to its transpose only if A is a symmetric

matrix of order n underlying the field F. This tells us that A = A’ and all entries of

A satisfy a;; = a;;. We denote the set of all symmetric matrices of order n underlying

the field F by S, (F). /
(5 2 0 —14 9|
2 3 15 =7 23
Example 2.1.2.2. Let A= | 0 15 —-12 1 4 | € Ms(R).
14 -7 1 2 11
9 23 4 11 5
(5 2 0 —14 9]
2> 3 15 -7 23
Then A" = | 0 15 —12 1 4. Since A = AT, then A is a symmetric
—-14 -7 1 2 11
9 23 4 11 5

matrix of order 5 underlying the field R.

Now, we would like to introduce a matrix related to the transpose of a matrix. Let

A € M,,un(F), A~ = J,ATJ,, and A~ € M, (F). Here, we proof that (i, j)-th

entry of A™ iS g 1—jnt1—i-

/
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Let A € M,,,x,(F) and B = AT. Let e; € M,,;(F) with i-th entry is equal to 1
and the other entries are equal to 0 for all ¢ € {1,2,---,n} and f; € M, (F) with

j-th entry is equal to 1 and the other entries are equal to 0 for all j € {1,2,---,m}.

(A)ij = €p i1 AT g1

b1 mt1— j
T bomt1—j

= Cnyi1-i
bn,m+1—j

= bn+17i,m+1fj

= Om+1—jn+1—i-

/

2.1.3 Hermitian Matrices

When we discuss Hermitian matrices, the field ' must carry an involution —. Let
A € M,,«n(F). We extend the transpose of a matrix A to the Hermitian transpose
of a matrix A. We denote the Hermitian transpose of a matrix A by A”. By taking
the transpose of a matrix A first, then apply the involution — on all the entries in
AT, we obtain A¥. Thus A" = AT, all entries in A satisfy (A" )ij = Aj; and

A € ML, (). -

Example 2.1.3.1. Define a mapping — : C — C satisfying a; + asi = a; — aqt for
any a; + ast € C where ¢ = /—1.

For any a; + asi, a3z + aqi € C,

1. a1 + ast = as + a4t implies a; + ast = asg + aq? (i.e., — 1S one-to-one).

2. a; — ast = a; + aqt (i.e., — is onto).

3. ay +G2i = a —CZQi = ap +Cl2i.

4. (a1 + agi) + (a3 + aqi) = (ay + a3) + (a2 + aq)i = (a1 + a3) — (az + a4)i =

(a1 — GQi) + (CL3 — CL4i) =a + Clgi + as + a4z'.

/
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5. (a1 + agi)(ag + a4i) = (a1as — agay) + (a1a4 + agaz)i = (aya3 — asay) —

(a1a4 + asa3)i = (aaz — (—az)(—aq)) + (a1(—aq) + (—az)az)i = (a; —

CLQi)(CLg, — a4z’) = (CLl + CLQi)(CLg, + a4i) = (CL3 + (l4i) (a1 + agi).

These show us — is an involution of C. Thus C carries an involution —. We see that —

is actually the complex conjugate of C.

241 3 9 —1
0 745 —2-3 15
Example 2.1.3.2. Let A = -5 12 2% —4 € M;,4(C).
9 5 3+8 10—9:
—2+3 6+13 7 12
241 0 -5 9 —24 3t
3 7T+5. 12 5 6+ 132
Then AT =
9 —2—-—3 21 3+ & 7
—1 15 —4 10—-9 12
2—1 0 -5 9 —2—3
- 3 7 — 51 12 5) 6 — 137
So A = AT =
9 —24+3t =21 3—& 7
i 15  —4 1049 12 //////

When m = n, A € M,(F). A is a Hermitian matrix of order n underlying the field
IF when A is equal to its Hermitian transpose, A. This implies A = A" and all entries
in A satisty a;; = @j;. It is clear that for all entries in the main diagonal, a;; must be
equal to a;. We denote the set of all Hermitian matrices of order n underlying the
field F by H,, (F) and the Hermitian matrix is originated by Charles Hermite (Simmons
(1992)).

Example 2.1.3.3. Let

2 0  —245 147 8 |
0 3 16-7i 6 —3+9i
A=|—2-5 1647 -2 7412 -3 |eM;(C).
-7 6  T—12 5 1
8 3-0i -3 1 7
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B 0 —2-5 1-7i g |
0 3 16 + 7i 6 —3-9i
Then A" = | —24+5; 16— Ti -2 7-12i -3
1+7i 6 7+ 12 5 1
|8 —-3+9 -3 1 T
B 0  —245 147 8 |
0 3 16 — 7i 6 —3+9i
So Al = AT = |25 1647 -2 7+12 -3 |.Since A=A,
1—7i 6 7 — 12 5 1
8 -3-9i -3 1 7

then A is a Hermitian matrix of order 5 underlying the field C.

Remark. Let [ be a field carrying an involution —. It is clear that if — is identity, then
H,(F) = S, (F). /
2.1.4 Adjoint Matrices

Muir| (1960) gives the early background of the adjoint matrix. Let A € M, (F). By
taking the transpose of a cofactor matrix of a matrix A, we attain an adjoint matrix of
A. Adjoint of A also belongs to M, (IF). We denote the adjoint matrix of A by adj(A)
and (7, j)-th entry of adj(A) is defined as

(adj(A))y; = (=1)"7]A[j | i]|.

Example 2.1.4.1. Let A € M;(F).

AL —[A2[ 1] JAB[L] —|A[4 1] |A[5]|1]]
—[A[L[2]] |AR212]] —[AB[2]] [A4|2]] —|A[5]2]
Thenadj(A) = | JA[L[3]| —[A[2]3]] [A[B|3]] —|A[4]3]] [A[5]3]|
—[A[L 4]l [AR[4]] —[A[B[4]] |A[4]4]] —[A[5]4]|
| JA[LS]] AR 5] A3 5] —[A[4]5]] [A[5]5]] ]
~
3+951 —2 1—3
Example 2.1.4.2. Let A = 9 7 —4 € M;3(C). Then
4 24+17 —64+8&
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JA[L 1)) —[A2[1]] [A[3]1]]
adj(A) = | —[A[L]2]] |A[2|2]] —|A[3]2]
OE IR RCIE R
| 7 2 1-3 ~2 1-3
240 —648i [24i —6+8 7 -4
e -4 345 1-3i 3450 1-3i
| 4 —6+si 4 —6+8i| | 9 -4
9 7 3450 —2 3450 —2
424 4 24 9 7
(344600 —T+ 110 14210
— | 38—72i —62+6i 21—7Ti
1049 —9—13i 39+ 35

11

L /
2.1.5 Compound Matrices

A compound matrix is a special kind of matrix. All the entries in a compound matrix
are determinants of submatrices (Aitken (1949)). Let A € M,,«,(F). Given that
I C {1,2,...m}and J C {1,2,...,n}, where I, J both are not empty-set and the
ways to arrange the elements in / and J must be in dictionary order. The submatrix of
A whose rows and columns are indexed by I and .J is denoted by A(I|J).

Let k£ € N for which £ < min{m, n}. Cx(A) means k-th compound of a matrix A.

The size of the matrix Ci(A) is () x (}) and

(Cr(A))i; = [A(L] ;)]

Also the number of elements in /; and J; both are equal to k. Besides that the
subsets [, I5, - - -, I(T]:) and the subsets Jy, Js, - - -, J(Z) must be arranged in dictionary
order. Hence I) < I, < - - < [(7:) and J; < Jh <o < J(Z)

In this project, we use the (n — 1)-th compound of a matrix A, that is C,,_1(A).

Besides, the matrix A we consider is a square matrix of order n underlying the field
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F. C,—1(A) belongs to M< "X )(IF) = M,,xn(F) = M, (F). Further, we represent

the (7, j)-th entry of C,,_1(A) in a more straightforward form, that is,
(Cra(A))yg = Al +1—i[n+1-]]|

Example 2.15.1. Let A € M5X4(F> Then Cg( ) ( ) ( )( ) M10X4(F) and

[A({1,2,3}{1,2,3})[ |A({1,2,3}{1,2,4})| |A({1,2,3}{1,3,4})| [A({1,2,3}[{2,3,4})| ]
|A({1,2,4}{1,2,3})] [A({1,2,4}{1,2,4D)| [A({1,2,4}|{1,3,4})| |A({1,2,4}{2,3,4})]
|A({1,2,5}{1,2,3})] [A({1,2,5}{1,2,4D| [A({1,2,5}{1,3,4})| |A({1,2,5}]{2,3,4})]
|A({1,3,4}{1,2,3})[ |A({1,3,4}[{1,2,4}) |A({1,3,4}[{1,3,4})| [A({1,3,4}[{2,3,4})|
C3(A) = |A({1,3,5}{1,2,3})[ |A({1,3,5}{1,24})] |A({1,3,5}[{1,3:4})| [A({1,3,5}[{2,3,4})]|
3 \A({174,5}\{1,273}g {1,4,5}{1,2,4} ﬁg{1»4:5}|{17374} | [A({1,4,5}{2,3,4})]
) A(
) A(
) A(

S — —

|A({2,3,4}{1,2,3} {2,3,4}{1,2,4} {2,3,4}{1,3,4})[ |A({2,3,4}{2,3,4})]|
|A({2,3,5}{1,2,3} {2,3,5}{1,2,4} {2,3,5}{1,3,4})[ |A({2,3,5}{2,3,4})]
|A({2,4,5}{1,2,3} {2:4,5}1{1,2,4} {24,5}1{1,3,4})] |A({2,4,5}{2,3,4})]|
L [A({3,4,5}{1,2,3} {3:4,5}{1,2,4} {3:4,51{1,3,4})] |A({3,4,5}[{2,3,4})]

N N e e e e

e [ e e

NN AN N S~ o~

3 T+1 9—2
—12+4+7i 5—3i 2+4i| € M3(C), then
6+ 13¢ —4 945

Example 2.1.5.2. Let A =

|A[3 3] [A[B|2]] [A[3]1]]
Co(A) = ||A12]3]] JA[2|2]] [A[2]1]]

AL 3] AL 2] [A[L ] 1]
| 3 74 3 9-2i| |7+i 9-2i
1247 531 |-1247i 2+4i| |53 244

3 T+ 3 9—-2; T+t 9—2i
6+13; —4 6+ 13t 9+ 5 -4 94+

—12+7 5—3i |—12+4+7i 2+4i] |5—3i 2+ 4
6+ 13¢ —4 6+13: 9+ -4 9+ 5

106 —46¢ 100 — 75 =29+ 674
= |—-41-977 —-53—-90¢ 94+ 361

—21 —75i —103—47i 68+ 14 /
[ 10 29 2844i -2 |
2-5i 8+12 —9 1+13i
Example 2.1.5.3. Let A = —927 9 —1—i =749 | € M;5.4(C).
7 — 2 i ~10 —11-—10i
—4-12i 0 22 184
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Then CQ(A) S M(g)x(él

2

)(©)

Cy(A)
MA{L2H{L.2D)] [A{1,2}{1.3D] [A{L,2}{1.4D)] [A({1,2}{2,3})] [A({1,2}[{2:4D)| |A({1,2}({3.,4}
[A({1,3}{1,2D)| [A{L,3}{1,3})| [A{1,3}H{L1,4D| [A({1,3}{2,3})| |A({1,3}{2,4})] |A({1,3}|{3,4}
[A{1,4}{1.2D)| [A{L,4H{1,3})| [A{1.4}H{L1.4D| [A({1,4}{2,3})| |A({1,4}{2,4})] |A({1,4}|{3,4}
[A({1,5}{1.2D)] [A{L,5}{1,3})| [A({1,5}{L1.4D| [A({1,5}{2,3})| |A({1,5}{2,4})] |A({1,5}{3.4}
_ |A({2 {12 [A({2,3}{1.3})| [A({2.3}{1,4})] [A({2,3}{2.3})| |A({2,3}{2.4})] |A({2,3}|{3.4}
[A({2:4}{1.2D)] [A({2,4}{1.3})| [A({2:4}{L1.4])| [A({2,4}{2,3})| |A({2.4}{2.4})] |A({2,4}{3.4}
[A({2,5}{1.2D)] [A({2,5}{1,3})| |[A({2,5}{1.4})] [A({2,5}{2,3})| |A({2,5}{2,4})] [A({2,5}[{3.4}
[A({3,4}{1,2}D)| [A({3,4}{1,3})| [A({3,4}{L1.4D| [A({3,4}{2,3})| |A({3,4}[{2,4})] |A({3,4}|{3,4}
[A({3,5}{1,2})| |A({3,5}{1,3})| |[A({3,5}{L1,4})| [A({3,5}{2,3})| |A({3,5}[{2,4})] |A({3,5}|{3,4}
LIA{4,5H{1,2})] [A({4,5}{1,3D] [A({4,5}{1,4})| [A({4,5}1{2,31)] [A({4,5}{2.4})| |A({4,5}({3,4}
M| 10 29 ' 10 28+4i ‘ 10 —25 ‘ 29 28+4i ' 20  —25 ’28+4i —25 | 7
2-5i 8+12i 2-5; —9 2-5; 1+13i 8+12i —9 8-+124 1+13i —9 1413i
' 10 29 ’ 10 28+4i ‘ 10 —25 29 28+4i 29 —25 ‘28+41 —25
—279; Zo7 T1 —27 —749i 9i —1—i 9i —7+9i “1—i —749i
‘ 10 29 ' 10 28+4i ' 10 —25 29 28+4i 20 —25 ‘284»41 —25
7-2i 722i —10 722i ~11-10i i —10 i —11-10i —10 —11-10¢
10 29 10 28+4i 10 -25 29 281 4i 29 —25 28+4i —25
‘747122' 0 ‘ ‘747121' 22 ‘747121' 18i ' 0 22 ‘ 0 186 ‘ 22 18i
‘2—51‘84—121’ ‘2—51' -9 '2—51' 14134 ‘8+12i —9 '8+12i 14134 ‘ —9 14134
o 27 9i 27 —1—4 27 749 9 —1—i 9i  —7+9i —1-i =749¢
o '2751‘ 8+12i ‘2751 —9 ‘ '2751 1+13i '8+12i -9 ' '8+121 1+13i ' —9 14134
7-2i i 7-2i —10 7-2i —11-10i i —10 i —11-10i| |—10 —11-10¢
' 2-5i 8+12i ‘ 254 79‘ ‘ 2-5i 14136 ’8+12i 79‘ '8+121 14136 '—9 14136
—4-12i o0 —4-12i 22 —4-12i 18i 22 0 ; 22 18i
‘ —27 9i ‘ —27 —1—i ' —27 —7+9i 9i —1—i 9i —749i ’714 —7494
724 4 7-2i —10 7-2¢ —11—10¢ i —10 i —11—10i —10 —11—10¢
‘ —27 9i ‘ —27 —1—i ‘ —27  —7+9i 9i —1—i 9i —749i ‘—1—i—7+9i
~4-12i 0 —412¢ 22 —4-12i 18i 0 22 0 18i 22 18i
‘ 7-2i i ‘ 72 —10‘ ‘ 7-2i —11-10i 1_10‘ i —11—10¢ '710 —11-10¢
L |-4-12i0 —4-12i 22 —4-12; 18 0 22 0 18i 22 18i |
22 4 2651 —166 + 132¢ 60 + 5% —437 — 368i 229 + 6771 —249 + 3687
783 4+ 90¢ 746 + 98i —745 + 90¢ 7 — 2811 —203 + 4867 —257 + 1994
—203 + 682 —304 + 28: 65 — 1501 —286 — 28i —319 — 2657 —518 — 3244
116 + 348: 284 + 3521 —100 — 1207 638 5227 478 + 5047
. 261 + 3427 —250 + 37 58 + 4041 4+ 614 —47 — 214 51 — 674
—75 — 661 43 + 321 —105 — 544 —80 — 1112 45 — 2134 109 + 220¢
—112 + 1444 8 — 2184 —62 + 1002 176 + 2641 —216 + 1444 —22 — 448:
—18 — 902 279 + 51 328 4+ 193¢ —1—89; 99 — 921 —69 4 1114
—108 + 362 —586 — 162 —136 — 5344 1982 —162 172 — 2164
—12 + 44 114 — 1642 112 — 467 224 —18 242 + 401

= MlOXG(C) and

)T
)
)
)
)
)
)
)
)
)|

13

~

We observe that (4, j)-th entry of adj(A) and C,,_1(A) both are determinants of a

submatrix where the submatrix is obtained by eliminating one of the rows and one of

the columns from A. So, there is a relationship between adj(A) and C,,_1(A). The

relationship is shown in the following lemma.

Lemma 2.1.5.4. (Chooi|(2011) Lemma 2.3). Let IF be a field and n € N with n > 2.

For all A € M,,(F),C,,_1(A) =

Proof.

Let A € M, (F). Let B = adj(A) and G = adj(A)~

entry is equal to 1 and the other entries are equal to 0 for all i € {1, 2

Wyadj(A)~W,.

- n}.

. Let e; € M, 1 (F) with i-th
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(Wa(adj(A))~ W)
=(=1)""e] (adj(A))~ (=1)"* e,

91,5
=(—1)"e] 923

gn,j

:(_1)i+jgi,j
(_1>i+jbn+1—j,n+1—i

(1) (=)D Al 1~k 1= )

An+1—i|n+1—j|
=(Chn-1(A4))s5-

3 T+1 99—
Example 2.1.5.5. Let A = |-12+7; 5—3i 2+4i| € M3(C). By Example
6+ 13¢ -4 9+
106 —46¢ 100 — 752 —29 + 673
2.1.5.2) we have Cy(A) = | —41 —97i —53—90i 94 + 36i | . Because

—21 -7 —103 —47i 68+ 144

|[A[L[1]]  —[A[2|1]]  |A[3|1]|
adj(A) = | —|A[L|2]] |A[2]2)] —|A[3]2]
| [A[L]3]] (A2 3]]  [A[3]3]]
5-3i 244 T4+i 9—2 T4i 9—2
—4  945i 4 9+45i 5-3i 244
B 12470 2440 3 9-9 3 9—92
6+13i 9+5i] |6+13 9+5i 1247 24 4i
—1247i 5—3i 3 T4 3 74
6+13i  —4 6+13i —4 1247 5-3i
[ 68 +14i —94—36i —29+ 67
= | 103+47 —53—90i —100+75i] ,
| 21750 41+97i 106 — 46
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then we obtain

1 0 0] [106—46i —100+75 —20+67i] [1 0 0
Woadj(A)“W, =10 -1 0| | 404+97 —53-90i —94—36i| [0 —1 0
0 0 1] [-21—75 103+47 68+14i | [0 0 1

[106 —46i —100+75i —29+67i] [1 0 o0
= |—41-97 53+90i 94436i | |0 —1 0
|—21-75i 103+47i 68+14i | [0 0 1

(106 —46i 100 — 75i  —29 + 67i |
= |—41-97i —53-90i 94+ 36i
| 21— 75i —103—47i 68+ 14i |

— Oy(A). e

2.1.6 Alternate Matrices

Let A € M, (F). If vT Av = 0 for all v € M, (F), then A is an alternate matrix of
order n underlying the field [F. The set of all alternate matrices of order n underlying
the field IF we denote it by £, (IF). Here, we proof that if all the diagonal elements in A
are 0 and A = — A7, then A is belonged to £,,(F) .

