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ABSTRACT

SOME PROPERTIES OF SUBSETS OF FINITE GROUPS

Shereen Sharmini a/p Thavanesan

This project is mainly concerned with various properties of subsets of
finite groups. We first investigate the commutative and non-commutative
generalized Latin squares of order 5. For the commutative squares, we list
down the squares with 5, 13, 14 and 15 distinct elements. We then divide
them into their equivalence classes and show that some of the squares are
embeddable in groups. By using a similar approach, we generate the non-
commutative generalized Latin squares of order 5 with 5, 24 and 25 distinct
elements and determine which squares are embeddable in groups. Next, we
investigate the classes of generalized Latin squares of order n with n? — 1
distinct elements. We determine the number of equivalence classes of these
squares and show that all these squares are embeddable in groups. We then
investigate the classes of non-commutative generalized Latin squares of order n
with n distinct elements. We show the existence of at least three non-isomorphic
non-commutative generalized Latin squares of order n with n distinct elements
which are embeddable in groups when n > 5 is odd. By using a similar
construction for the case when n > 4 is even, we show that certain non-
commutative generalized Latin squares of order n are not embeddable in groups.
Secondly, we investigate the exhaustion numbers of subsets of dihedral groups.
Let e(.5) denote the exhaustion number of a subset S C Ds,,. We first give some
constructions of subsets with certain finite exhaustion numbers. We show that

for any subset S C Dy, e(S) = 2if n < |S| < 2n — 1. Next, we show that

il



if S ={1,x,y,zy,2%y,..., 2y} where i € {1,3,5,...,n — 3} when n is even
and i € {2,4,6,...,n— 3} when nis odd, then e(S) < 2=, We then classify
the subsets S C Ds,, where ¢(.S) = oo and finally, we show that there does not
exist any subset S in D5 and Dy, such that e(S) = 5. In addition, we also show

that there does not exist any subset S C Dy, such that e(S) = k for k = 7,8, 9.

il
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CHAPTER 1

INTRODUCTION

This thesis is mainly concerned with various properties of subsets of finite
groups. It consists of two main parts: embeddings of generalized Latin squares
in finite groups and exhaustion numbers of subsets of dihedral groups. We first
investigate the embeddings of generalized Latin squares in finite groups. Let n be
a positive integer. A generalized Latin square of order n is an n X n matrix such
that the elements in each row and each column are distinct. Hence, a generalized
Latin square of order n has at least n distinct elements. A generalized Latin
square of order n is said to be commutative if the n X n square is symmetric. Let
G be an additive (or multiplicative) group and let S be an n-subset of G. Then
the addition (or multiplication) table of S will form a generalized Latin square
of order n. For instance, let S = {a, b, c,d, e} be a 5-subset of G where G is a
multiplicative group. Then we have the following multiplication table of S

a b ¢ d e
a’> ba ca da ea
ab b* cb db eb
ac bc ¢ dec ec
ad bd cd d* ed
ae be ce de €?

o QU O R

which is a generalized Latin square of order 5. It is clear that if a generalized
Latin square of order n is commutative, it will have at most @ distinct
elements. On the other hand, if a generalized Latin square of order n is
non-commutative, it will have at most n? distinct elements. Two generalized
Latin squares L and L' are isomorphic if L' can be obtained by performing a

permutation of rows and the same permutation of columns on L. We say that two

squares are in the same equivalence class if they are isomorphic to one another.



A generalized Latin square of order n is said to be embeddable in a group G if it

is isomorphic to the addition (or multiplication table) of a subset of the group.

A generalized Latin square with exactly n distinct elements is simply called
a Latin square. The study of Latin squares is usually traced back to the 36
officers problem proposed by Leonhard Euler in 1782 [8]. The problem involves
arranging 36 officers of six different ranks and six different regiments intoa 6 x 6
square so that no rank or regiment will be repeated in any row or column. Such
an arrangement would form a 6 x 6 square with each entry being an ordered
pair. Euler called this square a Graeco-Latin square, simply because he used
Greek and Latin characters as entries in the square. Nowadays, Graeco-Latin

squares are called orthogonal squares.

According to Laywine and Mullen [12], statistics provided a major
motivation for combinatorial results pertaining to Latin squares in the early and
middle decades of the 20th century. In particular, one of the major statistical
applications, experimental designs, was found early in the 20th century. Latin
squares can be used in the design of experiments where one wishes to control the

variation in two different directions.

Latin squares are also somewhat connected to graphs. According to the
Handbook of Combinatorial Design 7], a Latin square of order n is equivalent
to a 1—factorisation of the complete bipartite graph K, ,, or an edge partition of
the complete tripartite graph K, , , into triangles. Various studies on bipartite
graphs by using Latin squares have been done, see [1] and [17]. In [14], a

construction of {—partite graphs from Latin squares was given and it was shown



that the resulting ¢ —partite graphs were more useful in certain network systems.

In algebra, Latin squares can be characterized as the multiplication tables
of quasigroups [13]. The embeddings of generalized Latin squares of order 2
and 3 in groups have been investigated by Freiman, see [9] and [10]. For the
commutative case, Freiman [10] showed that there are altogether 15 squares of
order 3. These squares can be divided into seven equivalence classes and six
of these classes are embeddable in groups. For the non-commutative case, it
was shown that there are altogether 573 generalized Latin squares of order 3 and
these squares can be divided into 118 equivalence classes, see [10]. Of the 118

classes, 45 classes are embeddable in groups.

The generalized Latin squares of order 4 have been studied by Tan in [16]. It
was shown that there are altogether 996 commutative generalized Latin squares
of order 4. These squares can be divided into 82 equivalence classes, and only 25
classes are embeddable in groups. For the non-commutative case, Tan showed
that there are 20 non-commutative generalized Latin squares of order 4 with 4
distinct elements. These squares can be divided into four equivalence classes and
only the squares from three equivalence classes are embeddable in groups. Tan
also obtained the result that there are altogether 72 non-commutative generalized
Latin squares of order 4 with 15 distinct elements. These 72 squares can be

divided into five equivalence classes, all of which are embeddable in groups.

In Chapter 2, we investigate the commutative and non-commutative
generalized Latin squares of order 5. For the commutative squares, we list down

the squares with 5, 13, 14 and 15 distinct elements. We then divide them into



their equivalence classes and show that some of the squares are embeddable in
groups. We also generate the non-commutative generalized Latin squares of
order 5 with 5, 24 and 25 distinct elements and divide them into their equivalence

classes. Finally, we determine which squares are embeddable in groups.

In Chapter 3, we will focus on non-commutative generalized Latin squares
of order n with n? — 1 and n distinct elements. As mentioned earlier,
Latin squares have various applications in graph theory since they can be
represented by graphs. For instance, generalized Latin squares of order n with
n? — 1 distinct elements can be represented by Eulerian graphs. Hence, it is
possible to determine whether two Eulerian graphs are isomorphic based on the
isomorphism of the squares they represent. Therefore, we begin by investigating
the classes of non-commutative generalized Latin squares of order n with n? — 1
distinct elements. We show that the number of equivalence classes of generalized
Latin squares of order n with n? — 1 distinct elements is four if n = 3 and five if
n > 4. Itis also shown that all these squares are embeddable in groups regardless

of whether n is odd or even.

Next, we investigate the classes of non-commutative generalized Latin
squares of order n with n distinct elements. For this case, we show that certain
constructions of non-commutative generalized Latin squares of order n with n
distinct elements are only embeddable in groups when n is odd. We first show the
existence of at least three non-isomorphic non-commutative generalized Latin
squares of order n with n distinct elements which are embeddable in groups
when n > 5 is odd. By using a similar construction for the case when n > 4 is
even, we show that certain non-commutative generalized Latin squares of order

n are not embeddable in groups.



It is important to note that there are different ways to generalize Latin
squares. One such generalization was studied in [3] where the squares inves-
tigated are called perfect (k,[)-Latin squares. A perfect (k,[)-Latin square
A = (a;;) of order n with m elements is an n x n matrix in which any row
or column contains every distinct element and the element a; ; appears exactly
k times in the i-th row and [ times in the j-th column, or vice versa. Therefore,
the elements are allowed to appear more than once in each row and each column.
Throughout this thesis, we will investigate the generalized Latin squares with

distinct elements in each row and each column as defined on Page 1.

In the second part of this thesis, we look at the exhaustion numbers of subsets
of dihedral groups. Let GG be a finite group. For k nonempty subsets Ay, ..., A

of G, the product A; - - - Ay is defined by
Ay A ={ay - agla; € A1 <i <k}

Inthe case A = Ay = --- = A, = A, we use A¥ to denote A; --- Ax. A
nonempty subset A of G is called a k-basis of G if A¥ = (. Let S be a nonempty
subset of G. If there exists a positive integer k such that S* = G, then S is said
to be exhaustive. The minimal integer £ > 0 such that .S is exhaustive is called
the exhaustion number of the set S and is denoted by e(.S). If e(S) = oo, S is
said to be non-exhaustive. If e(S) = n, then S is an n-basis of G. Note that if S

is an n-basis of G, then e(S) < n.

The exhaustion numbers of various subsets of finite abelian groups have been
investigated in [5] and [15]. In [5], the exhaustion numbers of subsets of cyclic
groups which are in arithmetic progression were determined and some upper
bounds for the exhaustion numbers of subsets of the cyclic group Z/p where p is

an odd prime were also obtained.



Since the study of exhaustion numbers of subsets of abelian groups has been
done extensively in [5] and [15], we are now interested in the exhaustion numbers
of subsets of non-abelian groups. In the following table, we list some examples
of non-abelian groups up to order 16 where Ds,, is the dihedral group of order
2n for n > 3, Q2n is the generalized quaternion group of order 2" for n > 3,

Ay is the alternating group of degree 4 and 7, is the cyclic group of order 2.

Table 1.1: Example of non-abelian groups

G G|

Dg 6

Dg, Qs 8

D1o 10

Dia 14

Dig, Dg X Zy, Qu6, Q3 X Zy | 16

From Table 1.1, we can deduce that for every even integer k£ > 6 there exist a
non-abelian group of order k&, which is the dihedral group of order k. Therefore
we will investigate the exhaustion numbers of subsets of dihedral groups. The
dihedral group of order 2n is often called the group of symmetries of a regular

n-gon [11]. It has the presentation

1

Dy, = (z,yla" = y* = 1,yz = 2" y)

and hence consists of the elements {1,z 22 ....2" 'y xy, ..., 2" 1y}
Geometrically, every element of D,, is either a rotation or a reflection. In
the presentation given here, the elements {1, z, 2% ..., 2"} are rotations and
the elements {y, y, ..., 2" 'y} are reflections. It is important to note that the
properties of D, depend on whether 7 is odd or even. For instance, whenn > 3

is odd, the center of Ds,, is trivial but when n > 3 is even, the center of Ds,, is

{1,235} [2].



A generating set of a group G is a subset S that is not contained in any
proper subgroups of G. Equivalently, a subset S of a group G is a generating
set if every element of (G can be written as a product of elements from S or
their inverses. A minimal generating set of a group G is a generating set X such
that no proper subset of X is a generating set of G. The exhaustion numbers of
the non-minimal generating set S = {1, x,y} of the dihedral group, quaternion
group and semi-dihedral group have been determined by Tan in [16]. For the
non-minimal generating set S = {1, z,y} of the dihedral group, Tan showed
that (S) = 22 when n is even and ¢(S) = I when n is odd. It is clear that
if a subset S' is exhaustive, then it is a generating set. However, a generating set
S is not necessarily exhaustive. For example, the subset S = {z,y} C Dy, isa

generating set of Dy, but e(.S) = oo [16].

In Chapter 4 we study the exhaustion numbers of subsets of dihedral groups.
We begin by investigating the subsets with finite exhaustion numbers. We first
give some constructions of subsets with certain finite exhaustion numbers. We
show that for any subset S C Dy, e(S) = 2ifn < |S] < 2n— 1.
Next, we show that if S = {1,z,y, 2y, 2%y,..., 2%} fori € {1,3,5,...,
n — 3}, then e(S) < ™=' when n is even. We also show that if
S ={1,z,y,zy,2%,... 2y} fori € {2,4,6,...,n — 3}, then ¢(5) < 2=
when n is odd. We then classify the subsets S C Dy, where ¢(S) = oo and
finally, we show that there does not exist any subset S in D;5 and D14 such that
e(S) = 5. In order to consider a wider range of e(S) for which there does not

exist any subset S C D,,, we also show that there does not exist any subset

S C Doy such that e(S) = k for k = 7,8, 9.



CHAPTER 2

GENERALIZED LATIN SQUARES OF ORDER 5

2.1 Introduction

Let n be a positive integer. A generalized Latin square of order n'is ann X n
matrix such that the elements in each row and each column are distinct. If
the n X n matrix is symmetric, then the generalized Latin square is said to be
commutative. We use the matrix notation L = (a;;), to denote the generalized

Latin square L of order n where a;; is the entry in the ith row and jth column

G, 7€{l, ..., n}.

Let G be a group with an n-subset S. By designating equal products
by the same letter and unequal products by distinct letters in the addition (or
multiplication) table of .S, we obtain a generalized Latin square of order n. As
the forms of squares representing addition (or multiplication) tables for a given
set of elements of a group depend on the order in which these elements are taken,
the following definition (see [10]) is necessary: Let S and 7 be generalized Latin
squares of the same order with the same number of distinct elements, and let 6
be a one-to-one mapping of the elements occurring in S onto those occurring in
7. Let 0[S] denote the generalized Latin square obtained by applying 0 to S. If
7 can be obtained from 6[S] by a permutation of rows and the same permutation
of columns of §[S], then S and 7 are said to be isomorphic. It is not difficult
to see that isomorphism defined in this manner is an equivalence relation. We

may thus divide the squares into equivalence classes where two squares belong



to the same equivalence class if they are isomorphic to one another. We say
that a square is embeddable in a group G if it is isomorphic to the addition (or
multiplication) table of a subset of G. In this chapter, we shall investigate the
commutative and non-commutative generalized Latin squares of order 5. We will
first generate the commutative generalized Latin squares of order 5 with 5, 13,
14 and 15 distinct elements. We then divide them into their equivalence classes
and determine which squares are embeddable in groups by giving examples of
finite abelian groups that contain these squares. By using a similar approach, we
will classify the non-commutative generalized Latin squares of order 5 with 5,
24 and 25 distinct elements, and finally determine which squares are embeddable

in groups.

2.2 Commutative Squares

In this section, we shall investigate the commutative generalized Latin squares
of order 5 with 5, 13, 14 and 15 distinct elements. Note that a commutative
generalized Latin square of order n has at least n distinct elements and at most
@ distinct elements. Let L be a commutative generalized Latin square of
order 5. Then L will take the form of an addition table of a 5-subset of an abelian

group GG. We start by showing that for any integer k& € {5,6,...,15}, there exist

an abelian group G and a commutative 5-subset S of G such that |S + S| = k.

k':5:G:Z5

W N~ O+
= W N = OO
O B W N
— O W NN
N — O = WWw
W N = OB




GZG:ZG

k:

2 3 4 5

1

+/0 1 2 3 4
0(0 1 2 3 4

1

212 3 4 5 0

313 4 5 0 1

414 5 0 1 2

7ZG:Z7

k:

1 2 3 4 5

+/0 1 2 3 4
0(0 1 2 3 4

1

212 3 4 5 6

313 4 5 6 0

414 5 6 0 1

8:G228

k=

1 2 3 45

+/0 1 2 3 4
0/0 1 2 3 4

1

212 3 4 5 6

313 4 5 6 7

414 5 6 7 0

QZG:ZQ

k:

1 2 3 45

+/0 1 2 3 4
0/0 1 2 3 4

1

212 3 4 5 6

313 4 5 6 7

414 5 6 7 8

:Z6XZ2

k=10: G

(2,0) (3,0) (3,1)

(1,0)

(0,0)

—+

10



k:

o~~~ o~~~

o~~~ o~~~

P e N N N

P L N R N

~— | N — — —

NN N N N

— N

k:12ZG:Z6XZQ

(1,1)

(4,1)

(1,0) (2,0)

(0,0)

NN N N N

AN AN N N N

P

N N N N

NN N N N

— N

NN N N N

— N

= L3

k=13: G

13 18

<+ 10 © 0
N o

— o S

S = A <FH O

S — AN D>

= L3

k=14: G

]{Z:15ZG2231

15
16

7

8
10 18

6

10 14 22
18 22 30

11



In Sections 2.2.1, 2.2.2 and 2.2.3, we shall investigate the commutative
generalized Latin squares of order 5 with 5, 13, 14 and 15 distinct elements
and determine which squares are embeddable in groups. Recall that two
Latin squares L and L’ are isomorphic if L’ can be obtained by performing a
permutation of rows and the same permutation of columns on L. We will use
Algorithm 1, which is based on the algorithm in [16], to generate the squares

and divide them into their equivalence classes.

Algorithm 1: Generate and divide commutative generalized Latin squares

of order 5 into their equivalence classes

1. Generate commutative generalized Latin square S; for ¢ > 1.
2. Assign ordinal number ¢ to S;.
3. If ¢ = 1, create new equivalence class with .Sy as the representative square.
4. Else,
4.1. Perform permutations on S;.
4.2. Rename elements in S;.
4.3. Compare with representative squares S; for j < i.
4.3.1. If S; is isomorphic to S;, add S; to equivalence class represented
by S;.
4.3.2. Else, create new equivalence class with S; as the representative
square.

We first summarize the number of commutative generalized Latin squares of

order 5 in the following table.

Table 2.1: Number of commutative generalized Latin
squares of order 5

Number of distinct elements Number of squares
5 6
6 3066
7 54765

12



Table 2.1: (Continued)

Number of distinct elements Number of squares
8 216085
9 311490
10 204697
11 68471
12 12235
13 1165
14 55
15 1
Total: 872036

2.2.1 Squares with 5 Distinct Elements

By using Algorithm 1, we find that there are altogether six commutative

generalized Latin squares of order 5 with 5 distinct elements:

1
ABCDE
BCDEA
CDEAB
DEABC
EABCD

2
ABCDE
BCEAD
CEDBA
DABEC
EDACB

3
ABCDE
BDAEC
CAEBD
DEBCA
ECDAB

4
ABCDE
BDECA
CEBAD
DCAEB
EADBC

5
ABCDE
BEACD
CADEB
DCEBA
EDBAC

6
ABCDE
BEDAC
CDBEA
DAECB
ECABD

It is straightforward to check that all six squares belong to the same
equivalence class and are embeddable in groups. In the following, we show

that Square 1 is embeddable in Zs;.

Square 1: Embeddable in Zs.