Let A € M,,(F) and suppose that v" Av = 0 for all v € M, (F). Let ¢; € M,,(F)
with i-th entry is equal to 1 and the other entries are equal to 0 forall i € {1,2,---,n}.

Thus we have

el Ae; =0

a1;

A2

andforall 1 <7< j < n,
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(ei + €j)TA(€i + ej) =0

ay; + Qa1

a9; + a9,
= (ei—i-ej)T ' !

Ay + anj
:>aii+aij+aji+ajj =0

= Qi = —Qj;. /

This proof shows us that our statement is true. Next we want to show that if B €
Sn(F) and B € L,(F) where B # 0,,, then char(IF) must be equal to 2.

Suppose that there exists some non-zero matrix B € M, (F) such that B € S, (F)
and B € L, (IF) with char(F) # 2. Thus we know that all the diagonal elements in B
are 0, B = B” and B = —B?”. Hence 2B = 0,,. Since char(F) # 2, then B = 0,,.

This contradicts to the facts that B # 0,,. This contradiction shows that our supposition

—

is false. So we conclude that the given statement is true.

2.1.7 Some Elementary Properties

In previous section of this chapter, we have introduced many types of matrices. Now,

we would like to introduce some elementary properties which are needed in this project.

Lemma 2.1.7.1. (Mirsky| (1955))). Let F be a field and n € N. For any A, B € M, (F)

and a € T,
(a) tk(A) = 0 if and only if A = 0,,.
(b) k(A + B) < 1k(A) +1k(B).
(©) tk(AB) = 1k(A) = rk(BA) if tk(B) = n.
(d) 1k(aA) = rk(A) if a # 0.

-~

Lemma 2.1.7.2. (Chooi (2011), Lemma 2.2 and Lemma 2.3). Let [F be a field carrying
an involution — and n € N with n > 2. Let ¢ be a field monomorphism of F. For any

A, B € M,(F) and @ € T,

(a) Cn—l(on) - On
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®) Coy(I) = I.

© C1(ad) = a™1C, 1 (A).

(d) Crr(AB) = Cp1(A)Cpa(B).

©) Co1(A™Y) = Cp1(A)~" when rk(A) = n.
(f) Coa(AT) = Cra(A)T

(@ Co1(A) = Coa(A),

(h) Coa (A7) = Cpa (AT

(i) Cpa(A7) = Cpa(A)™.

() Co1(A?) = Cri(A)?.

—A ifn=0,3 (mod 4),
(k) Onfl(A> =

A otherwise

when A =W,, or A = J,. /

Lemma 2.1.7.3. Let IF be a field and n € N with n > 2. For all invertible matrix
Q € Mn(F>7 Cn—l(cn—l(g)) — |Q|n—2Q.

Proof.

Cn-1(Cn1(Q)) = Cra (Wradj(Q)"W5)

= Cp1i(Wa) G (adj(Q) ™) Crr (W)
—W,]C, 1 (adi(Q)™)[=W,] ifn=0,3 (mod 4),
W, o1 (adj(Q)~) W, otherwise

= W,C—1(adj(Q)™)W,

— W, Wyadj(adj(Q)™) "W, W,

= Inadj(adj(Q)™)" I,

= adj(adj(Q)7)".

By the fact that adj(K~) = adj(K)~ and (K~)~ = K for every K € M, (F). So we

have
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Crn-1(Cr-1(Q)) = adj(adj(Q)™)~
= (adj(adj(Q))™)"~
= adj(adj(Q))
= adj(|Q|Q7")
=[Q" tadj(Q7")
=[Q"'o7!Q

=|Q|"*Q. /

]

Lemma 2.1.7.4. (Chooi| (2011)), Lemma 2.2). Let [ be a field carrying an involution

—andn € Nwithn > 2.

(@) Forall« € Fandi,j € Nwithi,j < nandj # n+1—1i, C,_1(L, —
Eniiint1-i — Ej; + aEjj) = aby;.

(b) Forall « € Fandi,j € Nwith1 < i < j <n,Ch1(Ln — Eny1-int1-i —
Eniiojnii—j+ (=) aE, 11 jny1-i + 0Bni1-int1-j)) = aBEij +aFEj —

o@([n — Ez — Ejj)-
Proof.

(@LetBbel,—E,i1_int1—i—Ejj+aE;;. When j # n+1—1, (n+1—1i)-th row
and (n + 1 — 7)-th column of B are a row of zeros and a column of zeros, respectively.
Let D be a submatrix of B where D is obtained by eliminating x-th row and y-th
column from B. We observe that if D is obtained by not eliminating (n + 1 — 7)-th row
or (n + 1 — 4)-th column from B, then there existi a row or a column of zeros in D. It
follows that |[D|= 0. Thus (C,,_1(B))uy = |Bl[n +1 —u | n+ 1 —v]|= |D|= 0 for
all u # i and v # i. On the other hand, if D is obtained by eliminating (n + 1 — ¢)-th
row and (n + 1 — ¢)-th column from B, then D is a diagonal matrix with D,,,, = « for
some 1 < v < n — 1. Other than D,,,, all the diagonal entries of D are 1. Therefore

|D|= 1(1)--- (1) @« = «a. Consequently, (C,,_1(B)); = |B[n+1—1i|n+1—i]|=
———

n — 2 times of 1

| D|= «v. By combining these two cases, we are done.
(b) Let B be I, — Epi1—int1—i — Enii—jns1—j + (=)™ (B +

aEnH_i,nH_j). Let D be a submatrix of B where D is obtained by eliminating z-th
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row and y-th column from B. Now we want to separate our proof into the following
four cases.

Case l:x ¢ {n+1—1i,n+1—j} with y # x. Obviously, there exists a column of
zeros in D. This makes | D|= 0. Therefore (C,,_1(B))u, = |B[n+1—u | n+1—0v]|=
|D|=0forallu ¢ {i, 7} with v # w.

Case 2: x = n+1—i (respectively, v = n+1—7j) with y # n+1 — j (respectively,
y # n+ 1 —1). Itis easy to see that there exists a column of zeros in D. Plainly,
|D|= 0. Hence (C,,_1(B))i = |Bln+1—1i|n+1—wv]|=|D|=0forall v # j and
(Cr1(B))jo =|Bn+1—j|n+1—v]|=|D|=0forall v # i.

We know that 1 <7 < j < n,therefore l <n+1—-—j<n+1—-17<n

Case 3:x ¢ {n+1—1i,n+1— j} withy = x. There are only three possibilities
for 2. Now we want to divide the z into three subcases.

Subcase I: 1 <z <n+1—j<n+1—12<n Then

D — Z Eu + <_1)i+j+1aEn—j,n—i+ (_1)z+J+1—En imj

Subcase 2:1 <n+1—j53<zxz<n+1-—12<n Hence /

n—1

D= E Ek’k + (_1)i+j+1aEn+1—j,n—i + (_1)i+j+1aEn—i,n+1—j-
k=1,
k;ﬁnJrlflj,nfi

Subcase 3: 1 <n+1—j5<n+1—12<x <n. Thence

n—1

_ i+j+1 i+l
D= E B+ (=)™ abny o+ (=0T 0B i
k=1,
k#n+1— J,n+1 i

Without loss of generality, D can be expressed as

D= Z By, + (=) B, + (-1)"aE,, where 1 <p< g <n—1.
k;p,zz
We notice that when we interchange p-th column and ¢-th column in D, we acquire a

diagonal matrix, we call it D',

D'= Y Eu+(-1)""aE, + (-1)"W"aE, where L <p<g<n-—1.

~
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Consequently, |D|= —|D'|= —1(1)---(1)(1)((=1)"a)((-1)" a) = —aa.

n — 3 times of 1

This implies Cy,_1(B)yy = |Bln+1—u | n+1—u]|=|D|= —aaforallu ¢ {3, j}.

Case 4:x = n+1—1 (respectively, v = n+1—j) with y = n+1 — j (respectively,
y = n+ 1 —1). Let D” be a submatrix of B where D" is obtained by eliminating
(n+1—1i)-throw & (n+ 1 — j)-th column and (n + 1 — j)-throw & (n + 1 —i)-th
column from B. Apparently) D" = I,,_5. If D is obtained by eliminating (n + 1 —)-th
row and (n + 1 — j)-th column, then the coordinates of an element (—1)"*/ "'« in D

18 Dy 41—jn—i. This tells us that

cofactor of an element (—1)""™q in D

— 1) H1=5)+(n—1) [Minor of (—1)"*q in D]

—1)¥i-1 /
It follows that | D|= (—1)" 1 ((=1)"*'a)+0+ 0+ - - - + 0 = «. Thereby C,,_1(B);;
—_—

n — 2 times of 0
=|Bn+1—i|n+1—j]|=|D|= a. By using a similar reasoning as above, we get
Cnfl(B)ji =

o og—

By combining all the cases, we attain the result we want.

O

Lemma 2.1.7.5. Let [ be a field carrying an involution — and n € N with n > 2. For
any A belongs to H,,(F), C,,_1(A) also belongs to H, (F).

Proof.

Let A belongs to H,(F). Thus A = AT. When we take the (n — 1)-th compound
matrix on both sides, C\,_1(A) = C,,_1(AT) = C,,_1(A)T. This means that C,,_;(A)
also belongs to H,, ().

_—
[

As an immediate consequence of Lemma [2.1.7.5] we have the following corollary

when — is identity.
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Corollary 2.1.7.6. Let IF be a field and n € N with n > 2. For any A belongs to S,,(F),
Cy—1(A) also belongs to S,,(IF).

2.1.8 Decomposition of Hermitian Matrices

From Huang (2006), we have learned that the Hermitian matrices can be decomposed
into the following form. These results are to be used when we prove our lemmas and

theorems.

Lemma 2.1.8.1. (Huang (2006), Theorem 2.5.1). Let [F be a field carrying an involu-
tion —. Letn,k € Nwithn > 1and k < n. For all A € H,(F) with tk(A) = &,
there exist some G € M, (FF) with rk(G) = n and diagonal matrix D € H,(FF) with
rk(D) = k such that A = GDG*" if — is proper or A ¢ L,,(F) when — is identity.

Let wy,ws---,wp € Nwith1 < wy; < wy < --+- < wg < n. Here, we intend to
prove that D is in the form v, Ey,, ), + Y2 Ews ws + -+ + Vi Ly, Where y1, 72, -+, Vi
are non-zero elements in F~.

Given G € M, (F) with rk(G) = n and D € H,(F) is a diagonal matrix with
rk(D) = k. Suppose that B is a permutation matrix obtained by interchanging the p-th
column and ¢-th column of I,, where 1 < p,q < n. Thus we have By, = 1 for all
ke {1,2,---,n} —{p,q}, Byy = By = 1 and the rest of the entries in B are equal
to 0. We claim that BD B is obtained by interchange the D,, and D, of D. In case

p = ¢, we are done. Now we consider for p # ¢,
(BDB);;

=> " Bi(DB)j,
k=1

= "Bt Y _ DiaBo;
k=1 =1
=> ") BiDraBa;. -~

k=1 a=1
Since D is a diagonal matrix, then we know that Dy, = O forall 1 < k # o < n.

Therefore
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(BDB);;

= BiDyBy,
k=1

= Z Bix Dy Bij + BipDpp By + BigDqq By

k=1,
k#p,q

0 ifi#j,
D,, ifi=j=q,

| D, iti=j=p. —

Let B, be a permutation matrix obtained by interchange the p,-th column and ¢,-th

column in I,, where 1 < p,,q, < n for all x € N. Certainly B, = BY = Bl

Without loss of generality, there exists some y € N such that
D/ = By oo BlDBl cee By - fYIEwl,wl + /72Ew2,w2 + -+ fykEwkﬂUk

where w; € Nwith 1 < w; < wy < -+ < wp < nandy; € F~ with ; # 0 for all

i€{1,2,---, k}. Consequently, we obtain

A=GDG"
=GB, --B,B,- B DB, ---B,B, - BiG"
= (GBy---B,)(B, - BiDBy --- B,)(B, - -- B;G")
= (GBy---B,)D'(GB; --- B,)".

Clearly, GB; - - - B, € M, (F) with 1k(GB; - - - By) = n. -

Corollary 2.1.8.2. Let [F be a field carrying an involution —. Let n, k € N withn > 1
and £ < n. Letwy,wy---,wp € Nwith1 < w; < wy < --+ < wg < n. For all
A € H,,(F) with rk(A) = k, there exist some non-zero elements vy, o, -, 7, € F~
and G € M, (F) with tk(G) = n such that A = G(V1Ew,uw + V2Buwsw, + -+ +
Vi By 0y, )G if — is proper or A ¢ L,,(F) when — is identity.

We notice that if A € H,,(F) and A € £,,(F) when — is identity, then char(F) must
be equal to 2. By referring to Lemma [2.1.8.3] A can be decomposed.
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Lemma 2.1.8.3. (Huang|(2006), Theorem 2.5.3). Let I be a field carrying an identity
involution — with char(F) = 2. Letn,k € Nwithn > 1 and k¥ < n. For all
A € H,(F) with A € £,,(F) , definitely rk(A) is even. Moreover if rk(A) = k, then

k
2

01
A=G| P @0, | G¥
i—1 [1 0O

where G € M, (F) with rk(G) = n.

By combining the Corollary 2.1.8.2] and Lemma 2.1.8.3) we have the following

corollary. /

Corollary 2.1.8.4. Let [F be a field carrying an involution —. Letn, k € N withn > 1
and £ < n. Let wy,wy---,wp € Nwith1l < wy < wy < --- < wp < n. For all
A € H,,(F) with rk(A) = k, there exists some G € M, (F) with rk(G) = n such that

either
A= G(fylel,wl + 72Ew2,w2 + -+ PYkEwk,wk)GH (21)

where v; € F~ with; # 0 foralli € {1,2,--- k} or
k
° 10
® 0, | G (2.2)
1

A=G| P

1
i=1 0
when A € £,(F) and — is identity. If A is of the form (2.2), absolutely char(F) = 2

and rk(A) is even.

Lemma 2.1.8.5. (Chooi and Ng| (2011), Lemma 2.3). Let I be a field carrying an
involution —. Let n,k,t € N withn > 1 and £ < n. For all A € H,(F), there
exist at least one Ay, -, A; € H,(F) with rk(A;) = -+ = rk(A;) = 1 such that
A=A+ -+ A wheret =k + 1if A € L,(F) and — is identity, otherwise ¢ = k.

Proof. /

Let A € H,,(F) with rk(A) = k. From Corollary [2.1.8.4] we know that A is either
of the form or (2.2). In case A is of the form (2.1)), then A = G(1 E11 + 72 Eas +
o+ VB ) G where G € M, (FF) with rk(G) = n and v; € F~ with +; # 0 for
alli € {1,2---,k}. Since v,GE;GH € H,(F) with tk(v,GE;G?) = tk(,Ey) = 1
foralli € {1,2,---,k} and A = (2GEG?) + -+ + (GEwGH). Thus we take
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A; = vGE;GH for all i € {1,2,---,k}. However, if A is of the form (2.2), we
realize that A € £,,(IF), — is identity, rk(A) = k is even and char(F) = 2. At the same

k
2

] 01 " )
time, A = Q @ @0, | @ where Q € M, (F) with rk(Q) = n. Now,
i—1 |1 0O

we consider a matrix B = A + QF; Q% + QF» Q. Itis clear that B € H,(F) as
A, QF;1 Q" QF5, Q" € H,,(F). Hence,

B=A+ QFE;;0" + QF,, 0"

k

|0 1
-2 | P L o| @0 Q" + QF, Q" + QE» Q"

i=1

B 0,r | QF + QE1 Q7 + QF5, Q"

=Q o

This shows that rk(B) = k — 1. By the fact that B € H,(F) with rk(B) = k — 1
where k — 1isodd, B = P(A\;Fy; + -+ + Me—1 Ep_1-1) P where P € M,,(F) with
rk(P) =mnand \; € F~ with \; # O foralli € {1,---,k — 1}. Hence

A+ QF, Q" + QF5, Q" = PME;y+ -+ /\kflEkfl,kfl)PH
which implies
A= (/\1PE11PH) +-+ (/\k—IPEk—I,k—IPH) + (QEHQH) + (QE22QH)-

Because \;PE; P € H,(F) with tk(\;PE;P?) = rk(\;Ey;) = 1 for every i €
{1,2, . ',k’ — 1} and QE“QH € HN(F) with l"k(QE“QH) = I"k(E“) = 1 for all
1€ {1, 2}, we take A,L = )\ZPE“PH forall i € {1, 2, RN k — 1}, Ak = QE11QH and

Api1 = QFE 0.
/ D

2.2 Types of Linear Preserver Problems

By far, there exist many types of Linear Preserver Problems. Actually, the Linear

Preserver Problems is to find the characterisation of mappings that preserve certain
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properties. Here, we show four classic types of Linear Preserver Problems outlined by
L1 and Tsing (1992). In this section, we denote a matrix space by V' and linear operator

on V by T unless otherwise specified.

2.2.1 Linear Preserver of Functions

Problem 1. Let f be a (scalar-valued, set-valued or vector-valued) function on V.

Characterise Y that satisfies
f(Y(A)) = f(A) forevery A€ V.

Frobenius (1897) was possibly the first person who did research about Problem 11
He characterised a linear operator T on M, (C) which preserves the determinant. The

following theorem was proved by Frobenius| (1897).

Theorem 2.2.1.1. (Frobenius|(1897)). Letn € Nand T be a linear operator on M, (C).

T preserves the determinant, i.e.,
|T(A)|= |A| for every A € M,,(C),

if and only if there exist some non-singular matrices Q1, Qs € M, (C) with |Q; Qs|= 1

such that
T(A) = Q1 AQ, forevery A € M,,(C) (2.3)
or
T(A) = QAT Q, for every A € M,,(C). (2.4)
Before we continue our discussion, we would like to give a remark. /
Remark. If we say T has the form , this means
T(A) = Q1AQ, forevery A €V
where V' is dependent on what problems we are discussing.

Moreover, Frobenius| (1897) continued to characterise a linear operator T on the
matrix space other than M, (C) that preservers the determinant. The matrix spaces he

considered are V; = S,,(R) and V, = {P | P € M,,(C) and trace of P = 0}. For both



Chapter 2. Literature Review 26

cases, T has the form or with some new assumption on the matrices Q;
and Q. For Vi, Q; and Q, are non-singular matrices in M,,(R) where Q, = anT for
some scalar @ € R and |Q; Qs|= 1 while for V5, Q; and Q, are non-singular matrices
in M,,(C) where Qy = aQ; " for some scalar o € C and |Q; Q,|= 1.

On a more advanced level, we can extend Problem (1] to two (scalar-valued, set-

valued or vector-valued) functions on V' which is stated as Problem [2] /

Problem 2. Let f and g be a (scalar-valued, set-valued or vector-valued) function on

V. Characterise T that satisfies
g(T(A)) = f(A) forevery A e V.

Polya (1913)) once studied this kind of problem. He was interested in whether there

exists a linear operator T on M, (R) that satisfies
per(Y(A)) = |A| for every A € M, (R)

where per represents the permanent of the matrix. If there exists such a linear operator,
the matrix’s permanent can be obtained more quickly. This is because when the size
of the matrix is large, the permanent of the matrix is more difficult to calculate than

the determinant of the matrix. This problem was solved by Marcus and Minc/ (1961).

/

They showed that there does not exist such a linear operator.

2.2.2 Linear Preserver of Subsets

Problem 3. Let S be a subset of V. Characterise T that satisfies
T(A) € Sforevery A € S.

Marcus| (1959) studied this type of problem. Let i,,.,,(C) be the set of all unitary
matrices in M., (C). In short, l,+,(C) = 4,(C) when m = n. He studied the
characterisation of linear operator Y on M,,(C) that preservers unitary matrices. The

following theorem is discovered by Marcus (1959).

Theorem 2.2.2.1. (Marcus (1959)). Let n € N and T be a linear operator on M, (C).

T preserves unitary matrices, i.e.,

T(A) € U,(C) forevery A € i1,(C)
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if and only if there exist some Q;, Qs € i,,(C) such that
T(A) = Q1AQ, for every A € 4L,(C)

or

/

T(A) = QAT Q, for every A € 4,,(C).

Further, the resultf in Theorem 2.2.2.1 was extended to the il,,,,(C) withm < n
by |Grone (1976) in his Ph.D. thesis. He introduced a linear operator Y on My, (C)
that preserves unitary matrices. He concluded that T has the form or where
m,n € Nwithm < n, Q; € U,,(C) and Q, € ,(C).

Besides, Dieudonné| (1948) further evolved Theorem [2.2.1.1] by characterising a
linear operator T on ML, () that preserves singular matrices where I is any field. We
denote the set of all singular matrices in M, (F) by MS,, (IF). Dieudonné (1948) proved

the following results.

Theorem 2.2.2.2. (Dieudonné (1948)). Let IF be a field and n € N. Let T be a linear

operator on M, (F).Y preserves singular matrices, i.e.,
T(A) € MS, (F) for every A € MS,, (F)
if and only if there exist some non-singular matrices Q;, Q> € M, (F) such that either
T(A) = Q1 AQ, forevery A € MS,, (F)
or
T(A) = QAT Q, for every A € MS, (F).

Furthermore, Theorem [2.2.2.2] was continued to explore by [Marcus and Purves
(1959). Marcus and Purves| (1959) generalized Theorem by characterising a
linear operator T on M, (F) that preserves the non-singular matrices. They showed
that T has the form or with Q; and Q, are non-singular matrices in M, (F).

Apart from this, the characterisation of linear operator T on M, ., (C) that pre-
serves the rank k& matrices was found by |Beasley (1988). Next, we illustrate the theo-

rem done by Beasley| (1988).

Theorem 2.2.2.3. Let m,n, k € N with £ < min{m, n} and Y be a linear operator on

M5, (C). T preserves rank k& matrices, i.e.,
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tk(YT(A)) = k for every A € M, (C) with rk(A) = k
if and only if there exist some non-singular matrices Q;, Q, € M,,(C) such that
T(A) = Q1AQ, forevery A € M, (C) with rk(A) = k
or
T(A) = QAT Q, for every A € M, »,,(C) with rk(A) = k when m = n.

By using the transfer principle, the results in Theorem can be extended to
any algebraically closed field with characteristic 0. The method of transfer principle
was introduced by |Guterman et al. (2000). For more details on the method of transfer
principle, (Guterman et al.| (2000) can be referred. Actually Problem 3can be extended

to Problem [4] as stated below.
Problem 4. Let S;, S5 be subsets of V. Characterise T that satisfies
T(A) € S forevery A € 5.

For problems like Problem E], L1 and Tsing|(1988)), L1 and Tsing (1991)) and L1 and
Tsing (1993) can be referred.

We observed that the characterisation of T has the form or although the
types of problems and matrix spaces we are discussed are totally different. It is pretty

interesting. Even though the results are pretty similar, but the proving and complexity

can be totally different. Of course, not all the T has the form ({2.3)) or (2.4)).

2.2.3 Linear Preserver of Relations
Problem 5. Let ~ be arelation on V. Characterise T that satisfies
T(A) ~T(B)if A~ Bforevery A, BeV.

In fact, Hiai| (1987) completed characterising a linear operator T on M, (C) which

preserves similarity. The following theorem was shown by |[Hiai| (1987).

-
Theorem 2.2.3.1. (Hiai (1987)). Let n € N and T be a linear operator on M, (C). T

preserves similarity, i.e.,

T(A) is similar to T(B) if A is similar to B for every A, B € M,,(C)
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if and only if there exists some Qg € M, (C) such that
T(A) = tr(A)Q, for every A € M,,(C), (2.5)
or there exist some a, b € C and non-singular matrix Q € M, (C) such that
T(A) = aQAQ ™" + btr(A)I, for every A € M,(C) (2.6)
or
T(A) = aQA" Q! + btr(A)I, for every A € M, (C) (2.7)
where tr stands for the trace of the matrix.

At the same time, he also completed characterising a linear operator T; on H.,(C)
which preserves unitary equivalence and linear operator Y5 on S, (R) which preserves
orthogonal equivalence. He illustrated T; and T, have the form or with
a,b € R and other assumption on the matrices Qy and Q. For T, Qy € H,,(C) and Q
is a unitary matrix in M, (C) while for 15, Qy € S,,(R) and Q is an orthogonal matrix
in ML, (R).

Besides that, this kind of problem was also studied by Pierce and Watkins| (1978)).
The characterisation of a linear operator on M, (IF) that preserves commutative relation

(n > 2) was found by them. The following theorem was established by Pierce and

Watkins| (1978). -

Theorem 2.2.3.2. (Pierce and Watkins|(1978))). Let [F be a field and n € N withn > 2.

Let T be a linear operator on M, (IF). T preserves commutative relation, i.e.,
T(A)Y(B) =Y(B)Y(A)if AB = BAforevery A, B € M, (F)

if and only if there exist some a € F, non-singular matrix Q@ € M, (F) and linear

functional Y’ on M, (F) such that
T(A) =aQ 'AQ + Y'(A)I, for every A € M, (FF) (2.8)
or

T(A) = aQ 'ATQ + Y/(A)I, for every A € M, (FF). (2.9)
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The same type of problems has been studied by Chan and Lim|(1982). They char-
acterised a linear operator T on S,,(R) that preserves commutative relation (n > 1).
In their work, they verified that for n > 2,7 has the form with a € R, Q is an
orthogonal matrix in M, (R) and Y’ is a linear functional on S, (R). Simultaneously,
for n = 2, there exists a counterexample of T that preserves commutative relation but

not in the form ([2.8)). The following theorem is for the case n = 2.

Theorem 2.2.3.3. (Chan and Lim| (1982)). Let T be a linear operator on So(R). YT
preserves commutative relation if and only if there exists an orthogonal matrix Q €

M (R) such that

0 0
or(EQ” = | and OT(Em)0” — |
0 (0D)] 0 52

with oy + 1 = as + So.

e

2.2.4 Linear Preserver of Transformations

Problem 6. Let f be a transformation from V to V. Characterise the T that satisfies
T(F(A)) = F(T(A)) forevery A€ V.

Some researchers call T as f -commuting mapping. The first person who dis-
cussed this type of problem is Sinkhorn| (1982). The problem he studied was adjoint-
commuting mappings on M, (C). When n = 1, it is trivial because T is adjoint-
commuting mappings as adj(A) = A for all A € M (F) and for all field F. By using
Theorem [2.2.1.1] [Sinkhorn| (1982) established the following theorem. —

Theorem 2.2.4.1. (Sinkhorn/(1982)). Let n € N withn > 1 and T be a linear operator

on M,,(C). T is an adjoint-commuting mapping, i.e.,
T(adj(A)) = adj(T(A)) for every A € M, (C)

if and only if there exist some non-singular matrix @ € M, (C) and » € C with

n—1

” = 2z such that either

Y(A) = »xQAQ ! for every A € M, (C) (2.10)
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or
T(A) = QAT Q7 for every A € M,,(C) (2.11)
for all n > 2. Moreover, there exist certain k1, ko € N such that
kl k2
T(A) =D a;X;Aadj(X;) + > BYiA adj(Vs)
i=1

i=1

Whereala"'aakpﬁlv'"aﬁkg 6CanXma"'7Xk17n7"'7Yk2 GMQ(C) /

The work done by |Sinkhorn| (1982) was continued by |Chan et al.| (1987). |Chan
et al. (1987) extended the field C to any infinite field IF. They also simplified the result

when n = 2. They showed that if n = 2, then there exists certain k£ € N such that

k
T(A) =) Q;Aadj(Q;) (2.12)

i=1
where ay, -+ -, ap € Fand Qy,- -+, Qy € My(F). /

We denote the set of all skew-symmetric matrices of order n underlying the field ¥
by SK,,(F).Chan et al.| (1987) also studied the adjoint-commuting mappings on S, (IF)
and SK,,(F) in the same paper. For these two cases, the field F must be infinite and
char(F) # 2. They proved that adjoint-commuting mappings on S, (F) (n > 2) and
SK,,(FF) (n is even positive integer except n = 4) has the form with >z € F
and Q is a non-singular matrix in M, (FF) for which »"~! = s and Q7! = a Q7 for
some « € F. Furthermore, for the adjoint-commuting mappings on S,(IF), it has the
form with ay, -+, € F and Qy, - - -, Qy are non-singular matrices in M (TF)
for which adj(Q;) = +97 forall i € {1,---,k}. Also, for the adjoint-commuting
mappings on SK4(IF), T may possibly have the following form

0 34 A2q4 Q23
—azs 0 iy 13

—Q24 —Q14 0 Q12

—agz3 —aiz —ajz 0 /

where »? = 1.

Again, Chan et al.|(1987) found that the characterisation of linear operator Y on V'
that satisfies Y (e?) = eT™ forall A € V where V € {S,(R),S,(C), M, (R), M,,(C)}
in the same paper. They concluded that T has the form or with 2z = 1
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and Q is a non-singular matrix in V' when V' € {M,,(R),M,(C)}. In case V €
{Sp(R),S,(C)}, T has the form with 5 = 1 and Q is a orthogonal matrix
inS,(R).

Later on, Problem [6| was also studied by (Chan and Lim|(1992). They showed that a
linear operator T on M, (F) (char(F) = 0 or char(FF) > k) satisfying T (A*) = T(A)*
for certain fixed positive integers £ > 1 has the form or with »" = s
and Q is a non-singular matrix in M, (IF). They also studied a similar problem by
considering S, (F). If M, (F) is replaced by S, (F) (I is an algebraically closed field
with char(FF) = 0 or char(F) > k), T has the form with 3" = s and Q is an
orthogonal matrix in M, (IF).

Let U and V' be two matrix spaces. The results we discussed above are all vepy
classic linear preserver problems. These problems have one thing in common, that is,
T is a linear operator. This means T is a linear mapping from V" to itself. Nowadays,
many researchers have extended the linear preserver problems by not emphasizing
T must be a mapping from V' to itself. Instead, T as an additive or a homogeneous
mapping from U to V' is considered. When 7T is additive, we called it additive preserver
problems. Besides that, when T is homogeneous, we called it multiplicative preserver
problems. For example, adjoint-commuting additive mapping on square matrices and
symmetric matrices, triangular matrices and complex Hermitian matrices were studied
by (Tang and Zhang| (2006)), (Chooi (2010) and [Tang and Zhang| (2006)) and (Tang
(2005)), respectively.

In more general cases, the adjoint-commuting mappings on Hermitian matrices and
symmetric matrices, and alternate matrices and skew-Hermitian matrices which satisfy
certain conditions (without imposing additivity and homogeneity condition on Y') were

studied by (Choo1 and Ng|(2011)) and (Choot and Ng (2014)), respectively.



CHAPTER 3

PRELIMINARY RESULTS

3.1 Introduction

Definition 3.1.1. Let m,n € N with m,n > 2. Let V; and V5 be matrix spaces under-

lying the same field F. T is a compound-commuting mapping if T: V; — V5 satisfies

T(Cno1(A)) = Cr1(T(A)) forany A € V]. /

The compound-commuting additive mappings on Hermitian matrices and symmet-
ric matrices were researched by Chooi| (2011). In the paper of |Chooi and Ng (2010),
they are studied adjoint-commuting mappings on square matrices without imposing ad-
ditivity and homogeneity condition on Y. They characterise a mapping Y: M, (F) —

M,,,(F) (m,n > 2) satisfies one of the following conditions:
[B1] Y(adj(A — B)) = adj(Y(A) — Y(B)) for any A, B € M, (F);
[B2] Y(adj(A+ aB)) =adj(T(A) + oY (B)) forany A, B € M,,(F) and o € F.

They shows that if T satisfies or[[B2]] then Y is an adjoint-commuting mapping
as Y(0,,) = Oy,.

Inspired by their work, we continue to study the compound-commuting mappings
on Hermitian matrices and symmetric matrices in this project. Now we list the prob-

lems that we want to solve.

Problem 7. Let [F be a field carrying an involution — and m,n € N with m,n > 2.

Characterise the Y: H,,(F) — H,,(F) that satisfies one of the following conditions:
[P1] Y(C—1(A— B)) = Cppi1(T(A) — Y(B)) for any A, B € H,,(F);
[P2] Y(Ch-1(A+aB)) = Cp_1(YT(A)+aY(B))forany A, B € H,,(F)anda € F~.

The following lemma shows us that T is a compound-commuting mappings if T

satisfies or[P2]l /

33
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Lemma 3.1.2. Let [ be a field carrying an involution — and m,n € N with m,n > 2.

If a mapping Y: H, (F) — H,,,(F) satisfies[P1], then
(@) Y(0,) = Oy
(b) Y(C_1(A)) = Cpo1(Y(A)) for any A € H,,(F).
Proof.

(a) Let A € H,(FF), Y(0,) = T(C,—1(0,)) = Y(Cprm1(A — A)) = Cprma (T(A) —
T(A)) = Cr1(01) = 0.
(b) For any A € H,(F), T(C,_1(4)) = T(C,_1(A —10,)) = Cp1(T(A) —
T(0n)) = Cona(T(A) = Op) = Crna (T (A)).
[

Remark. Let [ be a field carrying an involution — and m,n € N with m,n > 2.
We see that if a mapping Y:H,(F) — H,,(F) satisfies |[P1], then T satisfies [[P2]
immediately. In other words, if the results hold true for|[P1], then the results hold true

for|[P2] automatically. Recall that, H,,(F) = S, (F) if — is identity. /

3.2 Fundamental Theorem of Geometry of Hermitian

Matrices

In this section, we introduce some helpful theorem that help us to characterise the

compound-commuting mappings on Hermitian matrices and symmetric matrices.

Definition 3.2.1. Let [ be a field carrying an involution — and n € N with n > 2. Let
A, B € H,(F). If rk(A — B) = 1, then A and B are adjacent.

Theorem 3.2.2. (Huang and Havlicek (2008)). Let [F be a field carrying an involution
— with ||F~||> 3 and char(F) # 2 when — is identity. Let m,n € N with m,n > 2. If
T:H,(F) — H,,(F) satisfies rk(A — B) = n if and only if rk(Y(A) — Y(B)) = m for
every A, B € H,(F) with T is onto, then Y is bijective and preserves the adjacency
(.e.,tk(T(A) = T(B)) =1ifrk(A — B) = 1 forevery A, B € H,,(F)) and m = n.

~
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Theorem 3.2.3. (Huang et al. (2004)). Let [F be a field carrying an involution — with
char(F) # 2 when — is identity. Let n € N with n > 2. If T:H,,(F) — H,(F)

preserves the adjacency with T is bijective, then T has the form
Y(A) =€EZAZ7 + Ry forall A € H,(F)

where ¢ is a non-zero element in F~, 7 is a non-singular matrix in M, (F), ¢ is a field

e

3.3 Characterisation of Rank-One Non-Increasing Ad-

automorphism of F with ¢(p) = ¢(p) for all p € F and R, € H,(F).

ditive Maps

Apart from Section [3.2] in this section we state some important theorems that help to

accomplish our main results.

Definition 3.3.1. Let [F be a field carrying an involution — and m,n € N with m,n >
2. Let T be an additive mapping from H., (F) to H,,(F). T is a rank-one non-increasing
additive map if rk(Y(A)) < 1 forall A € H,(F) with rk(A) = 1.

Theorem 3.3.2. (Orel and Kuzmal (2007)). Let Galois field of order 4 be GF'(4). Let
F be a field carrying a proper involution — with F # GF(4). Let m,n € N with
m,n > 2. If T:H,(F) — H,,(F) is a rank-one non-increasing additive map and there

exists at least one A € H.,(IF) with rk(T(A)) = m, then T has the form
Y(A) = £ZA%Z" for all A € H,,(F)

where ¢ is a non-zero element in F~, 7 is a matrix in M,,.,(F)(Z is a non-singular
matrix in M, (F) if m = n) and ¢ is a non-zero field monomorphism of F with ¢(p) =

¢(p) forall p € F.

Theorem 3.3.3. (Orel and Kuzma| (2009)). Let Galois field of order 4 be GF'(4) and
m,n € N with m,n > 2. Let — be an involution of GF'(4). If T:H,(GF(4)) —
H,,(GF(4)) is a rank-one non-increasing additive map and there exists at least one

A € H,(F) with rk(Y(A)) = m, then T has the form

Y(A) = €£ZA%ZM for all A € H,,(F)
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where ¢ is a non-zero element in G F(4) with £ = £, Z is a matrix in Ml,,,.,,(GF(4))(Z

is a non-singular matrix in Ml,,(GF(4)) if m = n) and ¢ is a non-zero field monomor-

phism of GF(4) with ¢(p) = ¢(p) for all p € GF(4). /

Theorem 3.3.4. (Orel and Kuzmal (2006)). Let IF be a field and m,n € N with m,n >
2.If Y:S,(F) — S,,(F) is a rank-one non-increasing additive maps and there exists at

least one A € S,,(F) with rk(YT(A)) = m, then Y has the form
Y(A) = £ZA%Z7 forall A € S, (F),
or
T(A) = QY'(A)Q" forall A € S, (F) whenm = 3 and F = GF(2)

where € is a non-zero element in F, Z is a matrix in M,,,,,(F)(Z is a non-singular ma-
trix in M, (F) if m = n), ¢ is a non-zero field monomorphism of I, Q is a non-singular

matrix in Ml3(GF'(2)) and Y’ is an additive mapping from S, (GF(2)) to S3(GF(2)).