S B~ W N ===
—_ O B W NN
NN = O W W
W N = O KA

A Wo = O+
H LW~ OO
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2.2.2 Squares with 13 Distinct Elements

We now look at the commutative generalized Latin squares of order 5 with

13 distinct elements. By using Algorithm 1, we find that there are altogether

1165 squares as listed in Appendix B. These squares can be divided into 21

equivalence classes as follows:

Table 2.2: Equivalence classes of commutative generalized
Latin squares of order 5 with 13 distinct elements

Representative

Squares in the same equivalence class

1
ABCDE
BADF G
CDHI J
DFI KL
EGJ LM

2,3,4,5,6, 217, 236, 238, 259, 291, 293, 340, 351, 357,
390, 408, 412, 453, 477, 483, 504, 514, 522, 523, 524, 527,
528, 646, 648, 650, 652, 767, 770, 794, 815, 816, 852, 869,
870, 906, 909, 922, 929, 937, 967, 978, 982, 983, 984,
1041, 1043, 1085, 1087, 1121, 1124, 1130, 1136, 1152,
1154

7
ABCDE
BAFGH
CFAIJ
DGI KL
EHJ LM

21, 34, 531, 544, 657, 670, 988, 1049, 1095

8
ABCDE
BAFGH
CFBIJ
DGIKL
EHJ LM

22, 35, 50, 107, 163, 179, 315, 443, 533, 546, 592, 636,
658, 671, 688, 732, 747, 827, 890, 957, 991, 1031, 1051,
1078, 1096, 1110, 1120, 1147, 1165

9
ABCDE
BAFGH
CFDIJ
DGI KL
EHJ LM

10, 11, 12, 23, 24, 25, 26, 36, 37, 38, 39, 64, 70, 77, 83,
93, 113, 120, 128, 136, 150, 169, 171, 194, 196, 207, 209,
302, 318, 329, 333, 417, 431, 446, 448, 525, 529, 532, 534,
536, 538, 545, 547, 549, 551, 561, 565, 574, 578, 596, 605,
613, 623, 640, 644, 645, 649, 654, 655, 659, 660, 667, 668,
672, 673,684,701, 705, 719, 728, 736, 744, 761, 762, 821,
841, 842, 878, 887, 892, 945, 951, 959, 985, 987, 989, 990,
994, 996, 1002, 1006, 1016, 1023, 1035, 1038, 1040, 1044,
1046, 1048, 1050, 1053, 1063, 1066, 1074, 1081, 1083,
1086, 1090, 1091, 1093, 1094, 1103, 1107, 1115, 1118,
1139, 1145, 1157, 1161
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Table 2.2: (Continued)

Representative Squares in the same equivalence class

13 17, 29, 66, 79, 95, 123, 139, 153, 190, 203, 298, 325, 413,
ABCDE 427, 539, 562, 575, 608, 626, 664, 703, 721, 754, 838, 871,
BAFGH 942, 1003, 1018, 1064
CFIA]J
DGAKL
EHJ LM

14 18, 30, 220, 232, 262, 287, 336, 354, 393, 404, 449, 480,
ABCDE 500, 517, 541, 665, 773, 800, 808, 854, 866, 912, 915, 935,
BAFGH 964, 980, 1129, 1138, 1156
CFIB]J
DGBK L
EHJ LM

15 16, 19, 20, 31, 32, 245, 249, 251, 253, 274, 278, 280, 295,
ABCDE 364, 368, 370, 372, 376, 380, 396, 410, 464, 468, 470, 485,
BAFGH 486, 490, 506, 520, 526, 530, 540, 543, 647, 651, 662, 663,
CFIE] 780, 784, 787, 788, 797, 812, 848, 862, 893, 897, 900, 914,
DGEKL 919, 932, 960, 974, 986, 1042, 1084, 1127, 1133, 1148
EHJ LM

27 40, 42, 535, 548, 552, 653, 666, 674, 992, 995, 1045, 1052,
ABCDE 1088, 1092
BAFGH
CFIJK
DGJ I L
EHKLM

28 33, 41, 85, 126, 156, 211, 331, 433, 537, 542, 550, 582,
ABCDE 609, 627, 656, 661, 669, 697, 715, 758, 834, 875, 938, 993,
BAFGH 1009, 1020, 1047, 1059, 1089
CFIJK
DGJ KL
EHKLM

43 51, 88, 108, 133, 164, 176, 312, 440, 583, 594, 618, 638,
ABCDE 678, 689, 713, 733, 742, 825, 885, 955, 1025, 1034, 1071,
BCAFG 1080, 1102, 1111, 1114, 1144, 1164
CAHI J
DFIKL
EGJLM
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Table 2.2: (Continued)

Representative

Squares in the same equivalence class

44
ABCDE
BCDF G
CDHI J
DFIKL
EGJLM

45, 57, 61, 89, 90, 100, 116, 134, 135, 147, 159, 172, 174,
182, 186, 212, 218, 221, 223, 226, 233, 234, 256, 260, 264,
269, 272, 288, 289, 297, 304, 320, 337, 338, 342, 345, 352,
355, 373, 391, 395, 398, 401, 405, 407, 423, 435, 450, 452,
459, 462, 478, 481, 501, 503, 508, 511, 515, 519, 584, 585,
602, 619, 620, 633, 676, 679, 696, 711, 714, 727, 738, 750,
768,771,789, 796, 801, 802, 807, 810, 811, 820, 832, 846,
853, 855, 859, 861, 867, 868, 880, 907,910, 917, 918, 923,
928, 931, 936, 949, 965, 966, 971, 973, 979, 981, 1026,
1027, 1069, 1072, 1099, 1101, 1123, 1126, 1132, 1137,
1153, 1155

46
ABCDE
BCFAG
CFHI J
DAI KL
EGJLM

48, 54, 55, 86, 91, 111, 112, 129, 131, 167, 168, 177, 178,
313, 314, 441, 442, 553, 555, 557, 559, 588, 597, 599,
614, 641, 643, 683, 686, 691, 709, 730, 735, 741, 743, 822,
826, 884, 886, 952, 956, 997, 999, 1011, 1015, 1037, 1039,
1057, 1058, 1077, 1082, 1106, 1109, 1112, 1113, 1140,
1143, 1159, 1162

47
ABCDE
BCFEG
CFHIJ
DEI KL
EGJLM

49, 59, 63, 87, 92, 102, 118, 130, 132, 149, 161, 173, 175,
183, 187, 215, 219, 228, 237, 239, 243, 244, 254, 261, 265,
285, 286, 292, 294, 296, 305, 321, 334, 341, 350, 353, 358,
359, 363, 382, 389, 392, 397, 409, 411, 424, 436, 454, 458,
472,476, 479, 484, 495, 496, 505, 507, 516, 521, 554, 556,
558, 560, 589, 591, 604, 615, 617, 635, 681, 682, 694, 707,
708, 725,737,749, 763, 765, 769, 772,775,777, 795, 799,
813, 814, 818, 830, 849, 851, 864, 865, 879, 901, 903, 908,
911, 920, 921, 930, 934, 947, 962, 963, 975, 977, 998,
1000, 1012, 1014, 1055, 1056, 1122, 1125, 1131, 1134,
1149, 1150

52
ABCDE
BCFGH
CFDI J
DGI KL
EHJ LM

53, 56, 60, 65, 68, 78, 81, 94, 97, 99, 109, 110, 115, 121,
125, 137, 141, 146, 151, 155, 158, 165, 166, 180, 181, 184,
188, 191, 192, 204, 205, 299, 300, 306, 316, 317, 322, 326,
328,414, 416, 425, 428, 430, 437, 444, 445, 563, 566, 576,
579, 586, 593, 595, 600, 607, 612, 621, 625, 630, 631, 637,
639, 675, 685, 690, 695, 702, 704, 710, 720, 722, 726, 729,
734,745, 748, 753, 756, 757, 823, 828, 833, 839, 840, 873,
874, 883, 888, 891, 943, 944, 950, 953, 958, 1005, 1008,
1019, 1024, 1028, 1030, 1032, 1033, 1065, 1067, 1068,
1073, 1075, 1079, 1097, 1100, 1105, 1108, 1117, 1119,
1142, 1146, 1160, 1163

58
ABCDE
BCFGH
CFIE]J
DGEKL
EHJ LM

62, 101, 117, 148, 160, 185, 189, 246, 247, 250, 252, 275,
276, 279, 281, 307, 323, 365, 367, 369, 371, 377, 378, 381,
403, 426, 438, 465, 467, 469, 471, 487, 489, 491, 513, 601,
632, 693, 724, 740, 752, 782, 783, 785, 786, 792, 805, 819,
831, 843, 856, 882, 895, 896, 898, 899, 926, 948, 968
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Table 2.2: (Continued)

Representative

Squares in the same equivalence class

67
ABCDE
BCFGH
CFIJK
DGJEL
EHKLM

71, 80, 84, 96, 119, 122, 127, 138, 152, 157, 162, 195, 197,
208, 210, 303, 324, 330, 332, 418, 432, 434, 439, 564, 567,
577, 580, 603, 606, 611, 624, 629, 634, 692, 698, 700, 716,
718,723,739, 751,759, 760, 817, 829, 836, 837, 876, 877,
881, 940, 941, 946, 1004, 1007, 1017, 1021, 1060, 1061

69
ABCDE
BCFGH
CFIJK
DGJHL
EHKLM

72,76, 82,98, 103, 114, 124, 140, 142, 154, 170, 193, 201,
202, 206, 301, 311, 319, 327, 415, 422, 429, 447, 568, 569,
572, 581, 590, 598, 610, 616, 628, 642, 680, 687, 699, 706,
717, 731, 746, 755, 824, 835, 872, 889, 939, 954, 1001,
1010, 1013, 1022, 1036, 1054, 1062, 1076, 1104, 1116,
1141, 1158

73
ABCDE
BCFGH
CFIJK
DGJ LB
EHKBM

75, 104, 106, 143, 145, 199, 200, 222, 230, 235, 240, 263,
267,282, 290, 309, 310, 339, 347, 356, 361, 384, 386, 394,
406, 420, 421, 451, 455, 474, 482, 492, 498, 502, 518, 571,
573,587, 622,677,712, 774, 779, 798, 809, 850, 863, 905,
913, 916, 933, 961, 976, 1029, 1070, 1098, 1128, 1135,
1151

74
ABCDE
BCFGH
CFIJK
DGJLC
EHKCM

105, 144, 198, 248, 277, 308, 366, 379, 419, 466, 488, 570,
781, 894

213
ABCDE
BFDCG
CDHI J
DCIKL
EGJ LM

224,257, 270, 343, 375, 399, 460, 509, 791, 804, 847, 860,
925,972

214
ABCDE
BFDE G
CDHI J
DEI KL
EGJLM

216, 225, 227, 229, 231, 241, 242, 255, 258, 266, 268, 271,
273, 283, 284, 335, 344, 346, 348, 349, 360, 362, 374, 383,
385, 387, 388, 400, 402, 456, 457, 461, 463, 473, 475, 493,
494, 497, 499, 510, 512, 764, 766, 776, 778, 790, 793, 803,
806, 844, 845, 857, 858, 902, 904, 924, 927, 969, 970

In Proposition 2.1, we will see that some of the squares in Table 2.2 are not

embeddable in any group.
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Proposition 2.1. Let L be a generalized Latin square of order 5 with 13 distinct

elements. If L is isomorphic to Squares 1, 43, 44, 46, 47, 213 or 214, then L is

not embeddable in any group.

Proof. In the following, we will investigate each case separately:

@

(ii)

(iii)

(iv)

v)

(vi)

Let L be isomorphic to Square 1. Suppose that L is embeddable in a group
(. Then there exist distinct elements a, b, ¢, d, e € G such that 2a = 2b
and b + ¢ = a + d. It follows from this that 2a + b + ¢ = a + 2b + d and

hence we have a + ¢ = b + d, which is a contradiction.

Suppose that there exists a group G and elements a, b, ¢, d, e € G such that
the addition table of the subset {a, b, ¢, d, e} is Square 43. Then 2a = b+ ¢
and 2b = a + c. It follows from this that 2a + 2b = a + b + 2¢ and hence

we have a + b = 2¢, which is a contradiction.

Suppose that there exists a group G and elements a, b, ¢, d, e € G such
that the addition table of the subset {a,b,c,d, e} is Square 44. Then we
have a + ¢ = 2band b+ ¢ = a+ d, which givesus a + b+ 2¢c = a + 2b+ d.

It follows that 2¢ = b + d, which is a contradiction.

Suppose that there exists a group G and elements a, b, ¢, d, e € G such that
the addition table of the subset {a, b, ¢, d, e} is Square 46. Then 2a = b+ d
and 2b = a + c. It follows from this that 2a + 2b = a + b+ ¢+ d. Then we

have a + b = ¢ + d, which is a contradiction.

Let L be isomorphic to Square 47. Suppose that L is embeddable in a group
(. Then there exist distinct elements a, b, ¢, d, e € G such thata + ¢ = 2b
and b+ d = a+ e. Then we obtain a + b+ c+d = a+ 2b+ e but this gives

us ¢ + d = b + e; a contradiction.

Suppose that there exists a group G and elements a, b, ¢, d, e € G such that

the addition table of the subset {a, b, ¢, d, e} is Square 213. Then a + ¢ =

18



b+ dand a + d = b+ ¢, which gives us 2a + ¢ + d = 2b + ¢ + d. Hence,

we have 2a = 2b, which is a contradiction.

(vii) Suppose that there exists a group GG and elements a, b, ¢, d, e € G such
that the addition table of the subset {a, b, ¢, d, e} is Square 214. Then we
have a +d = b+ c and b+ d = a + e. It follows from this that a + b+ 2d =

a+ b+ c+ e. As aresult, we have 2d = ¢ + e; a contradiction.

]

From Proposition 2.1, we see that the squares isomorphic to Squares 1, 43,
44, 46, 47, 213 and 214 are not embeddable in any group. The 14 remaining
representative squares (Squares 7, 8, 9, 13, 14, 15, 27, 28, 52, 58, 67, 69, 73 and
74) are embeddable in finite abelian groups. In the following, we give examples
of finite abelian groups which contain subsets S such that the addition table of .S

is isomorphic to the 14 remaining representative squares.

Square 7: Embeddable in Zs X Z4 X Zg.

+ (0,0,0) (0,2,0) (0,0,3) (0,1,1) (0,0,1)
(0,0,0) (0,0,0) (0,2,0) (0,0,3) (0,1,1) (0,0,1)
(0,2,0) (0,2,0) (0,0,0) (0,2,3) (0,3,1) (0,2,1)
(0,0,3) (0,0,3) (0,2,3) (0,0,0) (0,1,4) (0,0,4)
(0,1,1) | (0,1,1)  (0,3,1)  (0,1,4)  (0,2,2)  (0,1,2)
(0,0,1) (0,0,1) (0,2,1) (0,0,4) (0,1,2) (0,0,2)

Square 8: Embeddable in Zy X Z4 X Zs3.

+ (0,0,0) (0,2,0) (0,1,0) (1,1,1) (0,0,1)
(0,0,0) (0,0,0) (0,2,0) (0,1,0) (1,1,1) (0,0,1)
(0,2,0) (0,2,0) (0,0,0) (0,3,0) (1,3,1) (0,2,1)
(0,1,0) | (0,1,0)  (0,3,0)  (0,2,0)  (1,2,1)  (0,1,1)
(1,1,1) (1,1,1) (1,3,1) (1,2,1) (0,2,2) (1,1,2)
(0,0,1) (0,0,1) (0,2,1) (0,1,1) (1,1,2) (0,0,2)
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Square 9: Embeddable in Zs X Z4 X Zg.

e e N e R |~~~ |~~~ | N NN S

S | N N N N S | N S S N S| N N S N S | N N N

e s R e R I~~~ |~~~ Fon o o R e e

— [ — — — — — — [ — — — — — — [ — — — — — — N N N N

o~~~ o~~~ P P —_— e~ o~~~ — o~~~ —~

— [ — — — — — [ — — — — — — [ — — — — — — N N N

o~~~ o~~~ —~ e~ o~~~ — o~~~ o~ |~~~ —~

— | — — — — — —— — — — — — [ — — — — — — N — — '

o~~~ o~~~ —_— e~ o~~~ P N A o~~~

~— | — — — — — ~— [ — — — — — — [ — — — — — — N — — — —

o~~~ o~~~ P P

+

— — N N — N N N — — — — — — N N N

Square 27: Embeddable in Zy X Z4 X Zs.

AN AN N N N

(1,1,2)

S N N N

AN AN AN N N

(1,0,1)

— N —

P e

(0,0,1)

— — — —

P

(0,2,0)

— N N N

o~~~

(0,0,0)

— N N N

P

— — — —
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Square 28: Embeddable in Zy x Z4 X Zr.

(0,2,0)  (1,0,2)  (0,0,3)  (1,0,4)

(0,0,0)

NN N N N

<t <t O O

AN N N N N
™M M 1o O© O

NN <o ©
NS S o
—_.— o - o
S N N N

o~~~

oo™ ™ <
Noda N
S S —H o —

— — N N

N N N N N

co N <
SN C oo
S S —H S

— — N

oo N ™ <
NS S o
S S = o -~

— — N N

Square 52: Embeddable in Zs; .

10
11
13
18

13

11

10

Square 58: Embeddable in Zs; .

12
14

10
12

Square 67: Embeddable in Zs;.

10
10
11

12
15
20

10
15

12

11

10

10

Square 69: Embeddable in Zs; .

10

11

14
18

10
14

11

10
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Square 73: Embeddable in Zs; .

Square 74: Embeddable in Zs; .

+ 0 1 2 5 27
0 0 1 2 5 27
1 1 2 3 6 28
2 2 3 4 7 29
5 5 6 7 10 1
27 27 28 29 1 23
+ 0 1 2 5 28
0 0 1 2 5 28
1 1 2 3 6 29
2 2 3 4 7 30
5 5 6 7 10 2
28 28 29 30 2 25

2.2.3 Squares with 14 and 15 Distinct Elements

Next, we shall look at the commutative generalized Latin squares of order 5

with 14 distinct elements. There are altogether 55 such squares as follows:

ABCDE
BAFGH
CFIJK
DGJLM
EHKMN

ABCDE
BFDGH
CDIJK
DGJLM
EHKMN
11
ABCDE
BFGHA
CGIIJK
DHJ LM
EAKMN

ABCDE
BCFGH
CFIJK
DGJLM
EHKMN

ABCDE
BFEGH
CEIJK
DGJLM
EHKMN
12
ABCDE
BFGHC
CGIIJK
DHJ LM
ECKMN

ABCDE
BDFGH
CFI1JK
DGJLM
EHKMN

ABCDE
BFGAH
CGIJK
DAJLM
EHKMN
13
ABCDE
BFGHD
CGIIJK
DHJ LM
EDKMN

22

4
ABCDE
BEF GH
CFIJK
DGJLM
EHKMN

ABCDE
BFGCH
CGIJK
DCJLM
EHKMN
14
ABCDE
BFGHI
CGAJK
DHIJ LM
EI KMN

ABCDE
BFAGH
CAIJK
DGJLM
EHKMN
10
ABCDE
BFGEH
CGIJK
DEJ LM
EHKMN
15
ABCDE
BFGH I
CGBJK
DHJ LM
EI KMN



16
ABCDE
BFGHI
CGDJK
DHJ LM
EI KMN

21
ABCDE
BFGHII
CGJ AK
DHA LM
EI KMN

26
ABCDE
BFGHI
CGJ KA
DHK LM
EI AMN

31
ABCDE
BFGHI
CGJ KL
DHK AM
EI LMN

36
ABCDE
BFGHI
CGJ KL
DHK GM
EI LMN

41
ABCDE
BFGHI
CGJ KL
DHKMB
EILBN

46
ABCDE
BFGHI
CGJ KL
DHK MN
EILNA

51
ABCDE
BFGHI
CGJ KL
DHKMN
EILNG

17
ABCDE
BFGH I
CGE JK
DHJ LM
EI KMN

22
ABCDE
BFGH I
CGJBK
DHB LM
EI KMN

27
ABCDE
BFGHI
CGJ KB
DHK LM
EI BMN

32
ABCDE
BFGH I
CGJ KL
DHK BM
EI LMN

37
ABCDE
BFGH I
CGJ KL
DHK I M
EI LMN

42
ABCDE
BFGHI
CGJ KL
DHKMC
EILCN

47
ABCDE
BFGHI
CGJ KL
DHKMN
EILNB

52
ABCDE
BFGHI
CGJ KL
DHKMN
EI L NH

18
ABCDE
BFGHI
CGFIJK
DHJ LM
EI KMN

23
ABCDE
BFGHI
CGJ EK
DHE LM
EI KMN

28
ABCDE
BFGHII
CGJKD
DHK LM
EIDMN

33
ABCDE
BFGHI
CGJ KL
DHK CM
EI LMN

38
ABCDE
BFGHI
CGJ KL
DHK J M
EI LMN

43
ABCDE
BFGHI
CGJ KL
DHKMF
EILFN

48
ABCDE
BFGHI
CGJ KL
DHKMN
EILNC

33
ABCDE
BFGHI
CGJ KL
DHKMN
EILNIJ

23

19
ABCDE
BFGH I
CGHIJK
DHJ LM
EI KMN

24
ABCDE
BFGH I
CGJ FK
DHF LM
EI KMN

29
ABCDE
BFGHI
CGJKF
DHK LM
EI FMN

34
ABCDE
BFGH I
CGJ KL
DHK EM
EI LMN

39
ABCDE
BFGH I
CGJ KL
DHK LM
EI LMN

44
ABCDE
BFGHI
CGJ KL
DHKMG
EILGN

49
ABCDE
BFGHI
CGJ KL
DHKMN
EILND

54
ABCDE
BFGHI
CGJ KL
DHKMN
EI LNK

20
ABCDE
BFGHI
CGI JK
DHJ LM
EI KMN

25
ABCDE
BFGHI
CGJIK
DHI LM
EI KMN

30
ABCDE
BFGHI
CGJ KH
DHK LM
EI HMN

35
ABCDE
BFGH I
CGJ KL
DHK FM
EI LMN

40
ABCDE
BFGHI
CGJ KL
DHKMA
EILAN

45
ABCDE
BFGHI
CGJ KL
DHKMJ
EILIJN

50
ABCDE
BFGHI
CGJ KL
DHK MN
EILNF

55
ABCDE
BFGHI
CGJ KL
DHKMN
EILNM



These squares can be divided into three equivalence classes as shown below:

Table 2.3: Equivalence classes of commutative generalized
Latin squares of order 5 with 14 distinct elements

Representative Squares in the same equivalence class
1 14, 18, 31, 35, 38, 46, 50, 53, 55
ABCDE
BAFGH
CFIJ K
DGJL M
EHKMN

2 3,4,5,8,11, 15, 16, 17, 19, 20, 21, 24, 26, 29,
ABCDE 32,33, 34, 36, 37, 39, 40, 43, 45, 47, 48, 49, 51,
BCFGH 52,54
CFIJ K
DGJL M
EHKMN

6 7,9, 10, 12, 13, 22, 23, 25, 27, 28, 30, 41, 42,
ABCDE 44
BFDGH
CDIJ K
DGJL M
EHKMN

Next, we see that all three representative squares are embeddable in abelian

groups as shown below.