3.4 Some Requirements

Lemma 3.4.1. (Chooi (2011), Lemma 2.3). Let [ be a field carrying an involution —
and n € N withn > 2. For all A € H,,(F),

(a) tk(A) = nif and only if rk(C,,—1(A)) = n.

(b) 1k(A) =n — 1lifand only if rk(C,,_1(A)) = 1.

(c) rk(A) < n—2ifand only if rk(C,_1(A)) = 0.
Proof

We begin our proof with the necessity part.

(a) Suppose that A € H,,(F) with rk(A) = n. Since rk(A) = n, then A is a non-
singular matrix. Thus A~! exists, so C,,_1(A™!) = C,,_1(A)~! also exists. Therefore
Ch—1(A) is an invertible matrix, this implies that rk(C),_1(A)) = n.

(b) & (c) Let A € H,,(F) with rk(A) = k. By referring to Corollary 2.1.8.4, we

see that there exists some G € M, (F) with rk(G) = n such that either
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A=GmEn+vnbyp+--+ ’YkEkk)GH

where v; € F~ with; A0 foralli € {1,2,--- k} or

k
2

0 1
A=G @ @0, .| GcH
i—1 |1 0O

when A € £,,(FF) and — is identity. When we take the (n — 1)-th compound matrix on
both sides, we get C,,_1(A) = C,,_1(GXGH) = C,,_1(G)Cp,_1(X)Cp_1(G)H where

k

2

0 1
either X = v FEy1 + YFo + -+ + W Epp or X = @ @ 0,,_x. Because
i=1 |1 0

rk(G) = n, then rk(C),_1(G)) = n. This implies rk(C,,_1(A)) = rk(C,,—1(X)).

If Kk =n—1, then (C,_1(X))11 = |X[n | n]|# 0. At the same time, for all 7 # 1
and 1 < j <n,(Ch_1(X));; = |X[n+1—1i|n+1—j]|=0. This is because the last
row of X [n+1—i | n4+1—j| is row of zeros. This leads to | X[n+1—i | n+1—j]|= 0.
This shows us that there only exists one non-zero column in C,,_(X). So we conclude
that rk(C,_1(A)) = 1k(C,,—1(X)) = 1.

Now,we consider for k = n — 2. Forall 1 < 4,j < n,(C,,—1(X));; = |X[n +
1—4 | n+1-j]|= 0. This is because there exists at least one row of zeros in
X[n+1—1i|n+1—j]. Thisimplies | X[n +1—i | n+ 1 — j]|= 0. Consequently,
Cr—1(X) = 0,,. Thereupon we assert that rk(C,,_1(A)) = rk(C,,_1(X)) = 0.

Since we have proved that the necessity part is true, the sufficiency part follows

immediately by using proof by contradiction. /
]

Lemma 3.4.2. (Chooi (2011), Lemma 2.4). Let [ be a field carrying an involution —
andn € Nwithn > 2. Forall A € H,,(F), if rk(A) = 1, then there exists some matrix
Q € H,(F) such that A = C,,_1(Q) where rk(Q) = n — 1.

Proof.

Let A € H,(F) with rk(A) = 1. By Corollary [2.1.8.4] there exist some non-
zero element v € F~ and an invertible matrix G € M, (F) such that A = yGE;;G.
Besides that, according to Lemma 2.1.7.3] we have C,,_;(C,,_1(G)) = |G|["2G. Thus
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A=~GE,GY
= [IGI"2G] [1IGI|GH [ B [|GM 26
= Coa(Cora(©)) [VIGE G Bt | Gt (Gt (67))
= Coa(Coa(G) |7 |G B | Cua(Caa(G™)

= nfl(Cnfl(G))Cnfl([n - Enn - Ejj + Y |Ga‘2_n Ejj>0nfl(cnfl(GH>)

e

where 1 < j < nandj # n. Welet D = I,,— E,,,,— E;; +7|GG|>* " E;;. Obviously, D

= Cp1(Coci(G) Iy — Enyy — Ejj +7|GGP " Ej;)Cra (G)T)

is a diagonal matrix. Because (G is an invertible matrix, we have rk((C,,—1(G)) = n. It
follows that tk(C,,_1(G)DC,,_1(G)#) = rk(D). As v \Gé|2’" # 0, we see that there
exist n — 1 non-zero rows in D. Thus rk(C,_1(G)DC,_1(G)?) = rk(D) = n — 1.
Since v € F~ and ‘G@|2_n = ’@’2% = |G@‘2_n € F~, we obtain v|GG|* ™ is also
belonged to [F~. Hence all the diagonal entries of D are belonged to [F~. Consequently,
D = DH. Asaresult, C,,_(G)DC,_(G) € H,(F). /

O

Lemma 3.4.3. Let [ be a field carrying an involution — and m,n € N with m,n > 2.

If a mapping Y: H,(F) — H,,(F) satisfies then for all A € H,(F),
(@) tk(T(A)) < m —1whenrk(A) =n— 1.
(b) tk(T(A)) < m —2whentk(A) <n—2.
(c) tk(T(A)) < 1 whenrk(A) = 1.

Proof.

(a) Assume that A € H,(IF) with rk(A) = n — 1. Thereupon rk(C,,_;1(A)) = 1.
Thus rk(C,,—1(C,-1(A))) = 0. This implies C},_1(C,,—1(A)) = 0,,. Consequently,
Y(Ch-1(Cr-1(A))) = Y(0,). Hence Cp,—1(Crim1(Y(A))) = 0,,,. It follows that
rk(C—1(Cr—1(T(A)))) = 0 and then we obtain rk(C,,_1(T(A))) < m — 2. There-
fore rk(T(A)) < m — 1.

(b) Suppose that A € H,(F) with rk(A) < n — 2. Then rk(C,,_1(A)) = 0. This
implies C),_1(A) = 0,, and hence Y (C,,_;(A)) = Y(0,,). Thisleads to C,,,_1(Y(A)) =
Oy Therefore rk(C,,—1(T(A))) = 0. Sork(T(A)) < m — 2. /
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(c) Suppose that A € H,(F) with rk(A) = 1. By Lemma there exists a
matrix Q € H,,(F) with rk(Q) = n— 1 such that A = C,,_;(Q). This implies T(A) =
T (Ch-1(Q)) = Cpri1(Y(Q)). Since rk(Q) = n — 1, we attain rk(1(Q)) < m — 1.
Thus rk(T(A)) = rk(C,,—1(1(Q))) < 1.

e 0

Lemma 3.4.4. (Chooi and Ng|(2011), Lemma 2.4). Let I be a field carrying an invo-
lution —. Let n € N with n > 2. Let r be a non-negative integer with r < n. For every

A, B e H,(F),

(a) rk(A) = r implies there exists a matrix Q € H,, (F) such that k(A + Q) = n
where 1k(Q) =n —r.

(b) There exists a matrix Q € H,(F) such that tk(A + Q) =rk(B + Q) = n.

(c) There exists a matrix Q € H,(IF) for which Q # 0, such that tk(A + Q) = n

where either A or Q is an invertible matrix but not both.

(d) If A # 0, then there exists at least one matrix Q € H, () with rk(Q) < n — 2
such that tk(A + Q) =n — 1.

(e) If the number of elements in F~ is more than n + 1 and rk(A + B) = n. Then
there exists some A which belongs to F~ such that rk(A + A\B) = n where \ is

non-trivial, that is \ # 1.

Lemma 3.4.5. Let F be a field carrying an involution — and m,n € N with m,n > 2.
Let K be an arbitrary constant invertible matrix in M,,(FF). If a mapping Y: H,,(F) —
H,, (IF) satisfies|[P1]} then the following statements are equivalent.

(@) tk(T(LLM)) # m.

(b) Y(|KKH|"2KCKH) = 0,,.

(c) T(KAKH) =0, forall A € H,,(F) with rk(A) < 1.
(d) tk(T(KAKH)) < m —2forall A€ H,(F).

) Y(C,_1(KAKH)) = 0,, forall A € H,(F).
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Proof.

It is quite easy to see that K AKX € H,(FF) for all A € H.,(IF). However, because K
is an invertible matrix, rk(X AKXH) = rk(A) for all A € H,(F). For simplicity, we let
Ui (A) = T(KAKH) for all A € H,,(F). According to the Lemma[3.4.3] we deduce

that
o tk(Ux(A)) = tk(T(KAKH)) < m — 1 when tk(KAKH) = rk(A) = n — 1.
o tk(Ux(A)) = tk(T(KAKH)) < m — 2 when tk(KAKH) = rk(A) < n — 2.
e tk(Ux(A)) = tk(T(KAKH)) < 1 when rk(KAKT) = rk(A) < 1.

Clearly, for all A, B € H,(F),
¢ Cour(Y(A = B)) = ot (T(A) = Y(B)).
* Cn-1(Vi(A = B)) = Cro1 (Ui (A) — Wie(B)).

This is because

Cma(T(A = B)) =T(Cra(A = B))
= Cna(T(A) = 1(B))

and

Cr1 (W (A = B)) = Cpu 1 (Y(K(A = B)KT))

(T (CAKT) — T(KBK™)) /

Co—
Crn-1(Vi(A) — Ui (B)).

(

Co1(Y(KAKM — KBK™))
(
(

In order to complete the proof, it is inevitable that we need to put forward many claims
and need to prove each claim one by one. Moreover, for the reasons of clarity, we

use A and R to represent [KK7|"~2 and C,,_;(K), respectively. Surely X # 0 as K is
invertible.

/
(@) = (b)

It follows from LemmaR2.1.7.3 that C,,_,(C,_1(KKH)) = |[KKH|"2KKH =
MCKH . Then
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Ui (A,) = TOAKKH)
= T(Crr(Cra (L))
= Cn1(Cra (Y(EE))).

Owing to rk(Y(KKH)) £ m, we obtain tk(C,,,_1 (Y (KKH))) < 1and hence i (\I,) =
0 as tk(Wi (A1) = 1k(Cry1 (Cro— 1 (T(KKH)))) = 0.

(b) = () /

Claim 1. Y(\""'RRH) = 0,,.

T 'RRT) = T(A"1Cy (K)Cry (KT))

(A"O, (KT

Claim 2. Y(\"'RE;R¥) =0, foralli € {1,2,---,n}.

Because C,,_1(I, — Epy1-int1-i) = Ej;, we attain

T 'RE;R") = Y(\"'C,, o1 (K)Croa (I — Epg1-imt1—i) Coe1 (K))

(Anilcnfl(lc([n - En+1fi,n+1fi)ICH))

Due to Tk AE,11-int1-i) = L1k(=Uc(AEni1—int1-1)) = k(W AEni1—int1-i)) <
1.So, Y(A\" *RE;R") = 0,, as tk(T (A" 'RE; RH)) = tk(Crpp 1 (— Vi (AEpi1—ins1—i
) = 0. S
Claim 3. Uy (aE;;) =0, forallao € F~and i € {1,2,---,n}.
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When o = 0, Ye(aEy;) = Ui (0F;;) = VU (0,) = Y(0,) = 0,,,. Now we consider
that o # 0. We know that

On—l(ln — En+1—i,n+1—i - Ejj + Oé)\_(n_l)Q_lEjj> = Oé/\_(n_l)Z_lEii
= )\(nil)QCnfl([n — En+17i,n+17i — Ejj + Oé)\i(nil)zilEjj) = a)\’lEii
= Cpd (N Ly = N B i — AT+ a0 N By — T

= Ct N = X" B i1 — AV LB 4+ aX T ) — TR,

where 1 < j < nandj # n+ 1 —i. Besides that |K|" 2K = C,_1(C,,_1(K)) =
Cr—1(R). Tt follows that

Ui (aE;;)
= T (K(aE;)KH)
= T(KANtaE;) k)
= T((|K["2K) (ax™ Eg) (KT |" 72K )
= Y(Cp1(R)Cppy (N Ly = X" By i1 —i — A" VES + oA 3B 0Oy (RT)
= T (Cret (R = A By i1 — A"V By + oA~ +0 =3 g, ) RIT))
=1

Co (A" 'RRY — X" 'RE, 1 _ini1_iR" — \"'RE;;RY + oA~ "3 3RE, . R™)). /

Thus we have

Ui (aEs;)

AN RRE — N RE, i1 iR — N TIRE; RY + oA P33 RE, RY))

AN RRY — X' YRE, i1 R + oA T3 RE R - Y\ RE,; RY))
NIRRT — A" 'RE, i1 i RT 4 aX T 3 RE, R

AN'IRRH 4 oA B REC R - Y(A ' REy 41 —imi1—iRY))

A"IRRE 4 oA 33 RE LRI

/\nflRRH _ (_a)\fn2+3n73REijH)))

Il Il
L L

— —77.2 n—
ATTIRRH) — Y (—aX™ P33 RE; RY))

Because rk(—a\ "33 RE; RT) = 1k(E,;) = 1. Therefore rk(—T (—a\ =" *+37—3
RE;;R™)) = tk(Y(—aX™"* " 3RE;;RM)) < 1. Consequently, Uxc(aEy;) = 0, as
k(U (@Fy)) = tk(Crpe1 (=Y (=A™ 33 RE; RITY)) = 0.

Claim 4. C,,_1 (Vi (A) — V(D)) = Cpm1(Vic(A)) for all A € H,,(F) and diagonal
matrix D € H, (F).
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Let D = a1 By oo lge+- - a1 By 1 1+0p By, where o, g, - - 0y 1, 00 €
[F~. Hence
Cm-1(Vi(A) = ¥k(D))
= Cpo1(Yic(A) = Ui(a1 By + agFs + -+ an1Ep 101 + 0 Epy))
= Cm—1(‘l’/c(A — by —agby — - —ap 1By g1 — anEnn))
=Cro1(Uk(A— By —agBy — - — a1 By m1) — V(o Eny))
= Cmfl(\IIIC( —a1By — By — o — a1 By 1))
By using the same arguments, we obtain /
Crn-1(¥(A) = Vie(D))
= Cmfl(\IjIC(A — a1 by — 042E22))
= O 1(Vi(A — a1 B ) — V(oo Ey))
= Chp1(Ue(A — oy Ery))
= Chn1(U(A) — Ue(ar Ery))
= Crn1(Ui(A4)).

Claim 5. Y(R(aE;)R?) =0, foralla € F~andi € {1,2,---,n}.

Because C,,_1(I, — Ent1-int1-i — Ejj + aE;;) = aE; with 1 < j < n and
j # n+ 1 — i, thereupon

T(R(aE;)R") = Y(Co1(K)Croi (I — Epsi—in1—i — Bjj + aEj;)Crr (KT))

(Croa(K(Iy = Epg1—ins1-i — Ejj + aEj)KT))

I
o=
s
a
=

|
%
i
5
*

_i— B+ aE;)K™)

1 (YkUn — Bnpi—ins1-i — Ejj + aEj;5))
Ui (0, — (=1 + Enti—int1—i + Ejj — aEjy)))

(
(
(
(U (0,) = Uic(—In + Engi—in1—i + Ej; — aEjj))
(
(
(

I
O A A

I
o
3
I}
o
=D



Chapter 3. Preliminary Results 44
Claim 6. C,,,_(Y(A) — T(RDR")) = C,,_1(Y(A)) for all A € H,,(F) and for all
diagonal matrix D € H,(F).

Let D = aqn By +agFog+- - A1 By 1 no1+0n By Where o, aigy -+ i1, 00 €

F~. So

Cpm_1(Y(A) — Y(RDR™))
= Cp_1(T(A - RDRH))
= Cp1(Y(A = R(ayE11 4+ a2FBa + -+ ap_1Fy 1.1 + anEpn)RY))
= Cp_1(Y(A = R(a1 E11)R” — R(agE)RY — - — R(an_1Epn_1n_1)R” — R(a, E,y) RY))
= Cp1(Y(A = R(a1 E11)R” — R(agE)RY — - — R(ay_1Ep_1n_1)R?) = T(R(cp Epp ) RT))
= Cp_1(Y(A — R(a1 E11)RY — R(aaE2)R? — - — R(an_1E,_1,n—1)R™))

For the purpose of convenience, we denote I, — E;; — E;; by A;;. Now we continue

our proof.

Claim 7. Forall @« € Fand¢,j € Nwith1 < i < j < n, TY(R(aE;; + aE;; —
aal;)RH) = 0,,.

When a = 0, T(R(aE;; +TEj; —aah;;)RT) = T(R(0E;;+0E; —00A;)R™) =
T(0,) = 0,,. Now we consider that  # 0. By the fact that C),_1 (Ay41-ip+1-j +
(=) B 1—jnii—i + @Bui1-int1-j)) = aBEy + @Ej; — aal;; where 1 < i <
J < n. Therefore

Y(R(aE;; + @Ej; — aal;;)R™)
T (Cra1(K)Crot (Ans1—ims1—j + (=) TN aBEn i1 jng1-i + @Bni1—imt1-5))Cro1(KT))
T(Cral
= Crn1 (YK (Aps1—ims1—j + ()" aEni1—jng1—i + @Eny1—int1-5))K"))

= -1 (T (Apt1—int1—j + (=) (@B 1 nr1—i + @Bnt1—int1-j)))

’C( n+l—in+l— J+( 1)Z+J+1(04En+1—j7n+1—i+aEn+1—i,vt+1—j))KH))

= mfl(\I/K((_l)i+j+1(aEn+1fj,n+17i +aFni1—inti—j) — (—Angi—inti—j))) /
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So we have

T(R(OKEU + aEﬂ — o@A”)RH)
= Cra1 (Ve (=) N aEp i1 jnt1-i + 0Fni1—int1-5)) — Y (=Ans1-ins1-4))

= Cora (e (=)™ Byt jns1i + OBni1ini1-4)))-
/

For the reason that rk((— 1) (aEy 11— jni1-i+@Fni1-int1-;)) = 2, it follows that
k(U (=)™ (aFyi1—jni1-i+@Fni1-int1-5))) < m—2foralln > 3. Evidently
foralln > 3, T(R(aE;j+aE;;—aalA;;)R?) = Cp1 (Vi (1) (aEni1—jnt1—it
ALni1-ini1-j))) = Omastk(Crn 1 (Ui (=1 (aBpi1jnii-itaBny1int1-j)))
) = 0. Now we consider for n = 3. Now we list down all the three possible of

OéE4,j747i + 5E4,i74,j which are

0 0 O 0 0 «
0 0 al, |0 0 0|and & 0 O
0 a 0 a 0 0

o
Q
o

(aw]
(e]
]

From these three matrices, we get a simple result that is Co(aEy_j4—; + aEy_;4_j) =

—aaEy, where k # 1, j. Apparently —aa@ € F~. This leads to

T(R(aE;; +akj; — aalh;;)RY)
= Com1 (i ((=1)" " @By jams + AL ia-5)))
= Cona (TIK((=1) (aByjas + TE14-5))KT))
= T(Co(K((—1) T (aByjami + AL a-5))K™))
(=) HVOC,(K(aByjas + ABaia—y)KT))
T(Co(K(aByja—i + @By i4-5)K™))
— T(Co(K)Ca(aBsyams + TEssa—y)Co(KH))

T

= Oy /

Claim 8. For all A € H,,(F) with rk(A) < 1, ¥x(A) = 0,y,.