Square 1: Embeddable in Z,,.

+ 0 11 1 3 16
0 0 11 1 3 16
11 11 0 12 14 5
1 1 12 2 4 17
4 6 19
16 16 5 17 19 10
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Square 2: Embeddable in Zs;.

+ 0 1 2 5 11
0 0 1 2 5 11
1 1 2 3 6 12
2 2 3 4 7 13
5 5 6 7 10 16
11 11 12 13 16 22
Square 6: Embeddable in Zs;.
+ 0 1 4 5 11
0 0 1 4 5 11
1 1 2 5 6 12
4 4 5 8 9 15
5 5 6 9 10 16
11 11 12 15 16 22

We shall now look at the commutative generalized Latin square of order 5

with 15 distinct elements:

mo QW
—~ T Qmw
CR=Q0
ZzZ R~ T U
CZzZr0 —1m

This square is embeddable in Z3; as shown below:

+ 0 1 3 7 15
0 0 1 3 7 15
1 1 2 4 8 16
3 3 4 6 10 18
7 7 8 10 14 22
15 15 16 18 22 30

2.3 Non-commutative Squares

In this section, we will investigate the non-commutative generalized Latin
squares of order 5. We first show that for every integer £ = 5,6,...,25,

there exist a group GG and a non-commutative 5-subset .S of G with the property
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|S?| = k where S? = {zy|z,y € S}. Next, we generate the non-commutative
generalized Latin squares of order 5 with 5, 14 and 15 distinct elements. Finally,
we divide these squares into their equivalence classes and determine which

squares are embeddable in groups.

2.3.1 Some Embeddable Squares

It is clear that a non-commutative generalized Latin square of order n has at
least n distinct elements and at most n? distinct elements. In this section, we
5,6,...,25, there exist a group GG and a non-

show that for each integer k =

commutative 5-subset S of G such that |S?| = k where S? = {zy|z,y € S}.

k=5: Dy = (z,ylz® = y* =1, yr = 2ly)

y wy 2ty 3’y aly
Y 1 x x? 3 x?
Ty z? 1 x 22 3
2?y | 3 2t 1 x x?
2y | 2?2 23 x? 1 x
xhy T x? 3 x? 1
k=6: Dy = (z,ylab = y* =1, yx = 25y)
vy 2%y 2y 2ty 2y
xy 1 x x? 3 x?
%y x° 1 T x? 3
2y | 2 x° 1 x 22
oty | 28 x? x° 1 x
2oy | 2? x x? x® 1
k=17 Dy=(z,ylz" =y* =1, yr = 25y)
2?2y 23y 2ty Py 2Sy
%y 1 x x? 3 x?
3y x° 1 T x? a3
xty x° 20 1 x 22
Py x? x® 20 1 x
2%y 3 x? x° x® 1

26



2%y Ty

z"y)
0y

xty

3y

<t o™
s RR B~
(nm BN | I~

88 8~y

(o] ~ ©

rYy

muy?. =8 -

1$4I yTyw

(,yla® =y* =1, yx

8: D]_6

k

(z,ylz® =y* =1, yz = 2ty)

9: DlO

k

1$4I ymu

Yy
Py

xty

3y

27

y? =1, yx = z'y)
y* =1, yx = z°)
Ty
y* =1, yx = z°)

(z,y|z®
(z,y|a®
(z,y|a®

10: D10

k=11: D12
k=12: D12
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y* =1, yx = z%)

13: Dy = (z,yla" =

k:

%y

Y

SN

]

xz

y* =1, yx = 2%)

14: Dy = (z,yla” =

k:

Do o F o

< o D

SR

2345y
B R 8 8%y

NN F D

y* =1, yx = z'y)

15: Dy = (z, y|a® =

k:

;- ©

o © I~ & D

8RR R

2347y
B R R 8y

N n o D

y* =1, yx = z'y)

(z,y|z® =

k = 16: D16

3y

Y

SN

™

X

y* =1, yx = 2%)

(z,y|z® =

k=17: D18

o
B R R 8T

< o = D

SR R

N n o D

8 8 8 8 8

A m 0

B gy
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k=18: Dig = (z,y|z® = y* = 1, yz = 28y)

x 20 y Ty xty
x x? x’ %y y >y
x® x’ 3 2y 2ty 2y
Y Ty 2%y 1 T x?
Ty %y Ty 8 1 23
xty oy Ty x° x° 1
k=19: Dyy = (z,y|z' = y? = 1, yzr = 2°%)
x x? xt Y Ty
T x? x? x° 2y Y
x? x? x? 20 22y 2y
x? 20 28 28 2%y 2Ty
Y Ty %y zhy 1 T
Ty %y 23y oy x? 1
k= 20: Dyy = (z,y|z' = y? = 1, yz = 2°)
x x? y Ty xty
x x? x° %y y >y
x? x° 28 2%y 2Ty Y
Y Ty xty 1 T x?
Ty %y %y x? 1 23
2ty | 2y 2By 20 a7 1
k=21: D3y = (z,y|lz"® = y? = 1, yzr = z'y)
x x? 28 Y 2%y
p 2 3 =7 Ay Dy
2 23 A 8 2By 2y
e .7 28 212 %y y
Y Ty %y 2%y 1 x°
2Ny | 2Ty ¥y 2%y x? 1
k= 22: D3y = (z,y|lz"® = y? = 1, yzr = z'y)
x 3 y 2y 2By
x x? x? oy 2%y 2y
23 A e 2y y 2y
Y Ty 3y 1 3 28
Sy | aly 2y 212 1 5
Sy | Oy 2y 27 10 1
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k = 23: G = Sg, the symmetric group of degree 6.

(12) (143) (1435) (136452) (134)
(12) (1) (1243) (12435) (23645) (1234)
(143) (1432) (134) (1345) (152)(46) (1)
(1435) | (14352)  (1354) (13)(45)  (1532)(46) (35)
(136452) | (13645) (245)(36) (1524)(36) (165)(234) (145236)
(134) (1342) (1) (15) (164352) (143)
k = 24: G = Sg, the symmetric group of degree 6.
(12) (143) (1435) (12345) (136452)
(12) (1) (1243) (12435) (1345) (23645)
(143) | (1432)  (134) (1345)  (15)23)  (152)(46)
(1435) | (14352)  (1354)  (13)@5)  (1523)  (1532)(46)
(12345) | (2345)  (12)(45) (1254) (13524)  (264)(35)
(136452) | (13645) (245)(36) (1524)(36) (14)(365) (165)(234)
k = 25: G = Sg, the symmetric group of degree 6.
(12) (143) (1435) (16345) (136452)
(12) (1) (1243) (12435) (126345) (23645)
(143) (1432) (134) (1345) (15)(36)  (152)(46)
(1435) (14352) (1354) (13)(45) (1563)  (1532)(46)
(16345) | (163452) (16)(45) (1654) (13564)  (142)(35)
(136452) | (13645) (245)(36) (1524)(36) (14)(265) (165)(234)

2.3.2 Squares with 5 Distinct Elements

There are altogether 1338 non-commutative generalized Latin squares of
order 5 with 5 distinct elements, which are listed lexicographically in Appendix
C. These squares can be divided into 21 equivalence classes, where the square
with the minimum ordinal number in a class is chosen to be the representative
of that class. Recall that two Latin squares L and L’ are isomorphic if L’ can
be obtained by performing a permutation of rows and the same permutation of

columns on L. Based on the algorithm in [16], we obtain the following algorithm

used to generate the squares and divide them into their equivalence classes:
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Algorithm 2: Generate and divide non-commutative generalized Latin

squares of order 5 into their equivalence classes
1. Generate non-commutative generalized Latin square S; for ¢ > 1.
2. Assign ordinal number 7 to S;.
3. If i = 1, create new equivalence class with S; as the representative square.
4. Else,

4.1. Perform permutations on S;.
4.2. Rename elements in .5;.
4.3. Compare with representative squares S; for j < 1.
4.3.1. If S, is isomorphic to S;, add S; to equivalence class represented
by S;.
4.3.2. Else, create new equivalence class with S; as the representative

square.

The equivalence classes obtained are shown in the following table:

Table 2.4: Equivalence classes of non-commutative general-
ized Latin squares of order 5 with 5 distinct elements

Representative Squares in the same equivalence class
1 3,29, 31,51, 53, 59, 66, 74, 107, 108, 127, 144, 155,
ABCDE 178, 182, 185, 192, 208, 212, 239, 262, 278, 282, 307,
BADEC 311, 314, 330, 453, 454, 573, 574, 866, 869, 895, 898,
CDEAB 1177, 1180, 1256, 1259
DEBCA
ECABD
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Table 2.4: (Continued)

Representative

Squares in the same equivalence class

2
ABCDE
BADEC
CDEAB
ECABD
DEBCA

4,13,15, 18,20, 30, 32, 33, 35, 46, 48, 49, 55, 57, 68,
73, 80, 81,98, 103, 105, 109, 114, 115, 121, 126, 129,
145, 148, 150, 154, 166, 167, 180, 183, 184, 190, 202,
204,209, 211, 221, 224, 238, 243, 246, 250, 251, 263,
272,275,279, 281, 302, 305, 309, 312, 313, 328, 331,
337,341, 348, 355, 386, 392, 409, 446, 458, 486, 519,
522,525,557, 577, 591, 609, 650, 653, 670, 685, 707,
711,716,717,744,749,7717,778, 811, 838, 863, 868,
883, 897,927,949, 969,972, 1013, 1016, 1055, 1058,
1080, 1083, 1086, 1088, 1111, 1112, 1146, 1175,
1182, 1207, 1228, 1244, 1260, 1282, 1285, 1322

ABCDE
BADEC
CEABD
DCEAB
EDBCA

21, 25, 38, 381, 403, 673, 742, 1007, 1051

ABCDE
BADEC
CEABD
EDBCA
DCEAB

8,9, 11, 22, 24, 26, 28, 37, 39, 42, 44, 79, 82, 83,
113,116, 117,168, 169, 171, 230, 232, 236, 248, 249,
252, 285,289,291, 362, 397,427,493, 497, 529, 547,
613, 638,641,679, 741,775,776, 809, 835, 929, 955,
985, 988, 1026, 1052, 1113, 1114, 1150, 1206, 1230,
1298, 1301, 1328

ABCDE
BADEC
CEBAD
DCEBA
EDACB

23,27,40,78,101, 112, 123, 151, 170, 205, 222, 242,
253,274,301, 382, 384, 404, 407, 450, 533, 561, 626,
674, 671, 746, 750, 803, 836, 930, 943, 1008, 1010,
1053, 1057, 1138, 1205, 1229, 1316

10
ABCDE
BADEC
DCEAB
EDBCA
CEABD

12, 41, 43, 439, 455, 456, 498, 499, 530, 570, 575,
576, 614, 642, 658, 769, 794, 815, 823, 871, 875,
911,914,941, 956, 986, 991, 1106, 1133, 1154, 1185,
1188, 1196, 1242, 1272, 1275, 1297, 1306, 1327
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Table 2.4: (Continued)

Representative

Squares in the same equivalence class

14
ABCDE
BADEC
DE ACB
ECBAD
CDEBA

17, 34, 45, 344, 345, 352, 353, 369, 371, 379, 385,
405, 410, 418, 420, 675, 686, 693, 694, 703, 708,
712,724,728,733,735,758, 1005, 1015, 1027, 1028,
1039, 1048, 1050, 1069, 1076, 1079, 1087, 1095

16
ABCDE
BADEC
DEBCA
ECABD
CDEAB

19, 36, 47, 374, 380, 406, 425, 445, 472, 477, 542,
558, 586, 603, 617, 676, 700, 732, 761, 812, 826,
864, 880, 884, 887,925, 962, 1006, 1031, 1041, 1072,
1145, 1181, 1189, 1201, 1226, 1243, 1248, 1333

50
ABCDE
BCAED
CDEAB
EADBC
DEBCA

56, 58, 67, 76, 84, 86, 95, 102, 106, 110, 122, 128,
134, 136, 141, 146, 152, 157, 158, 160, 173, 189,
195, 199, 200, 203, 206, 219, 223, 229, 234, 241, 245,
254,260, 267, 269, 273, 277, 286, 293, 304, 306, 315,
319, 322, 325, 359, 361, 398, 401, 429, 435, 444, 451,
467,494, 507, 527, 537, 544, 549, 555, 564, 571, 600,
611, 619, 630, 637, 666, 680, 683, 743, 747,763,779,
801, 807, 814, 829, 834, 837, 856, 865, 900, 901, 919,
928,931, 947, 951, 958, 979, 990, 1022, 1025, 1056,
1060, 1100, 1122, 1142, 1144, 1147, 1165, 1178,
1200, 1208, 1209, 1220, 1227, 1232, 1257, 1264,
1296, 1299, 1320, 1326, 1329

52
ABCDE
BCAED
CDEBA
EADCB
DEBAC

54, 60, 61, 64, 65, 69, 72, 179, 187, 188, 193, 194,
197,198, 201, 308, 316, 317, 320, 321, 323, 326, 329,
357,360, 370,372, 375, 389, 394, 402, 412,417, 419,
424,433,443, 460, 470, 478, 485, 515,517, 523, 528,
551, 556, 579, 585, 592, 605, 607, 612, 646, 652, 672,
684, 688, 691, 692, 698, 730, 734, 736, 753,756, 759,
764,780, 813, 821, 828, 831, 849, 860, 870, 878, 888,
892, 896, 909, 933, 935, 957, 966, 971, 998, 1011,
1019, 1021, 1029, 1030, 1034, 1043, 1047, 1049,
1066, 1067, 1074, 1099, 1121, 1148, 1156, 1170,
1171, 1179, 1191, 1197, 1204, 1234, 1236, 1247,
1253, 1255, 1270, 1286, 1307, 1330, 1337
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Table 2.4: (Continued)

Representative

Squares in the same equivalence class

62
ABCDE
BCAED
DEBAC
EADCB
CDEBA

63, 70, 71, 87, 92, 99, 100, 124, 125, 133, 138, 149,
153, 161, 176, 181, 186, 191, 196, 207, 214, 216, 220,
244,247,257, 266, 276, 295, 297, 303, 310, 318, 324,
327,333, 335, 339, 350, 356, 390, 391, 411, 437, 448,
457, 484, 489, 504, 509, 520, 535, 545, 559, 566, 578,
593, 622, 628, 633, 649, 659, 664, 669, 687,709, 713,
715,718,745,748, 784,786, 789, 790, 799, 806, 827,
832, 858, 859, 902, 910, 934, 936, 945, 954, 967, 974,
978, 980, 1014, 1020, 1054, 1059, 1082, 1084, 1085,
1090, 1117, 1119, 1123, 1124, 1136, 1139, 1163,
1172, 1198, 1203, 1233, 1235, 1263, 1269, 1280,
1283, 1289, 1295, 1318, 1323

75
ABCDE
BCDE A
CAEBD
EDACB
DEBAC

93, 94, 104, 111, 130, 137, 142, 147, 156, 172, 177,
213,215, 228, 235, 240, 255, 256, 261, 287, 292, 296,
298, 334, 336, 340, 343, 346, 349, 351, 354, 364, 376,
399,423,431, 436,473, 480, 487, 490, 495, 516, 536,
546, 553,563, 583, 602, 621, 627, 631, 634, 640, 645,
681, 696, 704, 705, 710, 714, 720, 721, 723,726, 727,
757,783,785, 787, 788, 808, 820, 833, 844, 850, 867,
891, 899, 920, 923, 946, 953, 977, 987, 996, 1001,
1024, 1036, 1040, 1070, 1075, 1078, 1081, 1089,
1091, 1094, 1096, 1097, 1118, 1120, 1125, 1126,
1143, 1157, 1169, 1176, 1210, 1215, 1219, 1222,
1254, 1258, 1290, 1302, 1309, 1314, 1317, 1324

71
ABCDE
BCDE A
CDEAB
EABCD
DEABC

90, 97, 118, 119, 140, 143, 164, 175, 210, 217, 226,
237, 258, 271, 280, 283, 300, 365, 368, 387, 395,
414,415,461, 481, 491, 506, 581, 590, 635, 661, 668,
689, 702, 738, 739,752,781, 792, 854, 861, 905, 908,
976, 983, 1003, 1018, 1037, 1045, 1062, 1063, 1116,
1127, 1161, 1174, 1266, 1267, 1287, 1292

85
ABCDE
BCDE A
DAEBC
EDACB
CEBAD

89, 131, 135, 159, 163, 227, 233, 264, 268, 288, 294,
363, 373,400, 426, 430, 438, 441, 447, 452, 468, 469,
476, 496, 500, 503, 510, 531, 538, 541, 543, 550, 560,
565,568, 572,587,599, 606, 618, 620, 624, 629, 639,
657, 660, 663, 682, 699, 729, 760, 770, 773,796, 797,
800, 802, 805, 818, 825, 830, 839, 842, 847, 857, 873,
877,890,904, 913,918, 926, 932, 938, 940, 948, 952,
960, 961, 968, 982, 989, 992, 1023, 1032, 1044, 1073,
1102, 1105, 1130, 1131, 1135, 1140, 1141, 1151,
1160, 1164, 1183, 1192, 1199, 1202, 1212, 1213,
1225, 1231, 1237, 1239, 1245, 1261, 1276, 1277,
1279, 1293, 1300, 1305, 1319, 1325, 1331, 1334
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Table 2.4: (Continued)

Representative

Squares in the same equivalence class

88
ABCDE
BCDE A
DAECB
EDABC
CEBAD

132, 162, 231, 265, 290, 428, 463, 508, 540, 548,
598, 615, 665, 765, 810, 845, 855, 903, 921, 963,
981, 1110, 1149, 1166, 1218, 1224, 1262, 1294, 1336

91
ABCDE
BCDE A
DEABC
EABCD
CDEAB

96, 120, 139, 165, 174, 218, 225, 259, 270, 284, 299,
367, 388,413,416, 462, 465, 482,492, 505, 512, 582,
589, 596, 636, 643, 662, 667, 690, 737, 740, 767, 782,
791, 853, 862, 881, 885, 906, 907, 975, 984, 999,
1004, 1017, 1046, 1061, 1108, 1115, 1128, 1162,
1173, 1194, 1250, 1265, 1268, 1288, 1291, 1312

332
ABCDE
CABED
BDEAC
ECDBA
DE ACB

338, 342,347,358, 378,393,421, 432, 434, 442, 459,
474,479, 483, 488, 501, 502, 514, 518, 521, 524, 526,
532,552,554, 567, 580, 584, 594, 601, 608, 610, 623,
632,647,651, 654, 655, 656, 671, 695, 706, 719, 722,
725, 754, 755, 771, 772, 774, 793, 795, 798, 817,
819, 822, 840, 841, 843, 848, 852, 872, 874, 893,
915, 916, 917, 924, 937, 939, 950, 959, 965, 970,
973, 993, 994, 995, 1002, 1012, 1035, 1065, 1068,
1077, 1092, 1093, 1098, 1101, 1103, 1104, 1129,
1132, 1134, 1152, 1155, 1158, 1159, 1167, 1184,
1186, 1211, 1214, 1216, 1221, 1238, 1240, 1252,
1273, 1274, 1278, 1281, 1284, 1303, 1304, 1310,
1313, 1321, 1332, 1338

366
ABCDE
CADEB
BEACD
EDBAC
DCEBA

396, 701, 751, 1038, 1064

377
ABCDE
CADEB
DEBCA
ECABD
BDEAC

383,408, 422,440, 449, 464,471,475, 513, 534, 539,
562,569, 588, 597, 604, 616, 625, 648, 678, 697, 731,
762,766, 804, 816, 824, 846, 851, 876, 879, 889, 894,
912,922,942, 944,964,997, 1009, 1033, 1042, 1071,
1109, 1137, 1153, 1168, 1187, 1190, 1195, 1217,
1223, 1241, 1246, 1251, 1271, 1308, 1315, 1335
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Table 2.4: (Continued)

Representative Squares in the same equivalence class
466 595, 882, 886, 1193, 1249
ABCDE
CDBE A
DAECB
ECABD
BEDAC

511 644, 768, 1000, 1107, 1311
ABCDE
CDEAB
EABCD
BCDE A
DEABC

We next obtain a result which will help us determine which of the squares in

Table 2.4 are not embeddable in any finite group.