When 1k(A) = 0, A = 0,. Thus Ui (A) = ¥x(0,) = Y(0,) = 0,,. Now we as-
sume that A € H,(F) with tk(A) = 1. Since \™'A € H,(F) and tk(\'A) = 1,

according to Lemma3.4.2] there exists a matrix Q € H,(F) such that \™'A =
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Cn_1(Q) where rk(Q) = n — 1. Also, we observe that [K|" 2K = C,_1(R) as
Cr-1(Cp—1(K)) = Cy—1(R). Thus we know that

Wi (A)
= T(KAKT)

TN TKAKH)

= (K" A (KT =2 eT)
(Ca-1(R)Cr-1(Q)Crna (RM))
(Ca-1(RQR™M))

T
T
Conr(Y(RQR™)). _—

Furthermore, by the definition of Hermitian matrices, for all 1 < ¢ < 7 < n and
1<i<n, Q=0 and Q; € F~. So we have

Wi (A)

Z Z Q'LjEZj+le ji +ZQ’L’L u RH

1= lj 1+1

Z Z Qz]Eu"'sz ]z ZQ” zz RH

=1 j=i+1

n—1 n

m-1(Y(ROY > (QijEij + Qi Eji))RY) — ZQU ) R™))

=1 j=i+1

(T R(Ti Zn: (Qi; Eij +@Eji))RH))

i=1 j=i+1

R(Z Z (Qi;jEij + Qi;Eji) + Qi12B12 + Q12F21)R™))
i=1 j=itl,
J#2
when i=1
n—1 n
R(Z Z (QijEij + QijEji) + (QiaFh2 + QiaFor + Q12Q12A12)
i=1 j=itl,
72

when i=1

— Q120Q12A12)RY))

n—1 n
R(Z Z (Qi; Eij +@Eji) + (Qi2FE12 + Qi2E01 + Q12 Q12A12))RH
i=1 j=i+1,
i#2

when 1=1

— R(Q12Q12A12) R™)).

/
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It follows that

Ui (A)

n—1 n
=Co1(T(RO . Y (QijEij + Qi Eji) + (Qi2Er2 + Q12F21 + Q12Q12A12))RY)
=1 j=it1,
42

when i=1

— YT(R(Q12Q12A12)R™))

n—1 n
= m—l(T(R(Z Z (QijEij + QijEji) + (Qi2E12 + Q12F21 + Q12012A12)) RY))
i=1 j=it1,
i
when i=1

n—1 n

= Cot (TR Y (QijEy + Qi Bj)) RY

— R((—Q12E12) + (—Q12F21) — (= Q12)(—012)A12) RT))

n—1 n

= Crna (TR Y (QiyEiy + QiEj))RY)
i=1 j=i+1,
G2

when i=1

— Y(R((—Qi12F12) + (—Q12F21) — (—Q12)(—O12)A12) R™))

= O (TR(E Y (@i + Q) RH) _—
=1 jeitl,
2

when i=1

By using the same arguments, we have

i=1 j=i+l,

n—1 n
YA)=Crna [ TR D D (QuEiy+ QuEy) RH)

J#2,3
when i=1

By using the same arguments again, we obtain

i
L

n

TA)=Cni|YT|R > (QiyEi; + QiEj) RH)).

%

1 j=i+1,
j;é2>37'"7n
when :=1

This implies

T(A) = Cp (T (R (ni Xn: (Qii Eij +Q_ijEji)> RH>> :

i=2 j=i+1
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By repeating the same process, we acquire

n—1 n

T(A) =Comt [ T|R[Y. ST (QuBy+QyEs) | BT
i=2  j=itl,

j7£3?47"'7n

when =2

_o [y (R <nz‘i Zn: (i, s +Q_ijEji)> RH>) .

i=3 j=i+1

Continue in this fashion, finally we arrive at

T(A)
= Con 1t (T(R(Qn-1,0Bn-10 + Qn1.0Bnn-1)R™))
= Con 1t (Y(R(Qn-1m Bt + On1mBnn—1+ Qn10Dn-1.nln-1n
= Q0 12Qn 1010 R™Y))
= Co 1 (T(R(Qn1nBn 1+ Co1nBrn 1 + Q109 10l 1) RY
— R(Qn-12Qn—1,0Mn-1,2)R™))
= Con 1 (Y(R(Qn-10Bn-1n+ Cn1mBrn1 + Q10O 1.0Mn 1) RT)
—~ Y(R(Qn-12Qn—1,0Mn-1,2)R"))
= Cn 1 (T(R(Qn-1mEBn-1m + On10Bnn1+ Qn10Qn1aln 1) RY))
= Cn1(T(0n = R((=Qn-10Bn-10) + (= Qu-12Enn-1)
— (= Qn1) (= Dn1) A1) RT))
= Cn1(T(0n) = T(R((=Qn-10Bn-1) + (= Q1,0 B n-1)
— (= Qn-1.) (= Dn10) A1) RT))
= Cpn—1(T(0))

= Cr1(O) /

= Oy

(c) = (d)

Now we have the last claim.
Claim 9. For all A € H,,(F), rk(VUx(A)) < m — 2.

Presume that rk(A) = r. Together with the fact that Wy (A) = 0,, when r €
{0,1}. Undoubtedly rk(Vx(A)) < m — 2 whenr € {0,1}. Incase 2 < r < n,
from Lemma 2.1.8.5 there exist at least one A, Ay, -+, A; € H,(F) with tk(A;) =
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rk(Ay) = -+ = 1k(A;) = L suchthat A = Ay + Ay + - - + A, where t € {r,r + 1}.
This leads to
Crn-1(¥(4))
= Co 1 (Ue(Ay + Ay + -+ Ay + Ay))
= Cp1(Uie(Ar = (=A2) — - = (A1) = (= 4))
= Cpn-1(Vic(Ar = (=A2) — -+ = (A1) — Wie(=4y))
= Cpn-1(Vic(Ar = (=A2) — -+ = (=Ai))).

By repeating the same process, we attain

Hence rk(Uic(A)) < m — 2 as rk(C,,—1 (Vi (A))) = 0. Consequently, rk(VUx(A)) <
m — 2 forall A € H,(F).
(d) = (e)

For all A € H,,(F), Y(C,_1(KAK?)) = C,, 1(T(KAKH)) = Cpri1 (Vi (A)) =
O as tk(Uc(A)) < m — 2.
(e) = (a)

When A = I, then Y(C,,_1(KI,K#)) = Y(C,_1(KKH)) = C,,,_1(Y(KKH)) =
0. It follows that tk( T (KKH)) < m —2. So we get k(Y (KKH)) # m. We are done.

0

The Corollary [3.4.6]is direct follow from Lemma[3.4.5 This corollary shows us
that the result if Y (7,,) = O,.

Corollary 3.4.6. Let [ be a field carrying an involution — and m,n € N with m,n >
2. If a mapping Y: H,,(F) — H,,(F) satisfies [P1]} then the following statements are

equivalent.

(@ Y(I,) = 0.
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(b) T(A) =0, forall A € H,(F) with rk(A4) < 1.
(©) tk(T(A)) < m —2forall A€ H,(F).
(d) Y(Cp_1(A)) =0, forall A € H,(F).

Proof.

When we take K = I,, in Lemma[3.4.5] we attain (a) = (b) = (¢) = (d). Further-
more, (d) = (a) is also true as Y(C,,_1 (1)) = Y(I,,) = 0.

/ H
However, we are also very interested to know what properties cgtv we have if

Y(1,) % 0,

Lemma 3.4.7. Let [F be a field carrying an involution — and m,n € N with m,n > 2.
If a mapping Y:H,(F) — H,,(F) satisfies |[[P1], then the following statements are

equivalent.
@) Y(I,) # Op.
(b) ker(T) = {0,}.
(¢) 1k(A) = n if and only if rk(Y(A)) = m.
(d) k(A — B) = nif and only if rk(Y(A) — T(B)) = m.
(e) T is one-to-one.
Proof.

(a) = (b)

Since C,_1(I,) = I,, then Y(I,,) = Y(Ch-1(ln)) = YT(Cro1(Cri(1y))) =
Crn-1(Cr_1(Y(I,))). Suppose that rk(Y(I,,)) # m, thus rk(C,,_1(Y(I,))) < 1.
Hence Y(1,,) = 0,,, as k(Y (7)) = rk(Crp—1(Crri1(Y(1,)))) = 0. It is impossible due
to Y(1,,) # Op,. So we are-forced to conclude that rk(Y (1)) = m. Now we let KC be
an arbitrary constant invertible matrix in M, (F) and Ui (A) = T(KAKH) forall A €
H,,(IF). Under Lemma3.4.5 we see that if k(Ui (1,)) = tk(T(KKH)) # m hap-
pens, then rk(Y(1,,)) = rk(Y(K(K”K)~1KCH)) < m — 2, it is impossible because we
get m < m — 2. Thus rk(Wx(Z,,)) must be equal to m. Of course, rk(C,,,—1 (Vi (1))
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is also equal to m. From the process of Lemma proof, we already know that for

all A, B € H,,(F), the following statements are true.

rk(Vx(A)) < m —1whenrk(A) =n —1.

rk(Vi(A)) < m—2whentk(A) <n—2.

rk(¥x(A)) < 1 whentk(A) < 1.
* Cn-1(T(A = B)) = Crna(T(A) — T(B)).
¢ Gt (Ui(A = B)) = Crua (Uc(A) — Wie(B)).
B L
In order to &V&)f this lemma, we need to claim the statement one by one and f all

the statement we claim is true. For the sake of simplicity, we let R = C,,_1(K).

Claim 1. Foralli € {1,2,---,n},tk(Vx(Ey;)) = 1.

m = 1k(Ch—1(Vie(1,)))

=1k | Gt | Wi | Bii + ) B
k=1,
ki

n

=1k | Cpm1 | Y Eu'—Z(—Ekk)
k=1,
ki

n

tk | Croy | Yk (Ey) — Vi Z(_Ekk)

k=1,
ki
This leads to rk | Wi (Ey) — Wi | > (—Ewr) = m. Thus
k=1,
ki

=k | U (Ba) + [ —0c | D (—Ew)

ki
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It follows that

n

m < rk (\II]C (Em)) + rk —‘I/]C Z(—Ekk>
=

n

=k (Ui (i) +rk | Ui [ Y (—Ew)
s

n

This implies rk (Ve (Ej;)) + vk | Y | DO (—Exk) > m. Together with the fact
=
that rk (U (Ej;)) < Land vk | U | D (—FEr) <m—1asrk(E;) = 1 and
o
rk | > (—Exk) | =n — 1, we are obliged to conclude that rk (Vi (Ey;)) = 1.

k=1,
ki

Claim 2. For all 6 € [ with 6 7& 07 On—l(]n — En+1—i,n+1—i — Ej' — Ekk — BEjj +

B1E) = —E;; where 1 < 4,7,k <nandn+ 1 — i, 7, k are three different integers.

To simplify writing, we let G = C,,_1(l,, — Ent1—int1—i — Ejj — Ew — BE;; +
B~ Ey). Since n + 1 — 4, j, k are three different integers, then (n + 1 — i)-th row and
(n + 1 — i)-th column of G are a row of zeros and a column of zeros, respectively.
Let D be a submatrix of G where D is obtained by eliminating z-th row and y-th
column from G. We see that if D is obtained by not eliminating (n 4+ 1 — 7)-th row
or (n + 1 — 4)-th column from G, then there exist a row or a column of zeros in D.
Thus |D|= 0. This tells us (C,,—1(G))st = |GIn+1—s | n+1—1t]|=|D|=0
for all s # i and ¢t # 7. But if D is obtained by eliminating (n + 1 — ¢)-th row and
(n + 1 — i)-th column from G, hence D is a diagonal matrix with D,, = —f and
D,, = 7! for some 1 < u # v < n — 1. Except for D, and D,,, all the diagonal
entries of D are 1. Consequently, |D|= 1(1)---(1)(=8)(87') = —1. This leads to

—_———

n — 3 times of 1

(Ch-1(G))ii = |GIn+1—14 | n+ 1 —1i]|= |D|= —1. By combining these two cases,

we get the result we desired. /

Claim 3. rk(Ux(aE;;)) = 1 for every non-zero element o« € F~ andi € {1,2,---,n}.
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k(U (aE;;)) < 1asrk(akE;;) = 1. Now we assume that there exist some § € F~
with § # 0 and ¢ € {1,2,---,n} such that tk(VUx(8E,,)) = 0. In other words,
Ui (BE) = O, By the fact that C,,_1(I,, — Epi1—pni1—p — Egq — Erv — BE4q +
B7'E,.) = —E,, where 1 < p,q,r < nandn+1— p,q,r are three different integers.

It follows that

T(R(_Epp)RH)

T(C (K)On—l(jn - En—l—l—p,n-i—l—p - qu - Err - Bqu + 5_1ET’7")Cn—1UCH))
T<C (K<]n - En-i—l—p,n—f—l—p - qu - Err - ﬂqu + ﬁ_lErr)lCH))

Cm 1 T(’C([n - En+17p,n+1fp - qu - Err - Bqu + BilErrVCH))

C(m 1 \IIIC In - n+1 —p,n+1—p qu - Err - Bqu + ﬁilErr))
Cm 1 ‘;[JIC ]n n+1 —p,n+1—p — qu - Err + ﬁ_lErr) - \I]IC(Bqu))

(
(Wic(
(Wi
Con1(Yk(In = Bnt1-pnti—p — Egg — Erp + 87 Epy))
(Wic(
(

Cm 1 \IIIC [n - n+1fp,n+1*p - qu + (ﬁil - I)Err))

Cm 1 T(K(In - En+1*p,n+1*p - qu + (5_1 - 1)ETT>ICH))

Cy— ( ( - En+1—p,n+1—p - qu + (6_1 - 1)ETT)ICH))

T(
YOt ()Crmr (I = Bty = B (87 = DE)Coma (k7).

On—l (In - En+1—p,n+1—p - qu + (6_1 - ]->Er'r> = On as rk(]n - En+1—p,n+1—p - qu +
(7' = 1)E,.) = n — 2. So we obtain T(R(—E,,)R¥) = 1(0,) = 0,,. By using the
same arguments, we have Y (R(—E,,,)R?) = 0,, where 1 < w < n and p, w are two

different integers. This implies

R(I, — Epp — Eyw + Epp + Eww))RH)
I, — Epp — Eyw + Epp) R — R(—E,,,)R?))
In - Epp - Eww + Epp)RH) - T(R(_Eww)RH))

In - Epp - Eww)RH - R(_Epp)RH>>

(

(

(
R(I, = Epy — Evu + Epp) RY))

— O, (
= Cont(Y(R(L — Epp — Ewu) R — T(R(=E,) R")))
(

= Cp1(Y(R(I, — E,p — Eyw)R™)). /
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Hence we obtain

Cona (T(RR™))
=T(Cp-1(R(L — Epp — Eww)RH))
=Y(Cp1(R)Cri(I, — Epp — Fun)Cr1(RY)).

As a reason that 1k(/, — E,, — Eyw) = m — 2, then C,,_1(I,, — E,, — Eyy) =
0, as tk(Cp,_1(I, — Epp — Eww)) = 0. Therefore C,,_1(T(RR?)) = Y(0,) =
O Thus tk(Y(RR7)) < m — 2 as rk(C,,_1(T(RRM))) = 0. But it is impossible
rk(T(RRH)) < m — 2. This is because /

tk(T(RRY)) = rk(Y(Coa (K)Crr (KT)))

(

k(T (Cp—1 (KK™)))
(
(

rk(C,, 1 (T(KKTY))

rk(Crn1 (Vi (1))

- o

This contradiction shows that our supposition is false. So we assert that Claim 3] is

true.
Claim 4. For any A € H,,(F) with rk(A) =1, rk(T(A)) = 1.

Now we presume that A € H,,(IF) with rk(A) = 1. According to the Corollary
there exist a non-zero element xy € F~ and invertible matrix Q € M, (F) such
that A = Q(xFy;)Q*. Since K is an arbitrary constant invertible matrix in M, (F),
thereupon we can take any invertible matrix in M, (IF) to replace K. Then we have
rk(T(A)) = tk(T(Q(xE11) Q7)) = tk(¥o(xF11)) = 1. Now we only left one more
claim need to preot. (V"

Claim 5. ker(Y) = {0,}. /

Suppose that ker(T) # {0,}. Accordingly there exists some A € ker(Y) with
A # 0, such that T(A) = 0,,,. From Lemma [3.4.4(d), we know that there exists at
least one matrix —Q € H, (F) with tk(—Q) < n — 2 such that k(A — Q) = n — 1.
So we have rk(Y(C,,—1(A—Q))) = Lasrk(C,,_1 (A — Q)) = 1. At the same time, we

observe that
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rk(T(Cp_1(A - Q)))

= 1k(Crn 1 (Y(A) = T(Q)))
= 1k(Crm1(0,, — T(Q)))

= 1k(Crp1 (T(0,) — T(Q)))
= rk(T(Cp1(0, — Q)))

= 1k(Y(C,-1(-Q)))

=0

as rk(—@Q) < n — 2. This contradicts to the fact that rk(Y(C,,—;(A — @))) = 1. This
contradiction shows that our assumption is false. So we conclude that ker(Y) = {0,,}.

(b) = (¢

(=) Assume that A € H,,(IF) with rk(A) = n. We also suppose that rk(Y(A)) #
m, thus rk(Y(A)) < m—1, then rk(C,,,—1 (Y (A))) < 1. Therefore rk(C,y,—1 (Crr—1 (T (
A)))) = 0. It follows that C,,,—1 (Cy,—1(Y(A))) = 0,,. Then we get Y (C,—1(C—1(A)))

= 0, Since ker(T) = {0, }, we obtain C),_1(C,,_1(A)) = 0,. This means rk(C,,_ (
Cn-1(A))) = 0, hence tk(C,,_1(A)) < n — 2. Sork(A) < n — 1. The contradiction
occurs because rk(A) = n. This contradiction shows that our supposition is false. So
we conclude that rk(YT(A)) = m.