Proposition 2.2. Let G be a non-abelian group. There does not exist distinct

elements x, vy, z € G such that x*> = y?, vy = yz and y* # #°.

Proof. If such z, ¥, z exist in G, then x = yzy ! and hence, 22 = yz?y~!. But

then y? = y22y~! which gives us > = 22; a contradiction. O

By using Proposition 2.2, we easily have that the squares isomorphic to
Squares 2, 6, 7, 16, 52, 62, 75, 77, 85, 91, 332 and 377 are not embeddable
in any group. We also show below that Squares 1, 5, 10, 14, 50 and 88 are not

embeddable in any group.

Proposition 2.3. Let L be a generalized Latin square of order 5 with 5 distinct
elements which is isomorphic to Square 1. Then L is not embeddable in any finite

group.
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Proof. Suppose to the contrary that L is embeddable in a finite group GG. Then

there exist distinct elements a, b, ¢, d, e € GG such that

dc =ed 2.1
A =bd (2.2)
e =da (2.3)

By (2.1), we have ¢ = d~'ed. Then bd = (d~'ed)? = d~1e?d (by (2.2)). That is,
b = d~'e?. We then have db = €* = da (by (2.3)). It follows that b = a, which

is a contradiction. Hence, L is not embeddable in any finite group. 0

Proposition 2.4. Let L be a generalized Latin square of order 5 with 5 distinct

elements which is isomorphic to Square 5. Then L is not embeddable in any finite
group.

Proof. Suppose to the contrary that L is embeddable in a finite group GG. Then

there exist distinct elements a, b, ¢, d, e € GG such that

bd =eb (2.4)
de =-eb (2.5)
e = d? (2.6)

By (2.4) and (2.5), we have b = ebd~! and b = e~ 'de. Therefore

b=ebd ' = e lde
= ¢eb = e 'ded
= e’b = ded
= d*b = ded  (by(2.6))
= db = ed
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which is a contradiction. Hence, L is not embeddable in any finite group. [

Proposition 2.5. Let L be a generalized Latin square of order 5 with 5 distinct

elements which is isomorphic to Square 10. Then L is not embeddable in any

finite group.

Proof. Suppose to the contrary that L is embeddable in a finite group GG. Then

there exist distinct elements a, b, ¢, d, e € G such that

ae =eb 2.7
b =ce (2.8)
a’> =dc (2.9)

From (2.7), we have b = e 'ae. Then ce = (e7'ae)? = e"1a’e (by (2.8)). and
hence ¢ = e~'a®. We then have ec = a®> = dc (by (2.9)). It follows that ¢ = d,

which is a contradiction. ]

Proposition 2.6. Squares 14, 50 and 88 are not embeddable in any groups.

Proof. Suppose that there exists a group G and elements a, b, ¢, d, e € G such
that the multiplication table of GG is Square 14. Then ac = be = cb = da = ed.

It follows from this that

a = che !

= (beb " )b(be Tb7h)
= bebe b7t
= b(dad ")b(da"'d )bt

= bdad 'bda"'d" b1
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Therefore

abda = bdad 'bd
= ada = dad 'bd (" ab = ba)
= dba = dad 'bd (. ad = db)
= ba = ad 'bd
= b=d'bd (. ba=ab)

= db=10d,

which is a contradiction.

Now suppose that there exists a group G and elements a, b, ¢, d, e € GG such
that the multiplication table of GG is Square 50. Then bd = cb = dc. Hence
b = ded™' = (cbe™V)e(eb™tc™t) = cbeb~te™!. Tt follows that beb = cbe and
hence cdb = cbc which implies that db = bc; a contradiction.

Next, suppose that there exists a group G and elements a, b, ¢, d, e € G
such that the multiplication table of GG is Square 88. Then bc = de = eb. Hence
d = ebe™! = (beb™1)b(be™tbY) = bebe b, Tt follows that dbc = beb and

hence bec = bcb which implies that ec = ¢b; a contradiction. O

Finally, we show that the three remaining representative squares are embed-

dable in finite groups.

Square 366: Embeddable in D1y = (z,y|z® = y? = 1, yz = 2y).

y 2y 2y 2y ay
Y 1 x’ x? z? x
2y | a? 1 x? x x3
2%y | a3 x 1 x? x?
xty x x? 3 1 x?
xy z? x? T 23 1
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Square 466: Embeddable in

G=(z,y,zl2* =y, * =1,2"= 1,0 2w = 2% y oy = 2*).

rz? a2 T Tz

22 Yz y y2? oy oyt

xzt | oyt y2? y yzt Yz
zzd | y2? Yz y2t oy y

x yzt o yd Yz y yz?

Tz y yzt oy Yz yz3

Square 511: Embeddable in

G={(r,y 2zl =y y*=1,2"= 1,27 2w = 2%y oy = 2*%).

4 2

l'yZ a:yz?’ .’L'yZ xyz l’y
ryzt yz yz? y yz>  yz
xy2 y yz? yzt Yz yz3
xyz® |yt yz yz° y yz’
Ty yz? y yz? yzt oz
zy yz? yzt yz yz® y

2.3.3 Squares with 24 and 25 Distinct Elements

In this section, we consider the generalized Latin squares of order 5 with
24 and 25 distinct elements, and show that all of the squares are embeddable
in groups. We first look at the squares with 24 distinct elements. There are

altogether 200 squares as follows:

ABCDE ABCDE ABCDE ABCDE ABCDE
«FGHI FBGHI FGyHI FGHSI1 FGHI ¢
JKLMN JKLMN JKLMN JKLMN JKLMN
OPQRS OPQRS OPQRS OPQRS OPQRS
TUVWX TUVWX TUVWX TUVWX TUVWX
ABCDE ABCDE ABCDE ABCDE ABCDE
FGHIJ FGHIJ FGHIJ FGHIJ FGHI]J
(KLMN KpLMN KLOMN KLM:N KLMNgx
OPQRS OPQRS OPQRS OPQRS OPQRS
TUVWX TUVWX TUVWX TUVWX TUVWX

40



ABCDE ABCDE ABCDE ABCDE ABCDE
FGHIJ FGHIJ FGHIJ FGHIJ FGHI]J
KLMNO KLMNO KLMNO KLMNO KLMNO
APQRS PuQRS PQrvRS PQRE¢S PQRSo
TUVWX TUVWX TUVWX TUVWX TUVWX
ABCDE ABCDE ABCDE ABCDE ABCDE
FGHIJ FGHIJ FGHIJ FGHIJ FGHI]J
KLMNO KLMNO KLMNO KLMNO KLMNO
PQRST PQRST PQRST PQRST PQRST
TUVWX UpVWX UVseWX UVW7rX UVWXvw

where Square 1 is obtained by replacing o with B, Square 2 is obtained by
replacing o with C, and so on as shown below:

a =B(1), C(2), D(3), or E(4);

B =A(5), C(6), D(7), or E(8);

~ = A(9), B(10), D(11), or E(12);

§ = A(13), B(14), C(15), or E(16);

e = A(17), B(18), C(19), or D(20);

¢ = B(21), C(22), D(23), E(24), G(25), H(26), 1(27), or J(28);

n = A(29), C(30), D(31), E(32), F(33), H(34), I(35), or J(36);

6 = A(37), B(38), D(39), E(40), F(41), G(42), 1(43), or J(44);

L = A(45), B(46), C(47), E(48), F(49), G(50), H(51), or J(52);

K = A(53), B(54), C(55), D(56), F(57), G(58), H(59), or 1(60);

X =B(61), C(62), D(63), E(64), G(65), H(66), 1(67), J(68), L(69), M(70), N(71),
or 0(72);

1= A(73), C(74), D(75), E(76), F(77), H(78), 1(79), 1(80), K(81), M(82), N(83),
or O(84);

v = A(85), B(86), D(87), E(88), F(89), G(90), I(91), J(92), K(93), L(94), N(95),
or 0(96);

¢ = A(97), B(98), C(99), E(100), F(101), G(102), H(103), J(104), K(105),
L(106), M(107), or O(108);

o = A(109), B(110), C(111), D(112), F(113), G(114), H(115), I(116), K(117),
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L(118), M(119), or N(120);

7 = B(121), C(122), D(123), E(124), G(125), H(126), I(127), J(128), L(129),
M(130), N(131), O(132), Q(133), R(134), S(135), or T(136);

p = A(137), C(138), D(139), E(140), F(141), H(142), 1(143), J(144), K(145),
M(146), N(147), O(148), P(149), R(150), S(151), or T(152);

o = A(153), B(154), D(155), E(156), F(157), G(158), 1(159), J(160), K(161),
L(162), N(163), O(164), P(165), Q(166), S(167), or T(168);

7= A(169), B(170), C(171), E(172), F(173), G(174), H(175), J(176), K(177),
L(178), M(179(, O(180), P(181), Q(182), R(183), or T(184);

v = A(185), B(186), C(187), D(188), F(189), G(190), H(191), 1(192), K(193),

L(194), M(195), N(196), P(197), Q(198), R(199), or S(200);

By using Algorithm 2, we divide these squares into 5 equivalence classes as

shown below:

Table 2.5: Equivalence classes of non-commutative general-
ized Latin squares of order 5 with 24 distinct elements

Representative Squares in the same equivalence class

1 22,34,63,79, 95, 124, 144, 164, 184

2 3,4, 10, 14, 18, 21, 23, 24, 26, 30, 33, 35, 36,
47,51, 55,59, 61, 62,64, 67,71,75,77,78, 80,
83, 87,91, 93, 94, 96, 112, 116, 120, 121, 122,
123, 128, 132, 136, 140, 141, 142, 143, 148,
152, 156, 160, 161, 162, 163, 168, 172, 176,
180, 181, 182, 183
5 37,42,97, 102, 107, 185, 190, 195, 200
6 7,8,9,13,17, 25,29, 38, 39,40, 41, 43, 44, 45,
50, 53, 58, 65, 70, 73, 82, 85, 90, 98, 99, 100,
101, 103, 104, 105, 106, 108, 109, 114, 119,
125, 130, 135, 137, 146, 151, 153, 158, 167,
169, 174, 179, 186, 187, 188, 189, 191, 192,
193, 194, 196, 197, 198, 199
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11 12,15, 16, 19, 20, 27, 28, 31, 32, 46, 48, 49, 52,
54, 56, 57, 60, 66, 68, 69, 72, 74, 76, 81, 84, 86,
88, 89, 92, 110, 111, 113, 115, 117, 118, 126,
127, 129, 131, 133, 134, 138, 139, 145, 147,
149, 150, 154, 155, 157, 159, 165, 166, 170,
171, 173, 175, 177, 178

In the following, we show that all the squares in Table 2.5 are embeddable in

groups.

Square 1: Embeddable in S5.

(123) (132) (234) (1342) (125)
(123) (132) (1) (13)(24) 24) (15)(23)
(132) (1) (123) (142) (1423) (135)
(234) | (12)(34)  (134) (243) (1324)  (12345)
(1342) (34) (1234)  (1432)  (14)(23)  (1345)
(125) | (13)25)  (253)  (13425)  (2534) (152)

Square 2: Embeddable in S5.

(123) (124) (234) (12) (125)
(123) (132) (145)(23) (13)(24) 23) (15)(23)
(124) | (13)(24) (142) (134) (24) (15)(24)
(234) | (12)(34) (123) (243) (1234)  (12345)
(12) (13) (14) (1342) (1) (15)
(125) | (13)25)  (14)25)  (13425) (25) (152)

Square 5: Embeddable in S5.

(12) (13) (124) (1432) (125)
(12) 1) (123) (14) (243) (15)
(13) (132) (1) (1324)  (12)(34)  (1325)
(124) (24) (1243) (142) (23) (15)(24)
(1432) | (143)  (14)(23) (34) (13)24)  (1435)
(125) (25) (1253)  (14)25)  (2543) (152)

Square 6: Embeddable in S5.

(12) (143) (1234) (124) (125)

(12) (D) (1243) (134) (14) (15)
(143) | (1432) (134) (23) (243) (14325)
(1234) | (234) (12) (13)(24) (1423)  (15)(234)
(124) (24) (123) (1342) (142) (15)(24)

(125) (25) (12543)  (134)(25)  (14)(25) (152)
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Square 11: Embeddable in Sg.

(12) (143) (1435) (12345) (136452)

(12) (1) (1243) (12435) (1345) (23645)
(143) (1432) (134) (1345) (15)(23) (152)(46)
(1435) (14352) (1354) (13)(45) (1523) (1532)(46)
(12345) (2345) (12)(45) (1254) (13524) (264)(35)
(136452) | (13645) (245)(36) (1524)(36) (14)(365) (165)(234)

There is only one non-commutative generalized Latin square of order 5 with

25 distinct elements:

ABCDE
FGHI]J
KLMNO
PQRST
UVWXY

This square is embeddable in Sg, the symmetric group of degree 6, as shown

below:
(12) (143) (1435) (16345) (136452)
(12) (1) (1243) (12435) (126345) (23645)
(143) (1432) (134) (1345) (15)(36) (152)(46)
(1435) (14352) (1354) (13)(45) (1563) (1532)(46)
(16345) (163452)  (16)(45) (1654) (13564) (142)(35)
(136452) | (13645) (245)(36) (1524)(36) (14)(265) (165)(234)
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CHAPTER 3

SOME CONSTRUCTIONS OF NON-COMMUTATIVE GENERALIZED

LATIN SQUARES OF ORDER n

3.1 Introduction

In the previous chapter, we have investigated the non-commutative generalized
Latin squares of order 5 with 5, 24 and 25 distinct elements. We now turn our
attention to the non-commutative generalized Latin squares of order n. Note that
the generalized Latin squares of order n with n? elements is a trivial case since
only one such square exists for every n > 3. Therefore, in this chapter we will
look at the classes of non-commutative generalized Latin squares of order n with
n? — 1 and n distinct elements. We know that generalized Latin squares have
various applications in graph theory since they can be represented by graphs.
One of these applications is related to Eulerian graphs since these graphs can
be used to represent generalized Latin squares of order n with n? — 1 distinct
elements. Hence, we begin by investigating the generalized Latin squares of
order n with n? — 1 distinct elements in Section 3.2. We show that the number of
equivalence classes of generalized Latin squares of order n with n? — 1 distinct
elements is four if n = 3 and five if n > 4. We then show that all of these squares

are embeddable in groups regardless of whether n is odd or even.

In Section 3.3, we investigate the non-commutative generalized Latin squares
of order n with n distinct elements. We start by showing the existence of at

least three non-isomorphic non-commutative generalized Latin squares of order
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n with n distinct elements which are embeddable in groups when n > 5 is odd.
By using a similar construction for the case when n > 4 is even, we show that
the non-commutative generalized Latin squares of order n are not embeddable

in groups.

3.2 Constructions of Generalized Latin Squares of Order n with n? — 1

Distinct Elements

We first note that the number of generalized Latin squares of order n with n? — 1
distinct elements is 3n%(n — 1)?. Indeed, since there are n? — 1 distinct elements,
exactly one of these elements (say X) will appear twice in the square. Suppose
that X has appeared once before and appears for the second time in row r and
column s. This means that X may be chosen from any one of the elements which
appear in row ¢ and column j wherei € {1,...,r—1}and j € {1,...,n}\{s}.
There are therefore (r — 1)(n — 1) possible choices for X. Since X may occupy
any one of the n positions in the rth row and the number of possible choices
for X is (r — 1)(n — 1) at each of these positions, it follows that the number of
ways a repeated element may appear in row 7 is n(r — 1)(n — 1). Then since the
repeated element may appear from row 2 to row n, we have that the number of

generalized Latin squares of order n with n? — 1 distinct elements is

n

Zn(r —1)(n—1)

r=2
= nn-1)1+2+---+(n-1))
1
= §n2(n—1)2.
Let L = (a;) be a generalized Latin square of order n with n? — 1

distinct elements. We consider the following cases and determine the number
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of generalized Latin squares in the same equivalence class as L in each case:

(i) Case 1: a1 = a92
Let L' = (b;;), be a generalized Latin square of order n with n? — 1 distinct

elements such that b; = b;; for 1 <i < j < n. Then L' is isomorphic to L

n(n—1)
5

and the total number of squares in this equivalence class is (72‘) =
(ii) Case 2: a19 = a9

Any generalized Latin square L' = (b;;),, with n?—1 distinct elements such

that b;; = b;; for 1 <7 < j < n is isomorphic to L and the total number of

squares in this equivalence class is (}) = "("2_1).
(iii) Case 3: 12 = 423
Any generalized Latin square L' = (b;;), with n? — 1 distinct elements

such that b;; = bj, for 1 < 4, j,k < n where all ¢, j, k are distinct integers
is isomorphic to L. The total number of squares satisfying this condition is

n(n—1)(n — 2).

(iv) Case 4: a1 = ao3
Any generalized Latin square L' = (b;;),, with n? — 1 distinct elements
such that b;; = b, for 1 < 7,7, s < n where all 4, r, s are distinct integers
is isomorphic to L. The total number of squares satisfying this condition is

n(n—1)(n — 2).

(v) Case 5: a13 = ag
Let L' = (b;;), be a generalized Latin square of order n with n* — 1 distinct
elements such that b;; = b, for 1 < 4,57 < n, 1 < r,s < n where
all 7, 7,7, s are distinct integers is isomorphic to L. The total number of

squares satisfying this condition is n(n — 1)(n — 2)(n — 3).

By adding the number of squares in all the equivalence classes above we

obtain the total number in?(n — 1)2. We have thus shown that the number of
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equivalence classes of generalized Latin squares of order n with n? — 1 distinct

elements is 4 if n = 3 (Case 5 is excluded) and 5 if n > 4.

Next, we show that all the non-commutative generalized Latin squares of
order n with n? — 1 distinct elements are embeddable in groups (n > 3). In what
follows, let T} be a subset of the group (&; such that the multiplication table of 7;
is a generalized Latin square of order n with n? — 1 distinct elements isomorphic
to Square ¢ (¢ = 1, ..., 5). The notation S,, as usual denotes the symmetric

group of degree n.

Square 1: L = (aij)n where ai; = a99.
Forn = 3,take G = (z, y | ' = y* = 1, yr = 23y) and T} = {xy, y, =}. For

n>4,take Gy = Spprand Ty = {(12), (13)}U{(123a) |4 <a<n+1}.

Square 2: L = (aij)n where a19 = a91.
For n = 3, take Go = Syand T, = {(123), (132), (1234)}. For n > 4, take

Gy = Spprand Ty = {(123), (132)} U{(123a) |4 <a<n+1}.

Square 3: L= (aij)n where a19 = Q93.
For n = 3, take G3 = Sy and T3 = {(124), (134), (132)}. For n > 4, take

G3 =S, and T5 = {(124), (134), (132)}U{(1234a)|5<a<n+1}.

Square 4: L = (a;;), where aj; = ass.
Forn = 3, take G4, = Sy and Ty, = {(143), (12), (1234)}. For n > 4, take

Gy=S,and Ty = {(143), (12), (12340} U{(1234a)|5<a<n+1}.

Square 5: L = (a;;), where a;3 = asy.
For n = 4, take G5 = S5 and T5 = {(12), (143), (12345), (1435)}.

For n > 5, take G5 = S,41 and T = {(12), (143), (12345), (1435)} U
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{(12345a) |6 <a<n+1}.

Collecting the above results, we obtain the following:

Proposition 3.1. The generalized Latin squares of order n with n*> — 1 distinct

elements are embeddable in groups (n > 2).

We end this section by using the generalized Latin squares of order 6 with 35
distinct elements as an example of the results obtained previously. We first list

down the five representative squares:

1 2 3 4 5
ABCDEF ABCDEF ABCDEF ABCDEF ABCDEF
GAHIJK BGHIJK GHBIJK GHAIJK GHICIJK
LMNOPQ LMNOPQ LMNOPQ LMNOPQ LMNOPQ
RSTUVW RSTUVW RSTUVW RSTUVW RSTUVW
XYZapBy XYZapBy XYZafB~vy XYZafBy XYZapy
delCnbB o dednb v delCnb .t delnb o delCnb .

In the following, we show that all five squares are embeddable in groups.

Square 1: Embeddable in S; where

Ty = {(12),(13),(1234),(1235),(1236),(1237)}.

(12) (13) (1234) (1235) (1236) (1237)
(12) (1) (123) (134) (135) (136) (137)
(13) (132) (1) (14)(23) (15)(23) (16)(23) (17)(23)
(1234) | (234) (12)(34) (13)(24) (13425) (13426) (13427)
(1235) | (235) (12)(35) (13524) (13)(25) (13526)  (13527)
(1236) | (236) (12)(36) (13624) (13625) (13)(26) (13627)
(1237) | (237) (12)(37) (13724)  (13725) (13726) (13)(27)
Square 2: Embeddable in S; where
T, ={(123),(132),(1234),(1235),(1236),(1237)}.
(123)  (132) (1234) (1235) (1236) (1237)
(123) | (132) (1) (1324) (1325) (1326) (1327)
(132) (1) (123) (14) (15) (16) (17)
(1234) | (1342) (34) (13)(24) (13425) (13426) (13427)
(1235) | (1352) (35) (13524) (13)(25) (13526) (13527)
(1236) | (1362) (36) (13624) (13625) (13)(26) (13627)
(1237) | (1372) (37)  (13724) (13725) (13726) (13)(27)
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Square 3: Embeddable in S7; where

Ty = {(124),(134),(132),(1235),(1236), (1237)}.

(124) (134) (132) (1235) (1236) (1237)

(124)
(134)
(132)
(1235)
(1236)
(1237)

(142) (12)(34)  (243) (135)(24) (136)(24) (137)(24)
(13)(24) (143)  (12)(34) (15)(234) (16)(234) (17)(234)

(134) (14)(23)  (123) (15) (16) a7
(14)(235) (124)(35)  (35) (13)(25)  (13526)  (13527)
(14)(236) (124)(36)  (36) (13625)  (13)(26)  (13627)
(14)(237) (124)(37)  (37) (13725)  (13726)  (13)(27)

Square 4: Embeddable in S; where

Ty = {(143),(12),(1234),(1235),(1236),(1237)}.

(143) (12)  (1234)  (1235) (1236) (1237)

(143)
(12)
(1234)
(1235)
(1236)
(1237)

(134)  (1432)  (23)  (145)(23) (146)(23) (147)(23)
(1243) (1) (134) (135) (136) (137)
(12) (234)  (13)(24)  (13425)  (13426)  (13427)
(12)(354)  (235) (13524) (13)(25) (13526)  (13527)
(12)(364)  (236)  (13624)  (13625)  (13)(26)  (13627)
(12)374)  (237)  (13724)  (13725)  (13726)  (13)(27)

Square 5: Embeddable in S; where

15

= {(12),(143),(12345),(1435),(123456),(123457)}.

(12) (143)  (12345) (1435) (123456)  (123457)

(12)
(143)
(12345)
(1435)
(123456)
(123457)

(1) (1243)  (1345) (12435) (13456)  (13457)
(1432) (134 (15)23) (1345) (156)(23) (157)(23)
(2345)  (12)@5) (13524) (1254) (135246)  (135247)
(14352)  (1354)  (1523) (13)(45) (15236)  (15237)
(23456) (12)(456) (135624) (12564) (135)(246) (1356247)
(23457) (12)457) (135724) (12574) (1357246) (135)(247)

3.3 Generalized Latin Squares of Order n with n Distinct Elements

Let n be a positive integer. Let L = (a;;),, be a non-commutative generalized

Latin square of order n with n distinct elements Ay, Ay, ..., A,. We shall fix

the entries

in the first row of L in the order A;, Ay, ..., A,. The entries in the
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succeeding rows are arranged cyclically in the same order. We look at three

different patterns of L below.

(a) L, = (aij)n where as; = An, as; = An—lu e, Q= AQ.
A Ay Ay ... A,
A, A Ay oo A
Ll — An—l An Al c. An_g
Ay A Ay ... A

) )n=2m+ 1:

Ly = (aij)n where ag = Ao, a31 = Aop—o, . . ., m+1,1 = A,,

Am+42,1 = A2m+1, Am431 = Asm—1y -0 1, A2m+1,1 = As.
Ay Ay Ay ... A,
Ao, Aot Ay oo Ao
A2m72 A2m71 A2m cee A2m73
Aot Ay Ay o Aoy
AZm—l AQm A2m+1 CI AZm—Q
As Ay As ... A
(i) n = 2m:

Ly = (aij)n where a1 = Ay, az1 = Agpa, ..., Am+1,1 = As,

Am+2,1 = A1, Am+43,1 = Azm—s, <oy Q2m1 = A3-

Al AQ Ag Ce An
Agm Al Az cee A2m—1
AQm—Q AQm—l A2m e AQm—?)

Ly= A Az Ay Ay
Amel A2m Al A2m72
A2m—3 A2m—2 A2m—1 A2m—4

A3 A4 A5 AQ

) ()n=2m+ L:
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Ly= (aij)n where ag; = Az, ag1 = As, .. ., Am+1,1 = Aom+1,

Am+42,1 = As, Am+31 = Agy oo, A2m+1,1 = Aoy,
Al AQ Ag Ce An
As Ay As ... A,
As A Ay ... Ay
Ly= Ay A Ay Ao,
A, As Ay Ay
A, As  Ag As
Agm A2m+1 Al A2m—1
(i) n =2m:
Ls = (aij)n Where asy = As, az1 = As, ..., am1 = Aom—1, Gmy11 = Ao,
Am+42,1 = Agy oo, Ao2m,1 = Ao
A Ay Az A,
Ag A4 A5 AQ
As Ag  Aq Ay
L5 - A2m—1 A2m Al A2m—2
Ao A Ay Ay
Ay A5 Ag As
A2m Al AQ A2m71

In [4], it was shown that for each integer n > 3, there exists a non-
commutative generalized Latin square of order n which is embeddable in a

group. Consider the dihedral group

Doy = (z,ylz" =9* = lL,yz =2
of order 2n for n > 3. Let S be a subset of Dy, consisting of the
elements y, zy, ..., 2" 'y. By considering the multiplication table of S with
elements arranged in the order y, xy, . . ., 2" 'y, we obtain the non-commutative

generalized Latin square of order n as given in L. For example, when n = 4,
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we see that

A Ay Ay Ay
A A1 Ay Ay
As Ay Ar Ay
Ay As Ay A

Yy Y 7y 7Y

y 1 x x? 3
Ty 3 1 x x?
2y x? 3 1 x
3y T 22 3 1

3.3.1 Some Generalized Latin Squares of Odd Order Which Are Embed-

dable in Groups

In this section we show that the squares L, and L, are embeddable in groups.
To do this we consider the group

2m+1 __ 1

G = (vyy,zlz2" =y, y" =12 =1,z"
y_lzy =z
= 02m+1><10m2 (m:2,3,)

zr = 2",
2m>

where (), denotes the cyclic group of order n.

1. Let S = {z,zz"" Y 2z"2 ... 2z} C G. The multiplication table of
S when its elements are arranged in the order z,zz" ', x2"2, ... xz
takes the same form as L,. For example, in the case m = 2, we have

G = (x,y, 2|22 = y,y? = 1,2° = 1,720 = 2%,y 12y = 2*) and the

multiplication table below:

x vzt xd x? xz

T y Yz Yz y2t y?
zzt | oyt y? y y2® Yz
x> | oy Yz yzt oy y

2 2 3 1
Tz Yz Y Yz Yz Yz

Tz Yz yzt y2? y yz3
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2. Let S = {zyz""' zy2""2, ..., ryz, vy} C G. The multiplication table of
S when its elements are arranged in the order zy2z"!, xy2""2, ..., 2yz, vy
takes the same form as L,. For example, if m = 3, we have

3 7

G = (z,y,2|23 = y,y® = 1,27 = L,o7lzx = 23,y l2y = 2%) and

the following multiplication table:

rysS  ayZ® ayt oy wy? ayz Ty
xyz® | 282 Al 2z 82 x® 2828 280
ryzd 282 282 8 2823 a8 a8 8P
ryzt z® 2823 a8 282 18 2%z B
ryzd | a8 2822 28 82 282 8 2823
xyz? 820 28z 824 8 2828 288 a8
Yz 824 x® 2823 280 2822 a8 2z

Ty 2823 a8 282 18 %z 282 8

The smallest odd order for the existence of a non-commutative generalized Latin
square is 3. When n = 3, we see that
Ar Ay A
Ly= Ay A3 Ay
Ag Al A2
is a commutative generalized Latin square which can be embedded in Z3 as

shown below.

+ 0 1 2

0 0 1 2

1 1 2 0

2 2 0 1

We also note that when n = 3,
Ay Ay As
L4 == A3 Al A2 == Ll

Ay Az Ay

and hence L, is embeddable in the dihedral group of order 6 as shown below.
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Y T x
Ty x? 1 x
%y x x? 1

3.3.2 Some Generalized Latin Squares of Even Order Which Are Not

Embeddable in Groups

By using Proposition 2.2, we show that the squares L3 and L; are not

embeddable in any group.

1. Consider the square Ls. Suppose that there exists a group G with a subset
S such that the multiplication table of .S takes the same form as L3. By
taking x,y, z as the first, second and (m + 2)-th elements respectively in
the order of elements in the multiplication table of S, we then have that
x, 1y, z satisfy the conditions in Proposition 2.2. But by Proposition 2.2,

such a group does not exist. For example, when n = 4, we have

Al A2 A3 A4
Ay Ay Ay Az
Ay Az Ay Ay
Az Ay Ay Ay

L3 =

Choose z,y,z to be the 1st, 2nd and 4th elements in S. Then

2=y’ =A, 2y =yz=Asandy® = A, # Ay = 22

2. Consider the square Ls. Suppose that there exists a group G with a subset
S such that the multiplication table of S takes the same form as L;. We
consider two separate cases as follows:

(a) Case 1: 3| (n—1)

We choose z,y, z to be the (234 + 1)-th, (2(713—1)

+ 1)-th and first
elements respectively in the order of elements in the multiplication

table of S. For example, when n = 10, we have
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Choose z, ¥, z to be the fourth, seventh and first elements respectively
in the order of elements in the multiplication table of S. Then we see
that 22 = %2 = Ayp, 2y = yz = Ay and y> = Ay # A = 2% Again
by Proposition 2.2, the elements x, y, z cannot be contained in any
group.

(b) Case2:31(n—1)
(i) If 3 | n, we choose x,y,  to be the first, (¥ + 1)-th and (§ + 1)-th

elements in .S. For example, when n = 6, we obtain

A1 AQ Ag A4 A5 AG

Choose x,y, z to be the first, third and second elements respec-
tively in the order of elements in the multiplication table of .S.
Then we see that 22> = y?> = A}, 2y = yz = As and y? =
Ay # A, = 2. By Proposition 2.2, there does not exist any group
containing x, vy, Z.

(i) If 3 1 n, we choose z,y,z to be the first, (%)-tb and

("TH + 1)-th elements respectively in the order of elements in the
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multiplication table of S. For example, when n = 8, we have

Choose 7, y, z to be the first, sixth and fourth elements respectively
in the order of elements in the multiplication table of S. Then we
see that 22 = y? = A, 0y = yz = Ajand y? = A # Ay = 2°.
We again have by Proposition 2.2 that a group containing z, y, z

cannot exist.
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CHAPTER 4

EXHAUSTION NUMBERS OF SUBSETS OF DIHEDRAL GROUPS

4.1 Introduction

Let GG be a finite non-abelian group. For a nonempty subset S of (G, we say that
S is exhaustive if there exists a positive integer n such that S = G. Let ¢(.5)
denote the smallest positive integer n such that S” = G. Then e(S) is called the
exhaustion number of the set S. If such a positive integer n does not exist, we
write e(S) = oo. It is clear that if S is a proper subgroup of G, then e(S) = oc.
Note that if e(S) = n, then S is an n-basis of G. Conversely, if S is an n-basis
of G, then e¢(S) < n. In the case G is an abelian group, we write G additively
and use S™ to denote S + - - - + 5 (n times) for any subset of (G. The exhaustion
numbers of various subsets of finite abelian groups have been investigated in [5]

and [6].

In this chapter, we shall study the exhaustion numbers of various subsets of
one of the finite non-abelian groups, which is the dihedral group. Recall that the

dihedral group may be defined as follows:

Do, = (z,y|2" = y* = 1, ay = ya" )

where 7 is a positive integer and n > 3. The layout of this chapter is as follows:
In Section 4.2, we shall determine the subsets with finite exhaustion numbers.
Clearly, if S = Ds,, then ¢(S) = 1. So we shall focus on the case where

e(S) > 1,if e(.5) exists. We first give some constructions of subsets with certain
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finite exhaustion numbers. We show that for any subset S C Dy, e¢(S) = 2
if n < |S] < 2n — 1. We then give some constructions of subsets S where
e(S) = k for k € {2,3}. Next, we show that if S = {1, z,y, vy, 2%y, ..., 2"y}
for i € {1,3,5,...,n — 3}, then e(S) < ™= when n is even. On the
other hand, if S = {1,z,y,zy, 2%y, ..., 2y} fori € {2,4,6,...,n — 3}, then
e(S) < %H when n is odd. We also give some constructions of subsets
S C Dy, where ¢(S) = n when n is even. Next, we give some constructions of
subsets S C Dy, where e(S) € {n — 1,n} when n is odd. In Section 4.3, we
shall classify the subsets S C Dy, where e(S) = oo. Finally, we show that there
does not exist any subset S in both D15 and D14 such that e(S) = 5. In addition,
we also show that there does not exist any subset S C Ds such that e(S) = k

fork =17,8,9.

Let = be a real number. Throughout this chapter, we shall use the notations
|z| and [z] to denote the largest integer < x and the smallest integer > =,
respectively. It is clear that [x| = |x]| 4+ 1 if x is not an integer. We shall also
use the notation w(n) to denote the number of distinct prime factors of n for any

positive integer n.

4.2 Subsets with Finite Exhaustion Numbers

In this section, we shall study some subsets S C D, with finite exhaustion
numbers. We begin by investigating the exhaustion number of the subset

S ={l,z,2y} C Dy,.

Lemma 4.1. Ler S = {1,z,zy} C Dy,, n > 3 and let r > 2 be a positive

integer. Then
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(i) {1,2,....2"}y C S’

(ii) {72 g =3)  anmly C 57
(iii) {y,zy,..., 2"y} C S";

(iv) {x"= =Dy =3y anly)l C ST
Proof.

(i) Ifa € Si(i > 1), then a € S* for all t > i. Hence, for any positive integer

i<r,wehavezr!=z---2 € 5" C S"sincel € S.

(i) Note thaty = (zy)r € S-S C S forall i > 2. Itis clear that zy € S C S°

for all ¢ > 1. Then

20T — e () € ST ST S = 85T (=2, — 1),

(iii) Since {1,z,2? ... 271} C S™"'and zy € S, we have

{oy, 2%y, ..., 2"y} C S".

Note thaty = (zy)x € S-S C S". Hence, y € S".

(iv) Finally, itis clear that 2"~y = 2™ € §7.5"" =S (i=2,...,r—

1).

Proposition 4.2. Let S = {1,z,zy} C Dy, n > 3. Then

ol ifn is odd

=0 ifnis even.

Proof. We know that every element in Dy, can be written in the form x%y’ for

some i = 0,1,...,n —1and 5 = 0,1. By Proposition 4.1, it is clear that
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ST = Dy, if n — (r —2) < r+ 1. Thatis, r > . Hence, if n is odd,
e D, and therefore e(S) < ”T“ If n is even, then S = D5, and so

e(S) < 2. If n is odd, note that

Since z"3 = " (") = yan_ly, we have that "3 cannot be written as a
product of less than 2! elements of S. Therefore, e(S) = “t if n is odd.

If n is even, note that

—
—
8
&\
8
I3
+
. Do
8
I3
+
. w
8
3
L
—
N
n
I3

s+l — n—(5-1)

. n__ n .
Since x T = yx2 'y, we have that z2 ! cannot be written as a

product of less than 2 -+ 1 elements of S. Therefore, e(S) = 2 +1 = "2 if nis

even. O]

By adding y € Ds, to the subset S = {1,z,xy} above, we have the

following results:

Lemma 4.3. Let S = {1, z,y,zy} C Day,, n > 3 and let v > 2 be a positive

integer. Then
(i) {l,x,...,2"} C S";
(ii) {y,zy,...,x"y} C S”;
(iii) {an= (=1 gn=0=2) g1y C 87,

(iv) {an= =Ny gn==2)y  an=ly} C 57,
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Proof.