(<) Let A € H,(F). By the contrapositive of Lemma [3.4.3(a), we see that if
rk(T(A)) = m, then rk(A) # n — 1. Suppose that rk(A) < n — 2, then rk(T(A4)) <
m — 2. It is impossible because rk(T(A)) = m. This contradiction shows that our
supposition is false. So we are forced to conclude that rk(A) = n.

(c) = (d)
Suppose that A, B € H,,(F) with rk(A — B) = n. Therefore

k(A — B) = n < 1k(Cp_1(A — B)) =
< 1k(T(Cr_1(A - B))) =
& 1k(Cpr 1 (T(A) = T(B))) =m
& 1k(T(4) — T(B)) = m.
(d) = (e)

Suppose that T is no one-to-one. Thus there exist certain A, B belong to H, ()
such that T(A) = YT (B) where A # B. We presume that rk(B — A) = r. By
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Lemma 3.4.4(a), there exists a matrix Q € H,(F) such that rk((B — A) + Q) =
rk(B — A+ Q) = n where rk(Q) = n — r. Now we would like to express Q in terms
of A and Q.

Q=0,+9=A-A+0=A-(A-0Q).
Consequently, C,,_1(Q) = C,_1(A — (A — Q)). Thus we obtain Y(C,_;(Q)) =
T(Cph1(A — (A — Q))). This tell us Cp,_1(Y(Q)) = Crrimr (T(A) — T(A — Q)).
Since Y(A) = Y(B), then we get C,,,_1(Y(Q)) = Cpma(T(B) — T(A — Q)) =
T(Ch1(B—(A-Q))) =T(Croa(B—A+Q)) = Cpmr (Y (B— A+ Q)). By the fact
that rk(B—A+Q) = nimplies rk(T(B—A+Q)) = m. So we get rk(Cp,,_1(Y(Q))) =
1k(Cre1 (T(B — A+ Q))) = m. Evidently rk(Q) = n as rk(Y(Q)) = m. Because
rk(Q) = n = n — 0, this implies rk(B — A) = 0. Consequently, B — A = 0,, and
inevitable A = B. This contradicts to the fact that A # B. This contradiction shows
that our supposition is false. So we conclude that T is one-to-one.
(e) = (a)

Together with the fact that T is one-to-one and Y'(0,,) = 0,,, thus Y(I,,) # 0,,.

Finally, we are accomplished the proof. /
O

Corollary 3.4.8. Let [ be a field carrying an involution — and m,n € N with m,n >
2. If a mapping Y: H,,(F) — H,, () satisfies |[P2], then the following statements are

equivalent.
(@) Y(I) # Op.
(b) ker(Y) = {0,}.
(©) tk(A) = n if and only if rk(Y(A)) = m.
(d) k(A + aB) = nif and only if rk(Y(A4) + oY (B)) = m.
(e) T is one-to-one.

Proof.

(@) = (b) & (b) = (c) & (d) = (e) & (e) = (a)

It follows immediately from Lemma 3.4.71
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(c) = (d)
Let A, B € H,,(FF) with rk(A + aB) = n. Thus
tk(A+aB) =n < 1k(C,_1(A+aB)) =
< 1k(Y(Ch1(A+aB))) =
& 1k(Cr1(T(A) + aY(B))) =m
& 1k(T(A) + aY(B)) = m.
]

Lemma 3.4.9. Let F be a field carrying an involution — with |[F~||> n + 1 and
m,n € Nwithm,n > 2. If T:H, (F) — H,,(F) satisfies [P2]|with Y(1,,) # 0,,, then

T is additive and F~-homogeneous.

Proof.

Because Y (7,,) # Oy, thus for any A, B € H,,(F) and o € F~ withrk(A+aB) =

n, we have
tk(A+aB) =n=1k(T(A+aB)) =
k(A + aB) =n = rk(T(A) + o (B)) = m,
rk(A+aB) =n=r1k(YT(A) +Y(aB)) =
We see that

Y(Ch1(A+aB)) =Cp1(Y(A+aB)),

Y(Co_1(A+aB))

Crn—1(T(A) + aY(B)),
Crt (T(A) + T(aB)). _—

This shows us that C,,,_1 (T (A + aB)) = Cp—1(T(A) + aY(B)) and C,,,—1 (T (A +

Y(Co_1(A+aB))

aB)) = Cp—1(Y(A) + T(aB)). Now we express the compound matrix in terms of

adjoint matrix. From Lemma 2.1.5.4) we obtain
Winadj(T(A + aB)) Wy = Wiadj(T(A) + T (B))" Wy G.1)

Since the determinant of W, is either 1 or —1, then the inverse of W,, exists. By

cancellation law, we get

adj(Y(A+ aB))” = adj(T(A) + aY(B))™. (3.2)
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By the fact that (X ™)~ = X for all X € M,,(F),
adj(Y(A+ aB)) = adj(T(A) + aY(B)). (3.3)

Givenrk(T(A+aB)) = rk(T(A)+aY(B)) = m, we know the inverse of Y (A+aB)
and T(A) + oY (B) both exist. By the definition of adjoint matrix, we have

IT(A+aB)|[(T(A+aB) ™" = |T(A) + aY(B)|[(T(A) +aT(B)™".  (34)

It is quite clear that

T(A+aB) T(A) +aY(B)

IT(A+aB)| — [T(A)+aT(B)| G-2)
By using the same arguments, we acquire
T(A+aB) _ T(A) +YT(aB) . (3.6)
IT(A+aB)| |Y(A)+ YT(aB)]
If we set A = 0 in (3.5)), then
T(aB oY (B
o o 5] e
where rk(aB) = n.
When o = 1 happens in (3.5), then
T(A+ B) _ T(A) +Y(B) 39)
T(A+B)| [T(A) +T(B)]
where k(A + B) = n.
Before we continue our work, we recall that for every X € H,(F), |[X| = [XH]| =

|7| = ‘?‘ = |X|e F~. Now we claim some statements as follows.

Claim 1. For all « € F~ and A € H,(F), if rk(A) = n, then T satisfies T(aA) =
aY(A).

When a = 0, T(ad) = T(0A) = 1(0,) = 0,, = 0T(A) = aT(A). Now we
consider that o # 0, from Lemma c), we found that there exists a @ € H,,(F)
such that 1k(Q + @A) = n where Q # 0,, and Q is a non-invertible matrix. By
and (3.6), we get
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[T(Q) + T (A)|

e F~. Th btai
T(Q) + T(ad)] us we obtain

We let v =

T(Q) +aT(A) =y[T(Q) + T(ad)]
= T(Q)(1 —7v) =9 (aA) — aY(A). (3.9)

Suppose that there exist some non-zero element o € F~ and A € H, (F) withrk(A) =
[T(Q) + aX(A)]

n such that T(aA) # aY(A). Therefore v # T(Q) T aT(A)] = 1. Because
«
rk(A) = n, thereby rk(aA) is also equal to n. By (3.7), we have
Tlad) _ oT(A) | 4) = apr(A) (3.10)

T(aA)] ~ |aY(A)]

€ F~. When we substitute (3.10) into (3.9), we get

T(Q)(1 —7) = y[apT(A)] — aT(A)
= T(Q)(1 —v) = (yu — 1)aY(A)

= 1(0) = [ ra)

—1 —1
Duetoy # 1, # 0 and yu # 1,wehave(wf—>a ;éOand(wf—)a € F~. Then

rk(Y(Q)) = rk ([%} T(A)) = 1k(Y(A)). Given rk(A) = n, consequently
rk(Y(Q)) = rk(T(A)) = m. In view of the fact that Q is a non-invertible matrix, this
means rk(Q) # n and this leads to rank(Y(Q)) # m. From our results, we acquire
rk(T(Q)) = m. This contradicts to the fact that Q is a non-invertible matrix. This

contradiction shows that our supposition is false. So we conclude that Claim 1]is true.

Claim 2. For all A, B € H,,(F) with rk(A + B) = n, T(A) and Y(B) are linearly

independent which is followed from A and B are linearly independent.

Assume that there exist some A, B € H,,(F) with rk(A+B) = n such that A and B
are linearly independent with Y(A) and Y (B) are not linearly independent. Definitely,
there exists some ¢y € F~ such that T(B) = ¢, T(A). Because rk(A + B) = n, thus
rk(Y(A) + Y(B)) = m and from Lemma 3.4.4(e), we know that there exists some
¢1 € F~ with ¢; # 1 such that tk(T(A) + 1 T(B)) = rk(T(A) + 10T (A)) =
rk((1 + ¢1¢9)Y(A)) = m. This implies rk(Y(A)) = m and hence rk(A) = n. From
Claim [} T(B) = ¢,T(A) = T(cpA). Since T is one-to-one, this means B = cpA.

This shows us that A and B are linearly dependent. This contradicts to the fact that A
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and B are linearly independent. This contradiction shows that our supposition is false.

So we conclude that Claim [2]is true. /

Claim 3. For any A, B € H,,(F) with A and B are linearly independent and rk(B) =
n, T(A+ B) = Y(A) + T(B) whenrk(A + B) = n.

By Lemma e), we know that there exists some ¢y € F~ with ¢, # 1 such that
rk(A + ¢2B) = 1k((A + B) + (¢2 — 1)B) = n. According to (3.5) and Claim [1} we

have

(A)
IT(A+cB)| |T(A) + . Y(B)
YA +T(B) + (2 — 1)T(B)
|T(A) + T(B) + (co — 1)Y(B)|
_ YA+ T(B) +T((e2 = 1)B) 3.11)
'T(A) +Y(B) 4+ Y((c: = 1)B)| '
From (3.6)), we also have
T(A+cB)  YT(A+DB)+(c2—1)B)
IT(A+cB)|  |T(A+ B)+ (ca —1)B)|
_ T(A+ B)+Y((ce —1)B) 3.12)
|IT(A+ B)+ YT((c2 — 1)B)| '

By combining (3.11) and (3.12)), we see that

T(A)+T(B)+T((c2—1)B)  YT(A+B)+T((c2 —1)B)
[T(A) +T(B)+T((ca = DB)|  [T(A+B)+T((c2—1)B)]

= T(A)+Y(B)+ Y((ca —1)B) = c3[T(A+ B) + T((c2 — 1) B)]
where c3 = [T(A4) + T(B) + T((e; - ;B)‘ € [F~. It follows from that there

T(A+ B) +7T((c; = 1)B)|
exists some ¢, € F~ such that T(A) + Y(B) = ¢4 Y(A + B). So we have

e T(A+ B) +T((cs — 1)B) = c3[T(A+ B) + T((cs — 1)B)]
= (cs — c3)Y(A+ B) = (c3 — 1)Y((cs — 1)B).

Because A and B are linearly independent, A + B and (¢ — 1)B are also linearly
independent. By applying Claim 2] we acquire that T(A + B) and T ((c; — 1) B) are
also linearly independent. Consequently, ¢y —c3 =0=c3 —1=c3 =c¢4 = 1. Sowe

acquire Y(A+ B) =T(A) + Y(B).

Claim 4. For every a € F~ and A € H,,(IF), if A is a singular matrix, then T (aA) =
aY(A).
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When A = 0,, T(ad) = T(a0,) = Y(0,) = 0, = aY1(0,) = oY (A) and
when = 0, T(aA) = T(0A) = Y(0,) = 0,, = 0T(A) = aY(A). Now we
consider that « is a non-zero element and A is a non-zero singular matrix. Hence
aA is also a non-zero singular matrix. By referring to Lemma[3.4.4(c), we notice
that there exists a G € H,,(F) such that rk(«A + G) = n where G is an invertible
matrix. Thus tk(aA + G) = rk(a(A + a™'G)) = k(A + a™'G) = nand o 'G is
invertible. By applying Claim [[land Claim 3] we have T (0 A+ G) = T(aA) 4+ T(G)
and T(aA+ Q) = T(a(A+a™'G)) = aY(A+ a7 'G) = a[T(A) + T(a™'G)] =
aY(A) +aY(a™'G) = aT(A) + aa™'T(G) = aY(A) + T(G). Inevitably, we get
T(aA) = aY(A). /

By combining the Claim [I] and Claim 4], we attain the results that for all « € F~
and A € H,(F), Y(«A) = aY(A). This shows us that T is F~-homogeneous. Now

we need to claim some statements in order to prove that T is additive.
Claim 5. For all A, B € H,,(F), if tk(A+ B) = n, then Y(A+ B) = T(A) + T (B).

For all A, B € H,,(F), undoubtedly A and B are either linearly dependent or lin-
early independent. We can prove by considering two cases. Assume that A and B
are linearly dependent. It follows that there exists some c; € F~ such that B = c5A.
Therefore T(A + B) = T(A+ csA) = T((1 4+ ¢5)A) = (1 +¢;)T(A) = T(A) +
esT(A) =T(A) + T(csA) = T(A) + T(B). Now we suppose that A and B are lin-
early independent. We refer to the arguments from Claim [3] The reason we restrict the
rank of B where rk(B) = n because we want to apply Claim[Il Since we know that
T(aA) =aY(A) forall« € F~ and A € H,,(F), it follows that we are not required to
apply Claim[Il This means we are not required to restrict the rank of B as rk(B) = n.

By referring to the arguments from Claim[3] we deduce that if A and B are linearly
independent, then T(A + B) = T(A) + T(B). /
Claim 6. For all A, B € H,(F), Y(A+ B) = T(A) + Y(B).

According to Lemma 3.4.4(b), there exists a C' € H,,(IF) such that rk(A + C) =
rk((A + B) + C) = 1k((A + C) + B) = n. Applying to Claim 5| we have

T(A+B)+C)="T(A+ B)+Y(C),
T(A+C)+B)=TA+C)+T(B)="T(A)+ Y(C)+T(B).

v
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Hence we know that

T(A+B)+C)="T(A+C)+ B)
=T(A+B)+Y(C)="T(A)+T(C)+ T(B)
= T(A+ B)=T"T(A)+T(B).

We obtain the results that for all A, B € H,,(F), T(A+ B) = T(A) + T(B). So we

— -

Lemma 3.4.10. Let F be a field carrying an involution — with F~ = GF(2) and
m,n € Nwithm,n > 2. If T:H,(F) — H,,(F) satisfies [P1]with Y(/,,) # 0,,, then

conclude that T is additive. We are done.

T is additive and F~-homogeneous.

Proof.
Since Y (1,,) # 0O,y, then for any A, B € H,, (FF) with rk(A — B) = n. Hence

rk(A—B)=n=1k(T(A- B)) =
k(A — B) =n=1k(T(A) — T(B)) =m.

Besides that,

Y(Cn1(A—DB))=Cn_1(T(A- B)),
T(Cos(A = B)) = Cr 1 (T(A) - T(B)).

So we have C’m_l(T(A —B)) =Cy,—1(Y(A) — Y(B)). By using the same arguments

from (3.1) to (3.5)), we obtain
T(A-B) Y(A)-7T(B)
IT(A=B)|  |T(4) —T(B)|

Since k(T (A — B)) = rk(YT(A) — T(B)) = m, then |[T(A— B)| and |T(A) — T(B)|
are not equal to 0. Recall that | X'|€ F~ for all X € H,(F). This implies |T(A — B)|=
|T(A) — T (B)|= 1. This leads to

T(A - B) = T(A) - T(B).

By the fact that GF'(2) is a subfield of F and char(GF(2)) = 2, then char(F) = 2.

Therefore we acquire

T(A+B)=T"T(A)+Y(B).
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Consequently, T is additive. Moreover, because T(0A4) = Y(0,,) = 0,, = 0T(A) and

T(1A) = T(A) = 1T(A). So T is also F~-homogeneous.
/ )



CHAPTER 4
CoOMPOUND-COMMUTING MAPPINGS ON HERMITIAN AND SYMMETRIC

MATRICES

4.1 Some Non-Zero Mappings with T (7,,) = 0,,

In this section, we construct some examples of non-zero mapping Y: H,,(F) — H,,(FF)
satisfying [P2] with T(I,,) = 0,,.
Let IF be a field carrying an involution — and let m,n > 2. From Corollary [3.4.6,
we see that Y(A) = 0, for any A € H,(F) with rk(A) < 1 and rk(T(A)) < m — 2
for any A € H,,(F). Also, Y(C,_1(A)) = 0, for any A € H,(F). Let B € H,(F)
with rk(B) = n. Thus
O if B = C,_1(G) for some G € H,,(F) with tk(G) = n,
Y (B) with tk(Y(B)) < m —2 otherwise. /
It is very difficult to verify whether or not there exists a G € H,(IF) with rk(G) = n
such that B = C,,_1(G). So in our construction, we construct T(A) = 0, for any
A € H,(F) with rk(A) = n.

Example 4.1.1. Let [F be a field carrying an involution —. Let m,n € Nwithm,n > 2.

[E1] Letp € Nwith1 < p < m — 2. Let wy,w,---,w, € Nwith1 < w; <
wy < --- < w, <m.Lett € Nwith1 <t < n. Letvy,vg,---,v, € N with
1< v <wvy <--- <o < n. Let ¢ be a non-zero mapping from F~ to F~. We

construct the mapping Y;: H,, (F) — H,,(F) by

Ti(A) = (Z ¢ (avi,vi)> (Z Ewi@i)
i=1 i=1
if A € H,,(F) with rk(A) # 0,1, n, otherwise T1(A) = 0,,. /

[E2] Letn > m. Let p € Nwith1 < p < m — 2. Let wy,ws, -+, w, € N with
1 <w <wy <--- <w, < m. Let ( be a non-zero mapping from F~ to F~.

We construct the mapping Ys: H,, (F) — H,, (F) by
p
T2<A) = Z ¢ (a’whwi) Ewmwi
i=1
if A € H,,(F) with rk(A) # 0, 1, n, otherwise To(A) = 0,,. /

64
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[E3] Letm,n > 3. Lett e Nwithl <t <m.Letp e Nwithl <p<m—1.Let
wy, W, -, w, € Nwithl < w; < wp < --- < w, < mand wy,ws, -, w,
are not equal to t. Letr € N with 1 < r < n. Let ( be a non-zero field
monomorphism of F with {(@) = @ for all o € F. We construct the mapping
T5:H,(F) — H,,(F) by

p
T;3(A) = Z (( Z (¢ (aij))> By + < Z (¢ (%’))) Ewk,t>
k=1 1<i<j<r 1<i<j<r

if A € H,(F) with rk(A) # 0, 1, n, otherwise T3(A) = 0,,. /

[E4] Let m,n > 3 withn > m. Lett € Nwith1 < ¢t < m. Let p € N with
I<p<m-—1 Letw;,wy,w, € Nwithl < w; < wp <--- < w, < m and
wy, We, - - -, W, are not equal to ¢. Let ¢ be a non-zero field monomorphism of [F

with (@) = ((«) forall &« € F. We construct the mapping Y'4: H,,(F) — H,,(IF)
by

p

Ty(A) = Z (€ (atw,) Etw, + € (Qw,t) B, t)

i=1

if A € H,(F) with rk(A) # 0, 1, n, otherwise T4(A) = 0,,. /

[ES] Let £ € N. Let m,n > 3+ k. Let wy,wq, -, wp, € Nwith1l < w; <
wy < --- < wp <m. Letp,qg € Nwith1 < p,qg < m and p, g are not equal
to wy,wsy, -, wg. Lett € Nwith1 < ¢t < n. Let vy,v9,---,v; € N with
1< <wv <--- <y <n.Letr € Nwith1 < r < n. Let ¢ be a non-zero
field monomorphism of F with {(@) = m for all « € F. Let ¢ be a non-zero
mapping from F~ to F~. We construct the mapping Y'5: H,,(F) — H,,(F) by

¢ !
T5(4) = <Z¢<aw,m>> <21 Eww> + ( >, (aij))) Epq + < >« (aﬂ))) Eqp

i=1 1<i<j<r 1<i<j<r

if A € H,,(F) with rk(A) # 0,1, n, otherwise T5(A) = 0,,. /

[E6] Let £ € N. Let m,n > 3+ k with n > m. Let wy,ws,---,w; € N with
Il<w <wy < - <wp <m. Letp,g € Nwith1 < p,qg < m and p, q are

not equal to wy, wy, - - -, wy. Let ( be a non-zero field monomorphism of F with

((@) = ((a) for all & € F. Let ¢ be a non-zero mapping from F~ to F~. We
construct the mapping Y¢: H, (F) — H,,(F) by

k
Te(A) = Z D(ws,w,) Bwiw; + C(apg) Epg 1 C(agp) Egp

=1
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if A € H,(F) with rk(A) # 0, 1, n, otherwise T4(A) = 0,,. /

[E7] Letk € N. Let m > n+k. Let Y’ be a non-zero mapping from H,, () to H,, (IF).
We construct the mapping Y7: H,,(F) — H,,(F) by

To(A) = T'(A) @ 0,y

if A € H,(F) withrk(A) # 0, 1, n, otherwise T7(A) = 0,,. /

-2
[E8] Letn > m. Lett € Nwith 1 < {mTJ < m — 2 where | | stands for the

floor function. Let ¢ be a non-zero field monomorphism of F with {(@) = ((«)
for all &« € F. Let ¢ be a non-zero mapping from F~ to F~. We construct the

mapping Ys: H,, (F) — H,,(F) by

e

t J kt
Ts(4) = P ( > (Clai)Bij +Clas) Es) + > o (aw) Eu) ® 0y

k=1 1+(k—1)t<i<j<kt i=14(k—1)t

m —

if A € H,,(F) withrk(A) # 0,1, n, where u = m—t {
€ H,(F). Otherwise Tg(A) = 0,y,.

2
J and Eiia Eij7 E]Z

It is easy to inspect that Y; satisfies|[P2]|with Y;(1,,) = 0, foralli € {1,2,---,8}.

Furthermore, we realise that Y'; are neither one-to-one nor onto and it is not necessary

v

4.2 Characterisation of Compound-Commuting Map-

m and n are forced to be same for all i € {1,2,---,8}.

pings on Hermitian Matrices

Lemma 4.2.1. Let [F be a field carrying an involution — and m,n € N with m,n > 2.

T:H,(F) — H,,(F) satisfies[P2] with T(I,) = 0,,, if and only if
YT(A) =0, forany A € H, (F) with rk(A) < 1,
T(Cn-1(A+aB)) =0, forany A, B € H,(F) and o« € F~
and

tk(T(A) +aY(B)) < m —2forany A, B € H,,(F) and aeIF/
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Proof.

(=) According to the Corollary [3.4.6, we know that Y(A) = 0, for any A €
H., (F) with rk(A) < 1. Besides that, we observe that Y (C,,_;(A+aB)) = 0,, for any
A,B € H,(F) and « € F~. This leads to C,,,_1(Y(A) + aY(B)) = 0,,. Thereupon,
we obtain rk(T(A) + aY(B)) < m — 2 forany A, B € H,(F) and o € F~.

(<) Let T be a mapping from H,, (F) to H,,,(FF). Since rk(Y (A)+aY(B)) < m—2,
then Y(C,,—1(A + aB)) = 0,, = Cy,,—1(T(A) + oY (B)) for any A, B € H,,(F) and
Y(Cp1(I,+0B)) = Y (Cp_1(1,)) = Y(I,,) = Oy

]

Lemma 4.2.2. (Fosner and Semrl/ (2005), Lemma 2. 1). Let F be afieldand m,n € N
with m > n. For all Ala AQ, SN Amfl, Am S Mn(]F) with I'k(Al +A2 +- - +Am71 -+

A,,) = n, there exists certain non-empty proper subset S C {1,2,---,m — 1, m} such

that rk (Z Ak> =n.
keS /

Lemma 4.2.3. Let F be a field carrying an involution — and T be a mapping from
H,, (F) to H,,,(F). Let m,n € Nwithm,n > 2. If Y(I,,) # 0,, and either F~ = GF(2)
with T satisfying|[P1]|or ||F~||> n + 1 with T satisfying|[P2]} then m = n.

Proof.

It follows from Lemma [3.4.9) and Lemma [3.4.10| that Y is additive. By Lemma
c), we notice that rk(Y'(/,,)) = m. Then

rk(T(In)) = rk(T(Ell + E22 + -+ En—l,n—l + Enn))
= I‘k(T(EH) + T(EQQ) + -+ T(En—l,n—l) + T(Enn))
< I‘k(T(EH)) + rk(T(EQQ)) + -+ rk(T(En,Ln,l)) + l"k(T(Enn))

Since rk(Y(E;;)) < 1foralli € {1,2,---,n—1,n}. So we have

tk(Y(1,) <1l+14---+1+1=n.

~
n times of 1

Thus we obtain m < n. Now we consider for n > m. Obviously, Y(E1;), Y(FEa), - - -,
Y(Ep-1n-1), Y (Eny,) € Hp(F) C M, (F) and rk(Y(E11)+Y (Ea)+- -+ Y (En—1n-1)
+ Y (En,)) = rk(Y(1,)) = m. By referring to Lemma[d.2.2] there exists certain



Chapter 4. Compound-Commuting Mappings on Hermitian and Symmetric Matrices 68

non-empty proper subset S C {1,2,---,n — 1,n} such that rk (Z T(Ekk)> =m.

keS
Consequently, rk (C’m_l (Z T(Ekk)) > = m and /

kes

o) o )
a(oef2)

For the reason that S is a proper subset of {1,2,---,n—1,n}, then ||S||< n. Therefore

rk (Z Ekk> < n. Hence tk (On_l <Z Ekk)> < 1. It follows that

kesS kesS

rk (T (cnl (Z Ekk>>) < 1. This leads to rk (le (Z T(Ekk)>> < L

Now we acquire m < 1. This contradicts to the fact that m > 2. This contradiction

shows that n » m. So we are forcedte-conclude that m = n. /
O]

Lemma 4.2.4. Let F be a field carrying an involution — and n € N with n > 2. If
T:H, (F) — H,(F) satisfies|[P1]{with Y(1,,) # 0,, and

Y(A) = £ZA°ZH for all A € H,,(F)

where ¢ is a non-zero element in F~, Z is a non-singular matrix in M, (F) and ¢ is a

non-zero field monomorphism of F with ¢(p) = ¢(p) for all p € F, then C,,_1(Z) =

wZ for some non-zero element w € F with " 2ww = 1.

Proof. /

Now we want to show that C),_1(Z) = wZ for some non-zero element w € F with
" 2ww = 1. By the fact that T(C,,_;(A)) = C,,_1(Y(A)) forall A € H,(F), we

attain

EZ2C, 1(A)°Z" = C,_1(€2A°Z1)
(A)? 21 = 71C 1 (2)Coa (A)?Cra(2)T
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For simplification, we let X = ((Z71C,,_1(Z2))#)tand Y = " 2Z71C,,_,(Z). Now
weset A=1, — E,11_;n+1-1 where i € Nwith 1 < ¢ < n, we have
EYX =YE¢ forall1 <i<n.

Recall that, since ¢ is field monomorphism of F, then ¢(0) = 0, ¢(1) = land ¢(—1) =
—¢(1) = —1. So we have E; X = Y E;;. Definitely,
For all j # 4, we get X;; = 0. This means X is a diagonal matrix. Evidently,
Y =¢3(X *1)H is also a diagonal matrix. Moreover, for j = 7, we obtain X;; = Y;.
It follows that X = Y. Next, we set A = I, — Epy1int1—i — Enti—jnri—; +
(—1)i+j+1(En+1,j,n+1,i + EnJrl,i’nJrl,j) where 'l,] € N with 1 < 1 < j < n, we
get

(Eij + Eji — (In — By — E3))°X = X(Eij + Ej; — (In — Eyi — Ej;))°

for all 1 <7 < j < n. This implies

(Eij + Eji — (In — Eii — Ey5))X = X(Eyj + Eji — (I, — By — Ejj))

Undoubtedly,

It is clear that X;; = Xj;. Consequently, X is a diagonal matrix with all diagonal
elements of X are equal. Without loss of generality, X = Y can be expressed as

X =Y = kI, for some non-zero element x € [F. So we acquire

(Z7'Cor(2)") =Kl and €2Z27'Ci(Z) = K,
= Cnfl(Z) = EilZ and Cnfl(Z) = (£n72)71/€Z
= E_l — (gn_Q)_lli
=R IR =1,
In order to make our results look more elegant, we replace ! by w. Hence C,,_1(Z) =

wZ for some non-zero element w € FF with £"2ww = 1. /
[
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Lemma 4.2.5. Let [ be a field carrying an involution — and n € N with n > 2. If
T:H, (F) — H,(F) satisfies|[P2]|with Y(1,,) # 0,,, and also

Y(A) = EZA2ZH for all A € H,,(F)

where € is a non-zero element in F~, 7 is a non-singular matrix in ML, (F) with C,,_1(Z)

= wZ for some non-zero element w € I for which {"~2ww = 1 and ¢ is a non-zero

field monomorphism of F with ¢(p) = ¢(p) for all p € F, then ¢ is identity or ¢ = —.

Proof.

For the reason that Y is F~-homogeneous, thus Y'(p1,,) = pY(1,,) forany p € F~.

Hence we have

T(pln) = pT(1y)
~¢2(pl,)0 2" = peZ 122"
=(pl,)* = pI
=o(p)I; = pIy,
=¢(p) L, = pl,

=d(p) = p.
Therefore we know that for all p € F with p # 0,
o(p+p)=p+p and ¢é(pp) = pp

as p+ p, pp € F~. It follows that

o(p) +o(p) =p+p and ¢(p)o(p) = pp
= ¢(p) +¢(p) =p+p and é(p) = ¢(p)"'pp
= o(p) +olp) ' pp=p+7
= ¢(p)> = (p+P)d(p) +pp =0

= d(p)=p or é(p) =0

So we conclude that ¢ is identity or ¢ = —. /
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Lemma 4.2.6. Let [F be a field carrying an involution — and m,n € N with m,n > 2.

Let T be a mapping from H, (F) to H,, (F). If m = n and
Y(A) = £ZA2ZH for all A € H,,(F)

where £ is a non-zero element in F~, 7 is a non-singular matrix in ML, (F) with C,,_;(Z)
= wZ for some non-zero element w € F for which " ~2ww = 1 and ¢ is identity or

¢ = —. Then Y: H,(F) — H,,(F) satisfies with Y (I,,) # Oyy,.

Proof.

By the fact given, it is clear that Y'(/,,) # 0,,. Besides that, for any A, B € H,,(F)
and o € F~,

Y(Cn_1(A+aB))=£20C,_1(A+aB)?Z"
=W 'C1(2))Cra(A+ aB)? (@ 1 Cpa (Z2M))
= 'wtC, 1 (2)C, 1 (A + aB)?C, 1 (Z")
= &"2C,_\(Z(A+ aB)?zH)
=10, _1(Z(A+ aB)?ZM)
EZ(A+aB)?ZM)

YA

Theorem 4.2.7. Let [F be a field carrying a proper involution — with either F~ =
GF(2)or||F~||>n+1.Letm,n € Nwithm,n > 2. If T:H, (F) — H,,(F) satisfies
YT(Ch1(A+ aB)) = Cpo1(Y(A) + oY (B)) forany A, B € H,(F) and o € F~ if
and only if

T(A) = 0,, forany A € H, (F) with rk(A) < 1,
T(Cp-1(A+aB)) =0, forany A, B € H,(F) and o € F~

and
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tk(T(A) +aY(B)) < m—2forany A, B € H,,(F) and o € F~,

or m = n and there exist some non-zero element ¢ € F~, non-singular matrix Z €

M, (F) with C,,_;(Z) = wZ for some non-zero element w € F for which " ?ww = 1

such that
Y(A) =EZAZ forall A € H,(FF)
or
T(A) = £ZAZH for all A € HL, ().
Proof.
We start our proof from the necessity part. In case Y(I,) = 0,,, the results

follows immediately from Lemma[4.2.1l Next, we consider for Y(I,,) # 0,,. By
Lemma[4.2.3. we have m = n. Besides that, from Lemma [3.4.3, Lemma and
Lemma [3.4.10] we see that T is a rank-one non-increasing additive mapping. Ac-
cording to Theorem and Theorem [3.3.3] we know that T has the form T(A) =
£ZA?ZH for all A € H,(IF) where ¢ is a non-zero element in F~, Z is a non-singular
matrix in M., (F) and ¢ is a non-zero field monomorphism of F with ¢(7) = ¢(p) for
all p € F. As an immediate consequence of Lemma[4.2.4) we have C,,_1(Z) = wZ

for some non-zero element w € F with £"2ww = 1 Moreover, according to Lemma

we obtain ¢ is identity or ¢ = —. So we get the desired conclusion that is
Y(A) = EZAZH forall A € H,(F)

or
Y(A) = £ZAZH for all A € HL,(F).

Further, the sufficiency part follows from Lemma {4.2.1 and Lemma {4.2.6| imme-
diately. We are done.
O

Theorem 4.2.8. Let F be a field carrying an involution — with either F~ = GF(2),
or ||[F~||> 3 and char(F) # 2 when — is identity. Let m,n € N with m,n > 2.
If T:H,(F) — H,,(F) satisfies Y(C,,_1(A — B)) = C,,—1(T(A) — T(B)) for any

A,B € H,(F) with T is onto if and only if m = n and there exist some non-zero



Chapter 4. Compound-Commuting Mappings on Hermitian and Symmetric Matrices 73

element £ € F~, non-singular matrix Z € M, (F) with C,,_;(Z) = wZ for some non-
zero element w € [F for which £"~2ww = 1 and non-zero field automorphism of F, ¢

with ¢(p) = ¢(p) for all p € F such that
Y(A) =EZA2Z7 forall A € H,,(F).
Proof.

We start our proof from the necessity part. Given the fact that Y is onto, thus
Y(I,) # 0. This is because if Y(I,) = 0,,, then rk(Y(A4)) < m — 2 forall A €
H.,,(TF). Itis impossible as T is onto. Next, according to Lemma [3.4.7] T is bijective as
T is one-to-one. Besides that, we also know that forany A, B € H,,(F),rtk(A—B) =n
if and only if rk(T(A) — Y(B)) = m. Now we intend to separate our proof into the
following two cases.

Case 1: F~ = GF(2). It follows from Lemma and Lemma that T is
a rank-one non-increasing additive mapping. By referring to the Theorem and
Theorem we see that T has the form T(A) = ¢ZA?ZH for all A € H,(F)
where ¢ is a non-zero element in F~, Z is a non-singular matrix in M, (F) and ¢ is a
non-zero field monomorphism of F with ¢(5) = ¢(p) for all p € F. Since T is onto,
then for all @« € F, there exists some X € H,(F) such that Y(X) = {Z(aF2 +
aFy ) ZH. This leads to X¢ = aFE5 + aFy,. This means for all o € T, there exists
some X5 € F such that ¢(X;2) = a. Consequently, ¢ is a field automorphism [ as
¢ is onto. Also the desired results C,,_1(Z) = wZ for some non-zero element w €
with £ 2w = 1 follows immediately from Lemma 4.2.4

Case 2: ||F~||> 3 and char(F) # 2 when — is identity. It follows from Theorem
that T preserves the adjacency and m = n. Besides that, by Theorem
Y has the form Y(A) = EZA?ZH + R, for all A € H,(F) where ¢ is a non-zero
element in F~, 7 is a non-singular matrix in M, (), ¢ is a field automorphism of [F
with ¢(5) = é(p) and Ry € H,(F). As a reason that Y(0,) = 0,,, so we attain
Ro = 0,,. It follows that Y(A) = £ZA?ZH for all A € H,(F). By referring to
Lemma we obtain C,,_1(Z) = wZ for some non-zero element w € F with
20w = 1.

Conversely, by the fact given, clearly Y(1,,) # 0,,. Further, for any A, B € H,,(F),
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Y(C, 1(A—B))=¢ZC, (A — B)*Z"
= (w0 1(2))Cra(A = B (w1 Coa(27))
= o'W C_1(2)Ch 1 (A — B)?C,_1(ZH)
= &0, 1(Z(A - B)?ZM)
="' (Z(A - B)*ZT)

I
il
7808
N
i
|
o
=
N
=

4.3 Characterisation of Compound-Commuting Map-
pings on Symmetric Matrices

We recall again, H,,(F) = S,,(F) when — is identity.

Theorem 4.3.1. Let I be a field with either F = GF'(2) or ||F||> n+ 1. Let m,n € N
withm,n > 2. I T: S, (F) — S, (F) is satisfying T(Cyy_1 (A+aB)) = Cpy (T(A)+
aY(B)) forany A, B € S,,(F) and o € F if and only if

T(A) =0, forany A € S, (F) with rk(A) < 1,
Y(Ch-1(A+aB)) =0, forany A,B €S, (F)anda € F
and
tk(T(A) +aY(B)) < m—2forany A, B € S,,(F) and a € F,

or m = n and there exist some non-zero element £ € [, non-singular matrix Z &
M, (F) with C,,_1(Z) = wZ for some non-zero element w € F for which " %w? = 1

such that

Y(A) =EZAZT forall A € S, (F).
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Proof.

We begin our proof with the necessity part. In case Y(/,) = 0,,, the results fol-
low immediately from Lemma 4.2.1] Afterward, if Y(I,,) # 0,,, by Lemma[4.2.3) we
have m = n. Furthermore, T is a rank-one non-increasing additive mapping which
follows from Lemma [3.4.3] Lemma 3.4.9 and Lemma [3.4.10] As mentioned by The-

orem , we recognize that T has the following form,
T(A) =€ZA%Z" forall A € S,,(F) (4.1)
or
T(A) = QY'(A)Q” forall A € S3(GF(2)) (4.2)

where ¢ is a non-zero element in F, Z is a non-singular matrix in M, (F) and ¢ is a
non-zero field monomorphism of I, Q is a non-singular matrix in Mi3(GF'(2)) and Y’
is an additive mapping from S3(GF(2)) to S3(GF(2)).