() If a € S'(z > 1), then a € S for all t > i. Hence, for any positive integer
1 < r, we have

=x.-.xeSCS.

(i) Since {1,z,2% ...,2"71} C S" 'and y,zy € S, we have

{yu LY, :L‘an .- 7$Ty} cs.

(iii) Note thaty € S C S*foralli > 1. Then

xn_(r—i) _ yl,r—iy e Si.gri—gr (Z =1,2,...,r— ].)

(iv) Finally, note that

Uy =y e ST ST =8 (1=1,2,... 1 — 1).

Proposition 4.4. Ler S = {1, z,y, 2y} C Da,, n > 3. Then

ol ifn is odd
e(s)=4{ °?

0|3

, if n is even.

Proof. We know that every element in D,, can be written in the form x’y’ for
some?=0,1,...,n—1and j = 0,1. By Lemma 4.3, it is clear that S™ = D,
if n — (r —1) < r+ 1. Thatis, » > 7. Hence, if n is odd, S* = D,, and
therefore e(5) < ”T“ If nis even, then Sz = Ds, and so e(S) < 5. If nis odd,

note that

. n—1 n-1
{Lz,...,.002 ;02 ,x 2z ... 2" }CS 7.



n+1

Since 2”7 = yx%y cannot be written as a product of less than “7= elements

of S. Therefore, e(S) = 254 if n is odd. If n is even, note that

S 5+2 . 54+3 n—1 o1
{1, xc2;x2™ g2 2"} C S27,

Since 231! = yx 21y, we have that 22 ™! cannot be written as a product of less

than 7 elements of S. Therefore, e(S5) = 7 if n is even. O]

From Propositions 4.2 and 4.4, the following result is obvious.

Proposition 4.5. Let S, S" be subsets of Da,. If S C S" and e(S) exists, then

e(S") <e(9).
Proof. The result is clear since S™ C S" for any positive integer m. [

Note that |Dy,| = 2n and if ¢ C S C Dy, then 0 < |S| < 2n. We shall

begin with the subsets S where n < |S| < 2n — 1.

Proposition 4.6. Let D,, be the dihedral group of order 2n where n > 4. If S

is a subset of Do, where n < |S| < 2n — 1, then e(S) = 2.

Proof. Let S C D,,. Since |S| > n, we shall consider three cases as follows:

(i) Suppose that {1,z,2% ...,2" '} C S. Given that |S| > n, there
exists 'y € S for some i € {0,1,...,n — 1}. Note that for all

ke{0,1,...,n—1},
$k+iy — k. vy € S2.
Hence, we have

{a'y, a' Ty, ... ,x(”’l)”y} ={y,xy,..., 2" 'y} C S% 4.1)
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(ii)

(iii)

Given that {1,z, 22, ..., 2" '} C Sand 1 € S, we have

{1,z,2% ... 2" '} C 52 (4.2)

Combining (4.1) and (4.2), we have S? = D,,.

Suppose that {y, zy, 2%y,..., 2" 'y} C S. Given that |[S| > n, there
exists #° € S for some i € {0,1,...,n — 1}. Note that for all

ke{0,1,...,n—1},
oy =t ghy e §2.
Hence, we have
{a'y, x' Ty, ... ,x(”_l)Hy} ={y,2y,..., 2" 'y} C S% 4.3)
Given that {y, zy, ..., 2" 'y} C Sand y € S, we have

{1,2,2%,... 2"} C 2 4.4)

Combining (4.3) and (4.4), we have S? = D,,.

Suppose that {1,z,2%, ..., 2" '} € S and {y, 2y, z%y,..., 2"y} € S.
Let

A=5Sn{1, z, 2% ..., 2"}
and

B =Sn{y,xy z%y,..., 2" 'y}

Then A, B # () (because |[S| > n+ 1), S = AUBand ANB =

(. First, we show that z'y € S? for all i € {0,1,...,n — 1}. Let
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|A| = n — k where k € {1,2,...,n—1}. Then |B| = |S| — |A4| >
(n+1)—(n—k) =k+1. Let B = {a™y,a™y,...,a™+y} C B
and let A(z™y) = {27 (z™y) | 2/ € A} fori € {1,...,k + 1}. Then
A(x™iy) # A(x™y) and |A(z™y)| = |A| fori # j,i,5 € {1,...,k+ 1}.
Thus AB' = {a7(z™y) | 27 € A,x™y € B’} has at least |A| + k = n
elements. But since there are only n elements of the form 2y in Dy, it
follows that z'y € AB' C S*foralli € {0,1,...,n — 1}.

Next we show that 2* € S? forall i € {0,1,...,n — 1}. Suppose first that
|A] > [1]. Assume that 2* ¢ S? for some k € {0,1,...,n — 1}. Since
P @) = @A) = @) = = o)
and the 2' commute with one another, we have that the number of ways to

represent z* as a product of two elements of {1, z, ..., "1} is

51, if n is even

[5] —1, ifnisodd
Since z* ¢ S?, so we must have

(51, if n is even

Al < ,
5] —1, ifnisodd

Y

which is a contradiction. Thus ' € S? for all i € {0,1,...,n — 1}.
Now suppose that |B| > [231]. Assume that zF ¢ S? for some
k € {0,1,...,n — 1}. Note that 2* = (y)(z" *y) = (ay) (" y) =
(22y) (" *+2y) = ... = (2" Ly)(2?*1y). If n is odd, the x'y do not
commute with one another. If n is even, then (x'y)(x7y) = (2/y)(x'y) if

and only if i — j = 0 (mod %). Thus, the number of ways to represent z*
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as a product of the x'y is

n

5, ifnisevenand k = 3

n, otherwise

It follows that | B| < [*£1]; a contradiction. We thus have that z* € S? for
alli € {0,1,...,n—1}.
Collecting the above results, we obtain that S? = D,,,.

]

From Proposition 4.6, we see that if n < |S| < 2n, then e(S) = 2. In the
remaining of this section, we will focus on the subsets S where |S| < n. Firstly,

we shall give some constructions of subsets S where e(S) = k for k € {2, 3}.

Proposition 4.7. Let Ds,, be the dihedral group of order 2n where n > 6. Let S

be a subset of Ds,, as follows:

(l) S = {17 .1}'7 ya xyvl’an J}'Sy, e ’xn—3y}, ‘S| =n,

(ii) S = {xz,y, vy, 2%y, 2%y, ..., 2" 3y}, |S|=n—1;
(iii) S = {x, 2%, 23, ..., 2"y, 2y}, |S| =n— 2
Then e(S) = 2.

Proof.

(i),(ii) Since {y,ry, z%y,..., 2" 3y} C Sand x € S, we have

{ay, 2%y, ..., 2" %y} C S%

Note that

" l=y.2'ye S-S forall i=1,2,...,n—3,
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(111)

n—2

and hence, {z"" 1, z"7% ... 2%} C S% Itisclearthat 1 =y -y, v = 2y - v,

2> =x-x,y =2 -yxr, 2" 'y = y-x and hence, 1,z, 22, y, 2" 1y € S%

Thus, S? = D,,, and we have ¢(S) = 2.

Since {z, 2% 2%,..., 2" 4} C Sand 2,2y € S, we have
{22 2% 2%, ... 2" 3} C 52
and
2 .3 4 -3 2
{2y, x°y, 2%y, ..., 2"y} C S°.
Next, we see that x = xy -y, 2" 2 = 22 - 2" 4 2"t =y ay, y =

xy -z, 1y =x -y, " 2y =y a2, 2" 'y =y -xand 1 = y-y. Hence,
2" 2 2y wy, 2" 2y, 2"y, 1 € S? and e(S) = 2.

O

In Table 4.1, we provide the total number of subsets S in both Dy, and D14

where |S| < nand e(S) = 2.

Table 4.1: Number of subsets .S in D15 and Dy4 where |S| <
nande(S) =2

Do Dyy
|S| | Number of subsets | |S| | Number of subsets
4 12 5 434
5 312 6 2212
6 760 7 3332
Total: 1084 Total: 5978

Next, we shall proceed to obtain some subsets .S C Ds,, where e(S) = 3.

Proposition 4.8. Let Ds,, be the dihedral group of order 2n where n > 6. Let S

be a subset of Ds,, as follows:
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(i) S ={1,zy, 2%y, 23y, ....,.2" 'y}, |S| = n;

(ii) S ={1,z,y, vy, 2%y, 2%y, ..., 2" Yy}, |S|=n—1;
(iii) S ={1,z,y, vy, 2%y, 23y,..., 2"y}, |S| =n — 2
Then e(S) = 3.

Proof.

@)

(ii),(iii)

Let a € S° for any positive integer i > 1. Then a € S since 1 € S.

Hence, we have

{1, zy, x2y, xgy, o ,:E"_ly} C S3.

Note that

xn—i—i-l:xy_xiyes.s fori =2,3,...,n—1.

Therefore, {22,..., 2"} C S? C S3. Itis clear that x = 2%y -xy € 5% C
S8,y = (zy) - (2%y) - (zy) € S® and S® = D,,,. Since y cannot be written

as a product of less than 3 elements of S, we have e(.S) = 3.

Since

{y, 2y, 2%y,..., 2" "y} C S (4.5)

and % € S?, we have

{2y, 2%y, ... 2" 3y} C S°. (4.6)

Note that y = 3 - 1 € S?, by multiplying y on the left with all the elements

in (4.5), we see that

{1,222 . 2°} C S5 4.7)



since yz'y = 2" . By combining (4.6) and (4.7), we have

4 n—2

It is clear that z, 22, 23, y, 2y € S3, 2 = y - x - 2" 5y € 83, 2" %y =
y-x-x € SPand 2"y = y-x-1 € S3 Thus, S = D,,. Since
2"~ 2y cannot be written as a product of less than 3 elements of S, we have

e(S) =3.

]

From Propositions 4.7(i) and 4.8(iii), it is clear that e(.S) increases if we
remove the last two elements from the subset S given in Proposition 4.7(i). In
the following, we consider the subset S = {1,z,y, 2y, 2%y, ..., z'y} for some
integer ¢ and obtain an upper bound for e(.S). In the next two propositions, we

will consider the cases where n is even and n is odd separately.

Proposition 4.9. Let Dy, be the dihedral group of order 2n where n > 4 is
even. If S = {1, z,y,x2y,2%y,..., 2y} C Da,, then e(S) < %Hfori =

1,3,5,....,n— 3.

Proof. Let ¢ € S* for k > 1. Then ¢ € S¥*! since 1 € S. Given that i is odd

andi=1,3,5,...,n— 3. Since 1,z € S, we have

n —1 1 —1
xkeSk§S+2l fork:1,2,...,¥
and hence
{1,x,m2,...,xn+§_i} C ST, (4.8)
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Given that {y, zy, 2%y, ..., 2y} C S, we have

"I =gy alye S8 =5% forj=1,2,...,1.

"IN =ty iy e S-S =52 forj=1,2,...,1.

"I = ply . dye S-S =8% forj=1,2,...,i.

Next, note that

xnfjfu:y.xj.xuyeS.Sj-S:Sj+2
xn_j_u+1:xy-xj'xuyES‘Sj'S:Sj+2

PR 2y gty € 5. 50 — Gt

It xiy cd . zy e S - Si. 9 = §it2

4.9)

(4.10)

forj =1,2,..., 2=~ andu = 1,2,...,i. Combining (4.8), (4.9) and (4.10),

we have

n+l—1

{1,z,2% ..., 2" '} CS =
Next, we note that

n+l—q

{y,zy,2%y,... .2y} CSC S 2
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Since z'y € S, we have

. . , ‘ —1—u
py=2al.yec s .5 =51 forj:1,2,...,—n ) !
. . , : —1-
x]+1y:$].gjy€SJ-S:S]+1 fOrj:1,2,..-,¥
, , , . —1—1
Py = i a2y e S .S = St forj=1,2,...,%.
PR T i, g _ gitl . n—1-1
Ty =2 -2'ye §-S=9 fory=1,2,..., 5
Finally, we see that
. , . 1 ) n—1—1
" y=y-22€S-5 =9 forj:1,2,...,T
. v , : —1-
mn_]+1y:xy.xj€S-SJ:S]+l fOI'j:l,Z,...,%
, , . . —1—1
xn_]+2y:$2y'$j€S'Sj:SJ+l fOI'j:l,Q,...,%
o , _ v , —1—
xn_]+zy:xzy.x]€S-Sj:S‘j+l forj:1,2,..-,%
Combining (4.11), (4.12) and (4.13), we have
n+l—1i

{y,zy,2%y,... 2" Tyl C S,

nt+l—i

Thus, S 2 = Ds, and hence ¢(S) < 2=,

(4.12)

(4.13)

]

In Proposition 4.10, we will see that the case where n is odd for

S = {l,z,y,zy,2%y,...,x'y} C Ds, can be proved similarly by considering

even i where i € {2,4,6,...,n — 3}.

Proposition 4.10. Let D,,, be the dihedral group of order 2n where n > 5 is

odd. If S = {1,z,y,zy,2%,...,2'y} C Do, then e(S) < "=t for i =

2,4,6,...,m — 3.
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Proof. Let ¢ € S* for k > 1. Then ¢ € S*™! since 1 € S. Given that i is even

and? = 2,4,6,...,n— 3. Since 1,z € S, we have

n —1 1 —1
aF e SFC S fork = 1,2,...,%
and hence
{1,2,22,..., 272} C 8§ 2. (4.14)

Given that {y, zy, 2%y, ..., z'y} C S, we have

"=y 2dyeS-S=8% forj=1,2,...,i.
M =gy afye S-S =52 forj=1,2,...,i.

2" = g2y iy € S-S =8 forj=1,2,...,i. (4.15)

VT =gty iy e S-S =8% forj=1,2,...,i.

Next, note that

" =yl aty e S 975 = G
"I — gy g gty €S- 878 = 5012

g2 — g2y Lty e § -80S = 52 (4.16)

gV = gy gl gty € §- 87 . 8 = ST

fory=1,2,..., "‘T?’_Z andu = 1,2, ... 4. Combining (4.14), (4.15) and (4.16),

we have
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Next, we note that

n+l—i

{y, 2y, 2%y,..., 2"y} CSC S = .

Since z'y € S, we have

, , . ‘ —1—z
py=2al.yec s .5 =51 forj:1,2,...,—n ) !
, , , . —1—z
Py =gy e 5.8 =50t forj:1,2,...,%
, , . . —1—2
2y =g gty e .5 = Gt forjzl,Q,...,%
L o , , 1
Pty =l 2y e 578 =501 forj:1,2,...,%
Finally, we see that
. . . 1 ] n—1—1
€T Jy:y-,]}‘JES'S]:S] f0rj21,2,...7T
, , ) . —1—1
mn_]+1y:$y.xj€S-SJ:S]+l fOI'j:l,Q,...,%
. . . . 11—
xn_]+2y:x2y.x]€S'SJZSJ+l fOI'j:]_,QP..,%
nejtiy _ iy i i — g+l : n-l-i
x y=xz'y-22€S5-5 =5 fory=1,2,..., 5

Combining (4.17), (4.18) and (4.19), we have

n+l—1

{y,zy, 2%y, ... 2"yl C S,

n+l—i

Thus, S 2 = Ds, and hence ¢(S) < 2=,

4.17)

(4.18)

(4.19)

]

Now we turn our attention to the subsets S where e¢(S) = n — 1 when n is

odd.
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Proposition 4.11. Let S = {z,y,z*y} C D,, where n > 5 is odd. Then

e(S)=n-—1

Proof. Let a € S° for any positive integer i > 1. Then a € S 2 since y - y =

1 € S2. Ttis clear that for all z* € S, we have

{22 2%, ... 2"} C g" L

and

{x, 2%, ... 2"2} C 5" 2

Since y € S, from (4.21), we note that

{ay, 2%y, ... 2" %y} C S" L.

and

{yx,y2®, ... ya" 2} C S" L

Since 2"~ (*Vy = yz?*! fori = 0,1,..., 252, from (4.23) we have

Sy xtyy = {yx,yat, Ly C St

{xn—ly’ T
By combining (4.22) and (4.24), we see that
{ay, 2%y, 2%y ..., 2" 2y, 2"y} C S" L

Note that y = 2" *(z%y) € S"2 - S = S"!. Hence,

{y,zy, 2%y, ..., 2"y} C 5"
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Next from the equation (4.20), we have

{2 2% .. 2" "3y C 93 (4.25)

Since y € S, from (4.25), we see that

{22y, 2y, ..., a" Py, 2" 3y} C S 2 (4.26)

By multiplying 2%y € S on the left hand side with all the elements in the subset

5

{2y, xty, ..., 2" Py, 2" 3y}, we have

{(2®y)2?y, (x®y)2’y, ..., (2®y)z" Py, (22y)a" 3y} C S™ L. (4.27)

Since z" ™2 = gy . ¥y form =1,2,..., 252, from (4.27), we observe
that

{1,272 2" 4. 2", 2%} € 5™ (4.28)

By combining (4.20) and (4.28), we see that

2 .4 .5 .6 n—2 . n—1 n—1
{1,z% 2% 2>, 2", ... ,a" " 2"} C S"

It is clear that z = ya" 3(2%y) € S- 5" 3.5 = 8" land 2* = y2" 3y €
S . S"3.8 = S" 1 Thus we have shown that S~ ! = D,,,.
To show that e(S) = n — 1, we note that zy ¢ S™ 2. Thus, S"? # G. This

completes the proof. O

Remark 1. Let S = {z,y,2%y} C Dy, as described in Proposition 4.11. For
b € D,,, b can be written as a product of a finite number of elements in S, say

Z(b). In the following table, we list down all the possible values of Z(b) for some
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b € Dy, where Z(b) < n. The two different representations of b as a product of

elements in S will be given in the same row. By using the relations yz* = 2"

and 2° = y2" 'y and 2% = 2bya

n—k)a

2%y, we obtain the following:

Table 4.2: e({x,y,2*y}) =n —1,n > 5is odd

b Z(b) b Z(b) Remark
1T (246, .n—1
x 1,3,5,...,n yxly n—1 r =yr" 1y
2?2 1 2,4,6,....n—1| ya" 32y n—2,n 2 =y 2y
23 3,5,...,n yx" 3y n—3n—1 |2%=ys" 3y
x? 4,6,...,n—1 yz"ty | n—4,n—-2n | 2t =y Yy
"2 n—2,n yrly | 2,4,6,...,n—1] 2" ? =yxly
! n—1 Yy 3,5,7,...,n 2" = yay
y 1,3,5,...,n | 2" 2%y n—1 y = 2" 2%y
Ty 2,4,6,...,n—1| ya"! n xy = ya" !
%y 1,3,5,...,n yx"? n—1 r2y = ya" 2
2y |2,4,6,....,n—1| yan3 n—2,n 3y = yan 3
xty 3,5,7,...,n yax 4 n—3n-—1 rty = yan?
"2y n—3n—1 yx? 3,5,7,....n "2y = ya?
v ly n—2,n YT 2,4,6,....,n—1 nly = yx

In Tables 4.3 and 4.4, we list all the subsets S C D;g and S C D4 where

e(S) = n — 1. We see that there are two sizes of S C Dy and S C Dy, which

are |S| = 3 and |S| = 4.

Table 4.3: Subsets S C Dy where e(S) =4

Y

g
S| =3 [S[ =4

{z,y,2%y} | {2% 2y, 2%y} | {27, 2%y, 2%} | {z,2,y,2°y} {a2, 23y, xy}

{w,y, 2%y} | {2% 2%y, 2%} | {2% 2%} | {z, 2%y, 2%} | {22 2%y,2%)

{z,zy, z*y} {23y, zy} {a* zy, 23y} | {z,a* zy,zty} | {22, 23 2%y, 23y}
{? 526211, w‘*z}/} {{:%3, Y, 66421/}} {{xf, 2, 9:44y}} {z, 2%, 2%y, aty} | {2? 2%, 2%y, 2y}

=, Y, xry =, rY,r"yY T ,r'Yy,xry
{2y, 2%y} | {2°, 2%y, 2%}
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Table 4.4: Subsets S C D4 where e(S) = 6

S
ST=3 , S=1
{z.y.2%y} {7,y ay} | {2y, 2%} [ {z,2%y,2%} {27, 2%, y, 2y}
{wy, 2%y} | {2 0.2%) | {«®yaty} | {22%9.2%) | {27 2,y,2%}
{z, oy, 2y} | {2 2y, 2%} | {25 ay,2ly} | {2,2%ay,2%} | {2%2% 2y, 2%}
{z,2y,2%} | {2,2%y,2%} | {a® 2y, 2%} | {2,2%ay,2%} | {a% 2" 2%y, 2%}
2 4 3 .3 4 5 .2 5 6 .2 4 3 4 .3 4
{x’zy7x y} {I "’E y?x y} {x 7Iy7:12 y} {x’x 7'r y7x y} {x 71: 7xy7zy}
{ey, 2%} | {ahyay} | {ef w2yl | {a?20,y,2%y)
{ay,2tyh | ety 2%} | (2% 2%y | {a? 20, y,2%)
{e?, 2y, 2%y} | (ot 2y, 2?y} | {2 ay, 2y} | {2220y, 2ty}
{a?, 2y, 2%y} | {2t 2%y, 2%y} | {af 2y 2} | {a?,2% 2y, 2%}

{22, 2%y, 2%}
{22, 2%, 2%}

{2*, 2%y, 2%y}
{z*, 2%y, 2%}

{ab, 2%y, xty}
{20, 23y, 2%y}
{2°, 21y, 25y}

From Table 4.3, there are altogether 30 subsets S C D;y where e(S) = 4
and from Table 4.4, we see that there are altogether 63 subsets S C Dy, where
e(S) = 6. When n is even, we conjecture that there does not exist any subset
S C Dy, such that e(S) = n — 1. This result will be discussed in more detail in

Section 4.3.1 by using a numerical example.

Note that when n is even, the subset S = {z,y,2%y} considered in

Proposition 4.11 gives us ¢(S) = oo as shown below.

Proposition 4.12. Let S = {x,y, 2%y} be a subset in Ds,, where n > 4 is even.

Then e(S) = oc.

Proof. If 7 is even, we have

Sm = {$)x3)x5a”'7xn717y7x2y7x4y7'")xn72y}7m:g_1)§+17§+37
Smo= (1,22 2% .. xy, 2By, Py, .2y, mo= g,g+2,g+4,
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If % is odd, we have

smo= {1,302,334,...,xy,x3y,m5y,...,x”_1y},m:g—l,g+1,§+3,...
nn n

sSmo= {x,m3,x5,...,x”_l,y,ny,:U4y,...,x”_2y},m:§,§+2,§+4,....

Hence, e(5) = 0. O

Next, we shall consider the subsets S C Ds,, where e(S) = n.

Proposition 4.13. Let n, a and b be integers. Let S = {1,2%, 2%} C Ds,
wheren > 4and 1 < a < b < n—1. Letpi,...,p,m be the distinct prime
factor(s) of n. If p; does not divide b — a for any i € {1, ..., w(n)}, then

e(S) =n.

Proof. Let ¢ € S? fori > 1. Then ¢ € S*™! since 1 € S. We first note that
[{ab=e, p20=a)  g=Db=a) gnb-a)l| — p since p; does not divide b — a for
anyi € {1,...,w(n)}. Letq = |%]| andlet r = [Z]. Then r = ¢ when n is

2

even and r = ¢ + 1 when n is odd. Note that

27 = by .2ty e S?
2200 = (aby-aty) - (aty - ay) € S*
x?)(b—a) _ ($by . xay>3 c 56
Sm if n is even,;
2ab—a) (xby - 2%y)? € 524 —

S"=1.if n is odd.
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and since yz* = 2" %y, we have

x(n—l)(b—a) _ xay . l’by c SZ
x(n—2)(b—a) _ (xay . l’by) . (:L,ay . {L‘by) e 54
x(n—3)(b—a) — (xay X l’by)3 c S6
Sm, if n is even;
wq(bfa) — (xay . xby>q E S2q —
St if nis odd.
Hence, {1, z, 2% 23,..., 2" '} C S™if n is even and

{1,2,2%,2°%, ... 2"y Cc s tcgm

if n is odd since 1 € S. Next, observe that

xa—i—(b—a)y _ l’by cS
xa+2(b7a)y — xby . xay . ley c SS
xa+3(b7a)y — (xby . l,ay)Q . l’by c 85
, , . - S if nis even;
l,a-l—r( —a)y _ ([If Y- xay)r— - xy c Ser—1 =

S, ifnis odd.

79



and since yz* = 2" "y, we see that

xa-i—(n—l)(b—a)y — zay . l’by . xay c SS

xa+(n—2)(b—a)y _ (xay . I’b’y) . (xay . ZL‘by) . xay € 55

xa+(n—3)(b—a)y _ (l,ay . J]by)3 . xay c S7

n—1 : : .
xa+(q+1)(bfa)y _ (xay . xby)rfl Y€ 527’71 _ S ! if n is even;

S*.ifnis odd.

Hence, {y, vy, 2%y, 2%y, ..., 2" 1y} C S"~1 C S™if n is even and

{y, zy, 2%y, 2%y, ..., 2" 'y} C 9"

if nisodd since 1 € S.

Note that if n is even,

{l,b—a’ l,?(b—a)’ o ’x(q—l)(b—a); x(q—&-l)(b—a)’ o ’x(n—l)(b—a)} C Sn—l‘
It is clear that 29¢*~%) cannot be written as a product of less than n elements of

S. If n is odd, we have

{xa+(bfa)y’ xa+2(b7a)y’ o 7:Ca+q(bfa)y; xa+(q+2)(b7a)y’ o ’anr(nfl)(bfa)y} C Snfl.
It is clear that z*+t(@tD(=a)y cannot be written as a product of less than n

elements of S. Therefore, e(S) = n for all n > 4. O

Now we shall look at other possible subsets .S where e(S) = n. In Tables 4.5

and 4.6, we list all the subsets S in D;5 and D14 where e(S) = n.
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Table 4.5: Subsets S C D15 where ¢(S) = 6

S
{Ly,zy} | {1, 2%, 2%} | {23 2y, 2%y}
{1,y,2%} | {1,2%, 2%y} | {3, 2%y, 23y}
{12y, 2%y} | {2y, 2y} | {2® 2y, 'y}
{1, 2%y, 2%y} | {2® y, 2y} | {a3 2y, 2%y}

Table 4.6: Subsets S C Dy, where e(S) =7

S
S| =2 S| =3

{z,y} {:Lf, y} {1,y, 2y} {z,2° y}
{z,zy} | {2* 2y} | {Ly, 2%} | {z,2%2y}
{o, 2%y} | {a*, 2%} | {Ly,2%} | {z,2% 2%}
{z, 2%y} | {a*, 2%} | {Ly, 2%} | {z,2% 2%}
{w, 2y} | {2, 2%} | {Ly, 2%y} | {z, 2% 2%}
{z, 2%y} | {=*, 2%y} | {1,y,2%} | {z, 2% 2%}
{z, 2%} | {=*, 2%} | {1, 2y, 2%y} | {z, 25 2%}
{a2,y} | {«®y} | {Lay, 2%} | {2%2°, v}
{a? zy} | {o® 2y} | {1, 2y, 2%y} | {2% 2° 2y}
{$2,$2y} {x57952?/} {nyazf)y} {1‘2,935,$2y}
{22, 2%y} | {a® 2Py} | {1 zy, 2%} | {22, 2% 2%y}
{a? a'y} | {a® 2y} | {1, 2%y, 2%y} | {22, 2%, 2%y}
{a?, 2y} | {a® 2Py} | {1, 2%y, 2%y} | {2®, 27, 2%y}
{a?, 2%} | {a® 2%} | {1, 2%y, 2%y} | {2?, 2%, 2%}
{a?,y} | {a8 9y} | {1,2%y,2%} | {a® 2%y}
{a? zy} | {282y} | {1, 2%, 2%} | {2 2% 2y}
{a?, 2y} | {a® 2y} | {1, 2%y, 2%y} | {2®, 2%, 2%y}
{a?, 2%y} | {a® 2Py} | {1, 2%y, 2%} | {o®, 2%, 2y}
{a?, aty} | {a aty} | {1, 2%, 2%y} | {o®, 2%, 2%y}
{a?, 2%y} | {8 2%y} | {1, 2%y, 25} | {a?, 2*, 2%y}
{2} | {a® 2O} | {1,2°y,2%]} | {2°, 2", 2%}

In the following propositions, we show that there exist other subsets

S C Dy, such that e(S) =

S where e(S) = n when n is odd.

Proposition 4.14. Let n, a and b be integers. Let S = {x® 2Py} C Ds, where
n >>5isodd and 0 < a,b < n — 1. Let py,...

factor(s) of n. If p; does not divide a for anyi € {1, ..., w(n)}, then e(S) = n.
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Proof. Since p; does not divide a for any ¢ € {1, ..., w(n)}, then

[{a®, 22, ... anhe gl | = p,

Let ¢ € S* for some positive integer & > 1. Then ¢ € S**2 since
1 = 2% - 2%y € S2. Now if k is odd, so is k + 2. Then since n is odd and

x® € S, we have

e Sk C S" fork=1,35,...,n.

Hence,

{z®, 2% g5, gD gra} C g7 (4.29)

Next, observe that ("% = zby . gke . 20y € §. 8k . § = §k+2 C " for

k=1,3,5,...,n — 2 and hence,

{g(n—Da gn=3a  gda g2a1 C gn, (4.30)
By combining (4.29) and (4.30), we have
{2 2% 2% . 2"} = {1,z,2%, ... 2" '} C 9™ (4.31)

Next, note that if £ + 1 is odd, then k is even. Given that n is odd, we have

xka+by:xka_xbyesk'szsk+lgsn fork:2,4,...,n—1

and hence

{a2otby glatby  p(n=datby gn—latby c gn (4.32)
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Finally, from the relation 2" *y = ya*, we have

gnRatby — aby gkt e §.GF = SEHLC 5" fork =0,2,4,...

and hence

na+b

{,T n $(n—2)a+by’ x(n—4)a+by7 o ’x?)a—i-by’ xa+by} C qn.

By combining (4.32) and (4.33), we have

2a+b

a+b
Yy, ..

2y o Lam Y =y wy, .. 2"y} C ST

{

Therefore, by (4.31) and (4.34), we have S = Ds,,.

To show that ¢(S) = n, we note that z* ¢ S™'. Thus, S"~

completes the proof.

,n—1

(4.33)

(4.34)

1 £ G. This

]

Remark 2. Let S = {2 2%y} C D, as described in Proposition 4.14. For

d € D,,, d can be written as a product of a finite number of elem

Z(d). In the following table, we list down all the possible value

ents in S, say

s of Z(d) for

some d € Dy, where Z(d) < n. The two different representations of d as a

product of elements in .S will be given in the same row. By using the relations

l’byl'ka — x(n—k)a—l—b

Table 4.7: e({z%,2%y}) = n, n > 5is odd

y and 2*¢ = 2byax(»~Fegzby we obtain the following:

d Z(d) d Z(d) Remark
1 2,4,6,...,n—1 " n 1=z"°
x® 1,3,5,...,n
x2e 2,4,6,...,n—1 | abyz(r—Dagby n 220 = gbyx(n—agby
x3e 3,5,...,mn zbyx(r=3agby n—1 230 = gbyx(n—3agby
xie 4,6,...,n—1 | zbyz(n—Yagby n—2,n zle = gbyx(n—Dagby
z(n—2a n—2,n mbyx2“scby 4,6,...,n—1 z(n—2a — mbyx2“scby
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Table 4.7: (Continued)

d Z(d) d Z(d) Remark
gn—Da n—1 xbyaxaly 3,5,7,...,n x(=De = ghygagby
2Py 1,3,5,...,n anatby = zby
xotby 2,4,6,....n—1]| abyzn—De n x0ty = gbyg(n—De
x2atby 3,0,7,...,m xbyz(n—2)a n—1 z20tby = gbyg(n—2)a
a3ty 4,6,...,n—1 xbyz(n—3)a n—2,n 230ty = gbyg(n—3)a
ghathy 5,7,...,m zbyz(n—Ha n—3,n—1 |zttby = gbyg(n—Ha
x(”_é)“+by n—1 mby.xza 3,5,7,...,m x(”_2)“+by. = gbyz?e
g(n—Datby n xPyx® 2,4,6,...,n—1 | x(n=Datby — zbyza

Proposition 4.15. Let n, a, b, ¢ be integers and let S = {x%,2° 2%y} C Dy,
wheren > bisodd, 1 <a<b<n-10<c<n—-—1anda—+b=n. Let
D1, - -, Puw(n) be the distinct prime factor(s) of n. If p; does not divide a for any

ie{l,...,w(n)}, thene(S) =n.

Proof. Let ¢ € S! for any positive integer ¢ > 1. Then e € S**? since
2y - a2y = 1 € S% We first note that since p; does not divide a for any
i€ {l,...,w(n)}, then [{z% 2?* ... 2"} = n. Given that a + b = n, we

have

gk = R fork=1,2,...,n—1.

Since z¢, 2° € S, we have

e sFC St fork=1,3,5....n (4.35)

and

gke — gkt e gk C 6" fork =1,3,5,...,n— 2. (4.36)

Combining (4.35) and (4.36), we have

{2 2% ... 2"} ={1,2,2° ... 2" '} C 9"
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Next, note that

ghatey = gha . géy e SF . § = SHHL C S" fork=2,4,...,n—1 (4.37)

and

gn=katey — gkb ey e GF.§ = SFL C S™ fork =0,2,4,...,n—1. (4.38)

Combining (4.37) and (4.38), we have

{xa—i-cy7 $2a+cy’ o ’x(n—l)a-&-cy’ x”““y} - {y’ Ty, ny’ o ’xn—ly} c S

Thus we have shown that S™ = D,,,.

To show that e(S) = n, we note that z°y ¢ S™~'. Thus, S"~! # G. This

completes the proof. [

Remark 3. Let S = {2, 2% 2°y} C Ds,, as described in Proposition 4.15. For
d € D,,, d can be written as a product of a finite number of elements in S, say
Z(d). In the following table, we list down all the possible values of Z(d) for
some d € Dy, where Z(d) < n. The two different representations of d as a

product of elements in .S will be given in the same row. By using the relations

zke = g(n=kb apd ghatey = g(n=kbtey we obtain the following:
Table 4.8: e({z?, 2%, 2°y}) = n,n > 5is odd

d Z(d) d Z(d) Remark

1 2.4.6,...n—1] 2 n 1= e
z® 1,3,5,...,n x(n=1b n—1 2 — g(n—1)b
x2e 2,4,6,...,n—1| =20 n—2n 220 — p(n—2)b
x3e 3,5.7,...,n x(n=3)b n—3n—1 230 — p(n=3)b
zie 4,6,....,n—1 (n—)b n—4,n—2n gda — p(n—a)b
gn=2a n—2,n 220 2,4,6,...,n—1 gn=2)a — 52b
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Table 4.8: (Continued)

d Z(d) d Z(d) Remark
Y 1,3,5,...,mn
xotey 2,4,6,....,n—1 x(”fl)bJrcy n x0tey = x(”fl)“cy
x2a+cy 37 5’ 7’ on l.(n72)b+cy n—1 x2a+cy _ x(n72)b+cy
xlatey 4,6,...,n—1 | z=3btey n—2,n gBatey = g(n=3)btey
x(n—2.)a+cy n—1 x2b.+cy 37 57 .n x(n—2)a+c:l; _ x2b+cy
g(n—Datey n zbtey 2,4,6,...,n— 1| gn=Datey — gbtey

By using the results obtained so far, we give a summary table of the subsets .S

where ¢(S) = n. Let a, b and ¢ be integers. Let p; be the distinct prime factor(s)

of nfori e {1,...,w(n)}.

Table 4.9: Summary of subsets S C Dy, where e(S) =n

S

: - Conditions
n is odd n is even
o b 0<a,b<n-1
{2, 2%} i p; does not divide a forany i € {1,...,w(n)}
a a 0<a<b<n-1
{Laty, 2%y} | {1 2%, 2%y} p; does not divide a forany i € {1,...,w(n)}
0 b e 1<a<b<n-—-1,0<c<n—-1l,a+b=n
{2%, 2%, 2%y} i p; does not divide a forany i € {1,...,w(n)}

Finally, we end this section by giving examples of subsets S C D, with

finite exhaustion numbers in Table 4.10.

Table 4.10: Subsets S C Ds,, with certain finite exhaustion

numbers
S
e(5) n is even n is odd
2 {L,z,y, 2y, 2%y, ..., 2" 3y} | {1, 2,9y, 2y, 2%y, ..., 2" 3y}
3 {1, z,y, 2y, 2%y, ...,2"y} | {1,2,y, 2y, 2%y, ..., 2" 7y}
n%l {1,x,y,xy} : -
e {1,z,zy} { 7x-’xy}
> y Ty
n—1 B {(IJ, Y, x2y}
n {1,y, vy} {1,y, 2y}
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4.3 Non-exhaustive Subsets

In this section, we determine the biggest subsets S C D,,, where e(.S) = oc. For
convenience, we shall further divide this section into two subsections to discuss
the cases where n is even and n is odd separately. Finally, we show that there
does not exist any subset S in D;5 and D4 such that e(S) = 5. We also show

that there does not exist any subset S in Dy such that e(S) = k for k = 7,8, 9.

We begin with the following proposition:

Proposition 4.16. Let S, S’ be subsets in Ds,. If S C S" and e(S") = oo, then

e(S) = .

Proof. If e(S) < oo, then since S C 5, it follows by Proposition 4.5 that

e(S’) < e(S) which contradicts the fact that ¢(S") = co. O

In the next two subsections, we let S, S’, S”, §", 8" C D, where S’ C
S"C S"C 8" C S C Dy, Notethat S” = S U {z'y7}, 8" = S" U {z'y’}
and 5" = 8" U {x'y’} forsomei € {0,1,...,n— 1} and j € {0, 1}. Since we
begin by considering 5" C S where |S’| = 3, we have |S”| = 4, [S”| = 5 and

|S”"| = 6. Firstly, we shall look at the case where n is even.

4.3.1 Non-exhaustive Subsets When n Is Even

In Section 4.2, we have obtained some general constructions for certain
exhaustive subsets in Ds,,. In Tables 4.11 and 4.12, we list down some exhaustive

subsets S C D, for the two smallest even integers n where n > 4.
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Table 4.11: Subsets S C Dg where e(S) € {2,3,4}

S
{1,z,y,xy} (Proposition 4.4)
{1, z,zy} (Proposition 4.2)
{1,y,xy} (Proposition 4.13)

2
-PUJNO)
S~—

Table 4.12: Subsets S C D5 where e(S) € {2,3,4,6}

S
{1, z,y, zy, 2%y, 23y} (Proposition 4.7(i))
{1, 2,y,xy} (Proposition 4.4)
{1, z, zy} (Proposition 4.2)
Does not exist.
{1,y,xy} (Proposition 4.13)

N
—~
CJ\UI-|§D~>I\)CQ
~—

From the two tables above, we see that there exist subsets S C Dg such that
e(S) € {2, 3,4} but there does not exist any subset S C D5 such that e(S) = 5.
Therefore our main objective in Section 4.3.1 is to show that there does not exist
any subset S C D15 such that e(S) = 5. We conjecture that there does not exist

any subset S C Dy, such that # <e(S)<n-1.