If T has the form (4.1]), by referring to Lemmad.2.4, we have C,,_1(Z) = wZ for
some non-zero element w € F with {"2?w? = 1. Additionally, according to Lemma

we obtain ¢ is identity. So we have
T(A) = €ZAZT forall A € S, (F).

Now we consider that T has the form (4.2). Due to the fact that T(Cy(A4)) =
Cy(T(A)) forall A € S3(GF(2)), so we know that

T'(C2(A))Q" = C5(QY'(A4)Q")
= QT'(C2(A))Q" = C(Q)Co(T'(A))C2(Q")
= T'(C2(A)) = Q7' C2(Q)Co(T'(4)Co(Q7)(Q") ™
= T'(Ca(A)) = Q1 Ca(Q)Ca(T'(A))(Q7'C2(Q))"

= T'(Cy(A)) = XCo(T'(A) X7 (4.3)

where X = Q71C5(Q) € M3(GF(2)) with rk(X) = 3. Obviously, rk(Y/(A)) =
rk(QY'(A)QT) = rk(T(A)) for all A € S3(GF(2)) and Y'(A) € S3(GF(2)) for all
A € S3(GF(2)). Since Y(I3) # 03, then rk(Y'(I3)) = rk(Y(I3)) = 3. Therefore we

see that
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Thus rk(Y'(E11)) + k(Y (Ea2)) +1k(Y'(E53)) > 3. We conclude that rk(Y'(E4;)) =
rk(Y/(Es)) = rk(Y'(Fs3)) = 1. By using the same method as above, we also con-
clude that rk(Y'(E; + E;;)) = 2forall 1 <7 < j < 3.

Now we find a matrix G € Mj3(GF(2)) with rk(G) = 3 such that Y (E;) =
GE;G" for all i € {1,2,3}. By Corollary2.1.8.4) we know that there exists some
G, € M3(GF(2)) with rk(G,) = 3 such that Y/(E,;) = G E;GT.

We let

Ji
T,(E22) e X1 1

T
7l
where x1 € GF(2),J1 € M2 (GF(2)) and K; € So(GF(2)). Suppose that Ky =
0Oq. Inevitably, J; = 0142 as tk(Y'(Ey)) = 1. Consequently, Y'(Eq;) + Y/ (Eqy) =
(1 4+ x1)G1E11GT. This contradicts to the fact that rk(Y/(E;) + T/(F)) = 2. So
K1 % 0o, If tk(K) = 2, then rk ([le Kl]) — 2. This implies tk(T'(Es)) > 2.
It is impossible. As a result, rk(K;) = 1. By applying Corollary 2.1.8.4] again, there
exists some Gy € My(GF(2)) with rk(Gy) = 2 such that K; = G2FE;;GE. Since
Gy € My(GF(2)) withrk(G2) = 2, then there exists a P = [Po pl} € Miy«2(GF(2))

such that 7, = PGQT. Thereupon we have

X1 T
le G2E11G§F

Y (Ey) = Gy GT

PGY
_ Gl X1 2 G{
GQPT GQElng

1 0 P 1 0
e 1x2 X1 1x2 GlT
021 Go | |[PT Eul |00 G

r 1 | X1 Po P1
=Gy mw 1 0 GT.

02><1 GQ 02><1 Gg
- “|p 0 O
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X1 Po D1
By the fact that rk po 1 0 = 1, we know that there exist some non-trivial
P1 0 0

co, 1 € GF(2) (i.e, ¢y # 0 or ¢; # 0) such that

Co |:p0 1 01|:Cl |:p1 0 O:|

=c=0,c=1

:>p1:0. /

Moreover, there exist some non-trivial ¢y, c3 € GF(2) (i.e, ¢a # 0 or ¢3 # 0) such that
C2 [Xl Do 0} =C3 [po 1 0]
=cy=1 (. ¢y =0implies c3 = 0)

= X1 = C3Po,Po = C3

= Y1 = DL
This leads to
L o] ps po 0 -
1x2 1x2
T (Es) = G, 1l 1 0 el
O2x1 Ga O2x1 G5
- - 10 0 O
- 711 po O 1O O O 1 0 0
1 01 2 1 01 2
el “1lo 1 0l ]o10||p 10 e
- - 10 0 1 0 0 0 0 0 1
1 Po 0
1 0
We let G5 = G4 P20 1 of. Itis clear that G5 € M3(GF(2)) with
0251 Go 0 0 1

rk(G3) = 3. Hence we have Y/(Fyy) = G3F9GE . Since

1 po Of [T O O] |1 0 O
1 01 2 1 O1 2
GgElng: = Gl ) 0O 1 0 0 00 Po 1 0 >; G?
02><1 GQ O2><1 GQ
0 0 1110 0 010 0O 1
- GlEllev

then G3E1,GL = Y'(Ey;). Consequently, Y'(E;;) = G3E;GY forall i € {y
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Next, we let

K
T(By) = Gs |2 GT
«72T X2
\721 tl t3
where x, € GF(2),J> = € M1 (GF(2)) and Ky = € Sy(GF(2)).
J22 ts 19

We suppose that y» = 0. Together with the fact that rk(Y’(Es53)) = 1 and rk(Y'(13)) =

3, we know that

Ky J- Ko T
Gg ? ? Gg =0 and G3 E11 + E22 + ? ? Gg =1
j2T X2 \72T X2
ti 1tz Jn thh+1 13 J21
= | t3 ty Jao|=0 and ts  to+1 el =1
Jan T 0 J21 T2 0

= j221 + j222 =L

We see that either Jo; = 1, Jog = 0,5 = 0,11,t3 € GF(2) or Jo1 = 0, J20 = 1,1 =
0,ts,t3 € GF(2). Both the solutions give us

K 7 itz Jn
2 J2
rk . =1k ts  ta  Jao =2.
T3 Xz
Jan J 0
This contradicts to the fact that rk(Y'(FE33)) = 1. So x» must be equal to 1. Since
itz Jn
rk ts  to  Jao = 1, therefore there exist some non-trivial ¢4, c5 € GF(2)
T T2 1

(i.e, ¢4 # 0 or ¢5 # 0) and non-trivial ¢, c; € GF(2) (i.e, cg # 0 or ¢; # 0) such that

€4 [tl t3 j21:| =5 [521 J22 1} and ¢ {ta to j22} =c7 [521 J22 1]
=c4=1 (eg=0impliescs =0) and c¢g=1 (. cg =0 implies c; = 0)

=11 = c5J21,t3 = c5J22, J21 = ¢5 and 13 = crJ21,t2 = cr 22, Jo2 = c7

=t = T, t3 = Jo1Jea, ta = T /
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Hence we acquire

79

t1 t3 Jn JE TnJe Ju
ts  to Jao| = |Tudee JTi T2
| o1 T2 1 J21 J2 1
N Ko Ja| NN
\72T 1 j2T 1
So we see that
Ky T
T/(Egg) - Gg ? ? Gg
JL 1
KN
J& 1
- 0 0 0
e I 2 00 0 Iy 2x1 G3T
O1xo 1 2T 1
- 0 01
— GE3GT
I, 7 )
where G = Gj3 € M3(GF(2)) with tk(G) = 3. Because
O1x2 1
; 7 1 0 0 Lo
2 2 2 Uax1
GELGT =G,y 000 | G = GENGY = T'(En)
01><2 1 \72T 1
0
and
L 000 Lo
2 2 2 U2x1
GE»G™ = G; 010 | G = G3ERGY = Y(By),
O1x2 1 0 JL 1

thus T(E“) = GEMGT forall: € {1, 2, 3}

e

Next we prove that Y(E;; + Eji) = G(Ey; + E;;)G forall 1 <i < j < 3. Now

we write down all the three possibilities of E;; 4+ F;; which are

010 0 01 000
1 0 0[,[0 0 0| and [0 0 1
000 1 00 010
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From the above matrices, it is not difficult to see that Cy(E;; + Ej;) = E4_j 4 Where

1 <k <3withk #1i,j. When we set A = E;; + Ej; in (4.3), we know that

Y (Co(Eyj + Eji)) = XCo(Y(Eij + Eji)) X T
= Y(Ey_par) = XOo( Y (B + Ej)) X"
= GEy 141G = XCo(Y'(Eij + E;)) X7
= Oy(Y' (B + Eji)) = (X 'G)Ey ks x(X'G)T
= 1k(Cy(T'(Ei; + Ej))) =

= tk(Y'(Ey; + Ey)) = 2. /

Let

where Y € S3(GF(2)) with rk(Y) = 2. We hope to get Y = E;; + Ej;. Due to
I‘k(Eu —+ Ejj =+ Eij =+ Eﬂ) = 1, then rk(T/(E“ =+ Ejj + Eij —+ Eﬂ)) = l"k(T(Eu + Ejj +
E;j+ Ej;)) < 1. We assume that rtk(Y'(E;; + E;; + E;; + Ej;)) = 0. This implies
(En + E]] + EZJ + Eﬂ) =03
( ZZ)+T( JJ)—I—T(EU—'—E]Z)_O?)

Y'(Eij + Eji) = T'(Ei) + T'(Ej))

Y(Eyj + Ej) + Y'(Ej;) + Y(Ew) = T (Eu) + T'(Ejy) + Y'(Ej;) + T(Ew)
T'( ) +
T'(
(T

EZ] + EJZ ( J]) + (Ekk) T,(Eii) + T/(Ek:k)
EU ‘I— —|— Ejj -+ Ekk:) = G(Eu + Ekk)GT /
= rk(Y'(E;; + Eji + Ej; + Ew)) = 2.

This contradicts to the fact that tk(Y'(E;; + E;; + Ej; + Ex)) = k(Y (Ei; + Eji +
E;; + Ey)) = 3astk(E;; + Ej; + E;; + Exi) = 3. This contradiction shows that our
supposition rk(Y'(E; + E;; + E;; + E;;)) = 0 is false. Consequently, rk(Y'(E;; +
E;j+ Ei; + Ej;)) = 1k(G(Y + E;; + Ej;)G") = tk(Y + E; + Ej;) = 1. Now we
presume that Y, = 1. So all the three possibilities of Y + F;; + E}; are

1 Yii Yi; Yi+1 Yi Y, Y, +1 | Y
Yo Yu+1l Yy || Yu 1 Yy, | and | Yy Y41 Y,
Yie Yo Y+l Yie o Yy Y+l Y o Yy o1
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This implies
1 Yii Yy Yi+1 Y Y Yi+1 Y Yii
Yo Yu+1l Yy |o]| Yu 1 Yy |and | YV, Y41 Yy
Yip Yy Y+l | Yy Yy Y+l Yo Yy o1

as Y + E; + E;; € S3(GF(2)). As a reason that k(Y + E;; + Ej;) = 1, thus
there exist some non-trivial cg,c9 € GF(2) (i.e, cg # 0 or ¢g # 0) and non-trivial
¢10,c11 € GF(2) (i.e, ¢19 # 0 or ¢17 # 0) such that

Cg [1 Yii ij:| = Cg [Yki Yii+1 YLJ} and ¢ [1 Yii ij:| = C11 [ij Yi; }/jj+1:|
=c9=1 (.co=0impliescg =0) and c¢;; =1 (. ¢;3 =0 implies ¢;9 = 0)
=g = Y, Y = (Y +1),c8Y =Y

and ci9 = Yij, c10Ye = Yij, oY = (Yj; + 1)
=Y, =Y+ 1,VuYy =Yy, Y, =Y+ 1. -
By using the same method as above, we obtain the same results for another two matri-

ces. So all the three possibilities of Y are

1 Y Yi; YA2+1 Y YiYi YEi+1 YiuYe Y
Ve Y2+1 YiVii || Y 1 Y and | Y}, Yy, Yij +1 Y,
Yoy YaYe YR 41| |V Y YE+1 Y Y, 1

Next, we let A1, Ao, A3 € GF(2). Since \; [1 Yii Yk]} +A2 [Y,ﬂ- YE+1 YiYi|+

A3 [ij Y3V, Y,fj + 1| = 0143 has only trivial solutions (i.e, \; = Ay = A3 = 0).
Thereupon rk(Y) = 3. We obtain the same results for the other two matrices. This
contradicts to the fact that rk(Y") = 2. This contradiction shows that our supposition

Yir = 11is false. Then Yy, = 0. /

Now the three possibilities of Y are

0 Y Y Yii Y Y Yio Yi; Y
Yie Yi Yilo|Yu 0 Y and Yii Y Y
Yig Yy Yi| Yy Ye Y Yii Yig 0

Evidently three possibilities of Y + Ej; + Ej; are
0 Yy Yi; i+l Y Y i+l Y, Yy
Yoo Yut+1l Yy || Yu 0 Vij [ and | Y Y41 Yy
Y, Yy Y+l Yij  Yi Y+l Yii Yi; 0
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By the fact that tk(Y") = 2 and rk(Y + Ej; + E};) = 1, hence

|Y’:0 and |Y+E“+EN|:0
= Y3V + YijYii =0 and Y:(V;;+1)+ Ykzj(Y;i +1) =0

Consider Y},; = Y},; = 1. Then three possibilities of Y + F;; + Ej; are

0 1 1 Yi+1 1 Yi; Yi+1 Yi; 1
1 Y,+1 Y ) 1 0 1 and Y. }/jj—i-l 1
1 Yi; Y;i+1 Y, 1 Y;;+1 1 1 0

This shows us that [0 1 1} & [1 Y, +1 Yij], [1 0 1] & [Yii +1 1 Y| and
11 oelyitt v, 0
E;; + Ejj) = 1. So we are forced to conclude that Y}; = Y3; = 0. So we have

1] are linearly independent. It is impossible as rk(Y +

0 0 0 Yi+1 0 Y Yi+1 Y;j 0
0 Y,;+1 Y;j ) 0 0 0 and Y Y}‘j‘i‘l 0
0 Y, E/jj-i-l Y 0 Y}j-i-l 0 0 0

Because 1k(Y + Ej; + Ej;) = 1, thereupon [Y;i +1 Y;J} and [Y;j Y + 1} are

linearly dependent. This leads to

R B P Ny P s )
Yij Y;+1 /

In the case that Y;; = 0, then Y;; and Y);; must be equal to 1. This implies Y + Ej; +
E;; = 0s. It is impossible as 1k(Y + E;; + E;;) = 1. Thereby we obtain Y;; = 1
and Y;; = Y;; = 0. Consequently, Y = E;; + E;. It follows that Y'(E;; + E;;) =
G(E;j+ E;)G' forall1 <i<j<3.

Together with the fact that Y’ is additive, Y'(E;;) = GE;GT forall i € {1,2,3}
and Y'(E;; + Ej;) = G(Ey; + E;;)GT foralli,j € Nwith 1 <4 < j < 3 where G €
M3(GF(2)) with tk(G) = 3. Accordingly T/(A) = GAG?T for all A € H3(GF(2)).

Thus we attain

Y(A) = ZAZ" forall A € H3(GF(2))

where Z = QG € M3(GF(2)) with tk(QG) = 3. /
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Furthermore, by applying Lemma [4.2.1) and Lemma [4.2.6] the sufficiency part
follows immediately. Finally, we accomplished our proof. /
]

As an immediate consequence of Theorem when — is identity, we have the

following theorem.

Theorem 4.3.2. Let [F be a field with either F = GF'(2), or ||F||> 3 and char(F) # 2.
Let m,n € Nwithm,n > 2. If T: S, (F) — S,,(F) is satisfying Y(C,,_1(A — B)) =
Cm-1(T(A) — Y(B)) for any A, B € H,(F) with Y is onto if and only if m = n
and there exists some non-zero element £ € F, non-singular matrix Z € M, (F) with
C,_1(Z) = wZ for some non-zero element w € F for which £""2w? = 1 and non-zero

field automorphism of [F, ¢ such that

Y(A) =EZA2ZT forall A € S,,(F).

/



CHAPTER 5

CONCLUSION

In order to characterise a general form of a mapping Y: H,,(F) — H.,,(FF) satisfying
or we need to impose some assumptions on Y. If T satisfies with
Y(1,) # 0, then Y is satisfied rk(A — B) = n if and only if k(Y (A) — T (B)) =m
for any A, B € H,(F) (see Lemma [3.4.7). Thus we apply the theorem in Section
by imposing onto condition into Y. Also, if T satisfies with Y(I,,) # O,
then Y is a rank-one non-increasing additive mapping (see Lemma [3.4.3] Lemma
3.4.9 and Lemma [3.4.10). Hence we use the theorem in Section 3.3 In(:gtlse of
T satisfies with Y(1,,) = 0,,, we have Y(A) = 0,, for any A € H,(F) with
rk(A) < 1,Y(Ch-1(A)) = 0, for any A € H,(F) and rk(T(A)) < m — 2 for
any A € H,(F) (see Corollary 3.4.6). In this project, we are unable to find the
general form of such mappings. But, we use the properties in Corollary [3.4.6] to
construct some examples of non-zero mapping 1:H,, (F) — H,,(F) satisfying
with Y(1,,) = 0,, in Section 4.1] -

In conclusion, this project’s main goal is to study the compound-commuting map-
pings on Hermitian matrices and symmetric matrices. In this project, we characterise

the Y: H,, (F) — H,,(F) that satisfies one of the following conditions:
[P1] F with either F~ = GF(2) or ||F~||> 3 and T satisfies Y(C,,_1(A — B)) =
Cim—1(T(A) — Y(B)) forany A, B € H,,(IF) with T is onto;
[P2] F witheither F~ = GF(2) or ||[F~||> n+1and T satisfies Y (C,,_1(A+aB)) =

Cri1(Y(A) + aX(B)) forany A, B € H,(F) and o € F~
in Theorem [4.2.7, Theorem [4.2.8 and Theorem 4.3.1] Also, we construct some ex-
amples of non-zero mapping Y: H,,(F) — H,,(F) satisfying

YT(Ch-1(A+aB)) =Cp_1(YT(A)+ oY (B)) forany A, B € H,,(F) and o € F~

with Y(Z,,) = 0,, in Example Thus our objectives are met. /
In this project, we have also found several unresolved concerns for future study.

In the proofs of Theorem and Theorem [4.3.1] we have used Lemma [3.4.9. Be-
sides that, in the proofs of Theorem 4.2.8] we have applied Theorem 3.2.2] Because

84
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Lemma[3.4.9|and Theorem [3.2.2]do not include the situation for 3 < [F~|< n+1and
|F~|= 3, respectively, the theorems are not proven for the situation 3 < |[F~|< n + 1
and |F~|= 3, respectively. Besides that, Theorem and Theorem does not
contain the general form of Y with T (,,) = 0,,. If these concerns are able to be solved,
the theorems are more complete. Moreover, by using the idea of Choo1 and Ng|(2010),
we can continue our study by considering other matrix spaces like skew-Hermitian

matrices, skew-symmetric matrices, triangular matrices, alternate matrices,/etc,
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