We first begin by classifying the subsets where ¢(S) = oco. In order to
show that there exist non-exhaustive subsets in Dy, we shall investigate all the

possible subsets of Ds,,.

Proposition 4.17. Let n be even where n > 4. Let py, . .., pPuy(n) be the distinct

prime factor(s) of n. For k =1, 2, 3, 4, 5, let S, C D>, as follows:
(a) Sy ={l,z,2% ..., 2"},
(b) Sy ={y,zy,2%y,..., 2"y},
(c) Ss={x, 23 2° ... 2"\ y 2y 2y, ..., 2" %y},

(d) 54 - {.’L‘, $3’ ’T5’ te 71.11—17 xy, $3y7 $5y, s ’l.n—ly}’
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(e) S5 =S;, = {1,a%, i P gy i iy Ity ’xj+(”_pi)y}’

forj=0,1,....p; — Lwherei € {1, ..., w(n)}.
Then e(Sk) = oo fork =1,2,3, 4, 5.
Proof.

(a) Since S is a proper subgroup of Ds,, it follows that e(S5;) = oc.

(b) Note that S3™ = {1,z,22,...,2" '} is a proper subgroup of D,, for all

positive integers m. Hence, e(.S2) = oc.

(¢) It is clear that S2™ = {1,2% 2% ... 2" % xy,23y,...,2" 'y} is the
subgroup of D,,, generated by 2 and xy for all positive integer m. Hence,

e(S;) = 0.

(d) Note that S?™ = {1,224, ... 2" 2, y,2%y,...,2" 2y} is the subgroup

of D,,, generated by 2% and y for all positive integer m. Hence, e(S;) = oo.

(e) Ttis clear that {1, 2P z%: ... (P} C SFforall k > 2 but

{1,z,2% ..., 2" "3\ {1,227 ... ,x("_pi)} ¢ Sk

for all k£ > 2. Thus, e(S5) = oc.

Next, we show that e(.S) = oo when |S| = 2.

Proposition 4.18. Let S be a 2-subset of Dy, where n > 6 is even. Then

e(S) = oc.
Proof. For any 2-subset S of Dy, (n > 6), note that there is a positive integer k
such that S* is contained in one of the following subsets of Dy,

(@) S;={1,z,2% ... 2"},

(b) Sy = {y,zy,2%y,..., 2"y},
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(¢) Sz ={z, 23 2 ... 2"ty 2y ty, ... "2y},
(d) Sy ={z,23 25 ... 2"\ oy By, 2Py, ... 2"y},
(e) S5 = S;, = {1,ari, a%i .. gP) giy gitpiy ity it opiy)
forj=0,1,....,p;,—1L,ie{l, ..., w(n)}.
It is clear that there are three types of 2-subsets in D,,:
() If S = {a%, 27} fori,5 € {0,1,...,n — 1} where i # j, then S C 5.
(i) If S = {2%, 27y} for 4,5 € {0,1,...,n — 1}, then S C S3, S C S, or
S CSs.
(iii) If S = {z'y, 2y} fori,5 € {0,1,...,n — 1} where i # j, then S C S,.

By Proposition 4.17, e(.S;) = oo for ¢ = 1,...,5. Then by Proposition 4.16, it

follows that e(.S) = 0. H

Since the subsets S C Ds, give us e(S) = oo when |S| = 2, we see that
there are no exhaustive 2-subsets in [,,, when n is even. Hence, there does not
exist any 2-subset S C Ds5 such that e(S) = 5 and so we move on to the subsets
S where |S| = 3. In the next two propositions, we will consider two types of
3-subsets that will help us to verify that there does not exist any subset S C D1

such that e(S) = 5:
() S ={1,2% 2%y} where 1l <a<n—1land0<b<n-—1
(i) S = {1,2%, 2%} wherel <a<b<n-—1
Proposition 4.19. Let n, a, b be integers and let S = {1, 2%, 2%y} C D,, where

n>4iseven, 1 <a<n-—1and0 < b < n — 1. Let p; be the distinct prime

factor(s) of n fori =1,2,...,w(n).

(i) If a # mp; for any positive integer m, then e(S) < 2 + 1.

0[S

(ii) If a = mp; for some positive integer m, then e(S) = oc.
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Proof.

(i) Let ¢ € S* for k > 1. Then ¢ € S**! since 1 € S. We first note that if

a # mp; for any positive integer m, then |{z®, 2%, ... 2"~V gna}| = n
and hence |{ztTy, 2bt20y, .. gbt(=Da gbtnall — p - Since 1,2 € S,
we have

gkt e 551 fork:1,2,...,g+l

and hence
{1,29 2%, ... z(5+De} C g3+ (4.39)
Since {1, 2% 2%*,...,23%} C S% and 2’y € S, we have
{xby7 a:,b-‘r(ly7 xb+2ay, o 7$b+%ay} g S%-ﬁ-l' (440)
Next, we have
ghrn=kay, — gpbtn=ha)y — gby gha ¢ §.6F C SF+L fork =1,2,... ,g

and hence

‘j':l,b—l-(n—l)ay7 xb—&-(n—Q)ay’ xb+(n—3)ay’ o ’xb—i—%ay} C S%—i—l. (4.41)

Combining (4.40) and (4.41), we see that
{Iby7 xb+ay7 $b+2a% te 7$b+(n_1)ay} g S%+1-
Finally, note that

gnmha — gn—ka — gy gbtkay € 5. 88 C SFFL fork =1,2,..., g -1
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and hence

Combining (4.39) and (4.42), we have

{1,2% 2%, ... oYy C g3+

Therefore, S2 ™' = D,, and e(S5) < 2 + 1.

(i1) If a = mp; for some positive integer m, then

b i 2P —Ppi ] j+Di j-+2p; j+(n—p;
{1,2% z y}g{l,xp,xp,.“’x(n P gy gitPiy g ity it p)y}

for some j = 0,1,...,p; — 1. By Propositions 4.17 and 4.16, we have

e(S) = oo.

Proposition 4.20. Let S = {1, 2%, 2%y} C Dy, where n > 4 is even and 1 <

a < b <n— 1. Let p; be the distinct prime factor(s) of nfori =1,2,... w(n).
(i) If b — a # kp; for any positive integer k, then e(S) = n.
(ii) If b — a = kp; for some positive integer k, then e(S) = cc.

Proof.
(i) By Proposition 4.13, the result is obvious.

(i1) If b — a = kp; for some integer k, then

{17 Iay? xby} g {]‘7 xpl? x2pl7 A 73?(”71)1)’ xﬂy? x]+ply7 x]+2pzy7 A 7xj(n7pl)y}
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for some 5 = 0,1,...,p; — 1. By Propositions 4.17 and 4.16, we have

e(S) = oo.

]

In the following theorem, we are ready to show that there does not exist any
subset S C Dy such that (S) = 5. Recall that we will be using the following
notations: Let S, S’, S”, ", 8" C D,, where S’ C S" C " C 58" C S C

Ds,,. Note that |S’| = 3,

S//l — 4’

S"| =5 and |S"| = 6.

Theorem 4.21. Let D15 be the dihedral group of order 12. Then there does not

exist any subset S C D1y such that e(S) = 5.

Proof. Given that D, is the dihedral group of order 12, we have n = 6. Let p; be
the distinct prime factors of 6 for 7 = 1, 2. Then p; = 2 and p, = 3. Suppose that
there exists a subset S C Dj5 where e(S) = 5. By Propositions 4.6 and 4.18,
it is clear that 3 < |S| < 6. Firstly, suppose that 1 ¢ S. From the assumption
that e(S) = 5, we have 2%y € S° forallu = 0, 1,2, ..., 5 and hence there exists

x'y € S forsome v =0,1,2,...,5. We consider three cases as follows:
(@) {z%,2% 2y} C Sforl <a<b<band0<c<5H
(b) {29, 2%y, 2%y} CSforl1 <a<5and0<b<c<5
(c) {x%y,xby, 2y} C Sfor0<a<b<c<5h

where a, b, c are integers. In the following, we shall explain the three cases

separately in detail.

(a) Let S = {z%, 2, 2y} C Sfor1 <a<b<5and 0 < ¢ < 5. We first list

down the subsets S” where ¢(S") < 4.
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Table 4.13: {22, 2%, 2y} C S C Dig: e(S') < 4

S’ e(S") S’ e(S") S’ e(S’)
{z,2%,y} 3 {a%, 2%, y} 4 {2°,2%, y} 4
{x, 2% zy} 3 {x2,323,xy} 4 {x{3,x4,a:y} 4
{w, 2%, 2%y} | 3 | {a?2% 2%} | 4 | {28 2% 2%y} | 4
{w, 2%, 2%y} | 3 | {a?2% 2%} | 4 | {28 2% 0%y} | 4
{x, 22, 2y} 3 {22, 23, 2%y} 4 {23, 2%, vy} 4
{z, 2% 25y} 3 {22, 23, 25y} 4 {23, 2%, 25y} 4
{z, 2%, y} 3 {22, 2%, y} 3 {z%,2°,y} 3
{z, 2%, vy} 3 {22, 2%, vy} 3 {x*, 25 2y} 3
{w,at, 2%y} | 3 | {a?2% 2%} | 3 | {a% 2%, 2%y} | 3
{x, 2%, 23y} 3 {22, 25, 23y} 3 {2t 2%, 23y} 3
{z, 2%, 2y} 3 {22, 25, 2y} 3 {2t 2%, 2y} 3
{z, 2%, 25y} 3 {22, 25, 25y} 3 {xt, 2%, 25y} 3

By Proposition 4.5, we see that if S’ C S, then e(S) < e(S’) < 4. Next,

we list down the subsets S” where e(S”) > 4 or e(S") = oc.

Table 4.14: {z%, 2%, 2y} C S' C Dy e(S") = 00

S’ e(S”) S’ e(S”) S’ e(S”)
Tl | o | e |« (B | =
{z, 23, 2y} 00 {x, 25, 23y} oo | {a?, 2t by} | oo
{z, 23, 2%y} | oo {x, 25, 2y} 00 {2325, y} 00
{z, 23,23y} | oo {z, 25, 25y} 00 {23, 25, 2y} 00
{z, 23, 2%y} | oo {22, 2%, y} oo | {a%a% 2%y} | oo
{z, 2%, 2%y} | oo | {a%a%zy} | oo | {2325 2%} | oo
{z, 2%y} | oo | {z?a% 2y} | oo | {2327 2%y} | oo
{x, 25, 2y} oo | {2?at By} | oo | {232, 2%) | oo

In Tables 4.15 and 4.16, we will list down the subsets S” where |S”| = 4,

S" = 8"U{z'y’} where e(S") = oo fori € {0,1,...,5} and j € {0,1}.

Note that by Proposition 4.5, if S’ C S”, then e(S”) < e(S’). Therefore, in

the following we only list down the subsets S” that do not contain any of

the subsets S’ listed in Table 4.13. We first list down the subsets S” where

e(5") < 4.
Table 4.15: {z, 2%, 2y} C S” C Dyy: e(S") < 4
S// e(S//) S// 6(5”) S// e(S//)
{x, 2%y, zy} 3 {z, 27, xy, %y} 3 [ {a? 2t 2%y, 2%y} | 4
{z,2®,y, 2%y} 3 {x, 2, zy, *y} 4 | {a? 2t Py, 2tyy |3
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Table 4.15: (Continued)

S// e(S//) S// e(S//) S// e(‘SY//)
{, 2, 2%y, 2%y} | 3 {x, 2% aty, 25y} 3 {a?, 2%y, 2%y} 3
{w’ x3’$2y7 xdy} 3 {1.27x4’y7 Z’y} 3 {x?)?xd,wy, Z'Qy} 3
{z, 2% 23y, 2%} | 3 {a?, 2%, y, 2%y} 4 {23, 2%, zy, xy} 3
{a, 2%y, 2%y} 3 | {2t 2Py, a0y} | 3 | {aP, a0 0ty ay) | 3

Next, we list down the subsets S” where ¢(S”) > 4 or e(S") = occ.
Table 4.16: {z?, 2%, 2y} C §” C Dyy: e(S") = 00

S// e(S//) S// e(S//) S// e(S//)
{a,2%, y,2°} 00 {23, 2%y, 2"} 00 {7, 2, xy, 27y} 00
{z, 23y, 2%y} oo | {z,2% 2%y, 2% | oo | {2%atzy,ady} | oo
{a, 23y, 2%y} 00 {a, 2%y, 2%y} oo | {z? 2t 2y, aty} | oo
{z, 56337 zy, x;’} 00 {w,2%y, x4§/} 00 {wr‘}sx“,rx?’y, g“”y} 00
{x7x 7xy7x y} m {$7x07l’y7l’ y} m {x ’xo’y7x y} w
{x, 23, 2%y, 2%} 00 {x, 25, 2%y, 21y} 00 {23, 25, zy, 23y} 00
{z, 23, 2%y, 21y} 00 {z, 25, 23y, Py} 00 {23, 2%, 2y, 2Py} 00

Since e(S")

oo for the subsets S” in Table 4.16, we consider the case

where |S”'| = 5and 8" = S"U{x'y’} fori € {0,1,...,5}and j € {0,1}.

Note that in the following we only list down the subsets S that do not

contain any of the subsets listed in Tables 4.13 and 4.15.

Table 4.17: {22, 2%, 2y} C S C Dya: e(S") = 0

S/// e(}S’///) S/// B(S,N) S/// e(S///)
{z,23,y,2°, 2%y} oo | {w, 2% ay, %y, Py} | o {22, 2%y, 2%y, 2y} 00
$7x 7myvl’ ,xy OO x71. 7xy7x y7xy OO

Since ¢(S") = oo for the subsets S™ in Table 4.17, we consider the case

where |S"] = 6, " = §" U {a*y’} fori € {0,1,...,5} and j € {0, 1}.
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Note that in the following we only list down the subsets S”” that do not

contain any of the subsets listed in Tables 4.13 and 4.15.

Table 4.18: {z?, b, 2°y} C S C Dia: e(S™") = o0

S///I e(S/I//)
{x,x3,x5,y,x2y,x4y} o0
{$a$37$5,$y7$397$5y} o0

By Proposition 4.6, if |S| > 6, then e(S) = 2, which is a contradiction.

Hence, there does not exist any subset S C Dj, such that e(S5) = 5.

(b) Let 8" = {2 2%y, 2y} C Sfor1 <a <5and0 < b < ¢ < 5. We first

list down the subsets S’ where e(S”) < 4.

Table 4.19: {z%, by, 2y} C S" C Dio: e(S') < 4

S’ e(S") S’ e(S") S’ e(S")
{x,y, 2y} 30 [ {a%ay, 2yt [ 3 [ {aha?yaty)h | 4
{z,y, 2%y} 4 {2?, zy, xty} 4 | {at, 2Py, 2%y} | 3

5 2 2 3 4 4 5
{z,y,2°y} 30 | {=? 2%y, 2%} | 3 | {at 2ty 2y} | 3

2 2 2 5 5
{z,zy, 2y} 3| {a? 2%y, 2%y} | 4 {2°,y, xy} 3
{z,zy, z'y} 4 | {a?,2%y,2%y} | 3 {2y, z3y} 4
{w, 2%y, 2%y} | 3 | {a? 2%y, 2%} | 3 {2y, 2%y} 3
{z, 2%y, 2%y} | 4 {z*,y, zy} 3 {2°, zy, 2%y} 3
{z, 23y, 2"y} | 3 {z*,y, 23y} 4 {2, zy, x*y} 4
{z, 2%y, 2%} | 3 {at,y, 2%y} 3| {2, 2%y, 2%} | 3
{22y, 2y} 3 {a*, zy, 2y} 3| {a% 2%y, 2%} | 4
{22, y, 2%y} 4 {a*, zy, xty} 4 | {z® Py, zty} | 3
{2%,y, z°y} 3 | {zh 2%y, 2%y | 3 | {aP a2ty 2y} | 3

Next, we list down the subsets S’ where ¢(S") > 4 or e(S") = oc.

Table 4.20: {z2, 2%y, 2y} C S’ C Dig: e(S’) > dore(S’) = oo

S’ e(S") S’ e(S") S’ e(S")
{z,y,2%y} oo | {2’y 2%y} | oo | {2t 2%y, a%y} | 6
{z,y, 2"y} oo | {2’y 2%y} | oo | {aty2Py} | oo
{z, zy, 2%y} 00 {23y, 2"y} 00 {z,y, 2"y} 00
{z, zy, 2%y} 00 {23y, 2%y} 6 {z*,zy, 2%y} | o0

{z, 2%y, vy} 00 {23, zy, 2%y} 6 {2* xy, 25y} 00
{2, 23y, 2%y} 00 {23, zy, 23y} 00 {2, 22y, 2y} 00
{2%,y, 2%y} oo | {a%ay, 2y} | oo | {z*, 2%y, 2%} | oo
{22y, 2%y} oo | {z? xy, 2%y} | oo {2°,y,2%y} 00
{2% 2y, 2%y} | oo | {2, 2%y, 2%y} | 6 {2% y,aty} | oo
{a?,xy, 2%} | oo | {2% 2%y, aty} | oo | {2 wy,aPy} | oo
{22, 22y, 21y} 00 {23, 2%y, 25y} 00 {2® xy, 25y} 00
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Table 4.20: (Continued)

S’ e(S") S’ e(S") S’ e(S")
{2?, 23y, 25y} 00 {23, 23y, 2y} 6 {2°, 2%y, 2y} 00
{?,y, zy} 6 | {«% 2%, 2%y} | oo | {2% 2%y, 2%y} | oo

We see that ¢(S”) = oo or e(S’) = 6 for the subsets S’ in Table 4.20. Hence,
we consider the case where |S”| = 4, 5" = S'U{a"y’} fori € {0,1,...,5}
and j € {0,1}. Note thatif S” = S’ U {2} ford € {1,2,...,5}, then
S” will contain one of the subsets S’ listed in Tables 4.13 and 4.19. Hence,
we will only list down the subsets S” = S’ U {z%} for d € {0,1,...,5}

that are not listed in Tables 4.15 and 4.16. We first list down the subsets S”

where e(S5") < 4.

Table 4.21: {z?, 2y, 2y} C S” C D1a: e(S”) < 4

S// e(S//) S// e(S//) S// e(S//)
{2y, zy, 2%y} | 4 [ {2y, 2%, 2"} | 3 | {27, zy, 2%y, 2"y} | 3
{o® y,xy, 2y} | 3 | {ad,y, 2%y, 2%} | 3 | {23 xy,aty, 2Py} | 3
{o®,y,zy, 2y} | 3 | {ad y, 2ty 2Py} | 4 | {ad 2%y, 2y, aty}| 4
{23y, vy, 25y} 4 {23 2y, 2%y, 23y} | 4 |[{2®, 2%y, 23y, 2%y} | 3
{a®,y, 2%y, 2%y} | 3 |[{a® @y, 2%y, 2ty | 3 |{23 2%y, 2%y, 2%y} | 3
{a?,y, 2%y, 2%y} | 3 |[{a® wy, 2Py, 2Py} | 3 |[{a% 2Py, aty,2Py}| 4

Next, we list down the subsets S” where e(S”) > 4 or e(5”) = .

Table 4.22: {z%, by, 2°y} C §” C Dia: e(S") = 0

S// e(S/I) SI/ e(S//) S// e(S//)
{z,y,2%y, 2%y} oo | {a7,y, 2%y, 2%y} oo | {a°y, 2%y, 2%y} | oo
{z, 2y, 2%y, 2%y} | oo | {a® my, 2%y, 2%y} | oo | {a® @y 2Py, 2Py} | oo
{a?,y, 2%y, 2"y} | oo | {aty,2%y,aty} | oo
{22, zy, 23y, 2%y} 00 {a*, 2y, 23y, 25y} 00

We see that ¢(S”) = oo for the subsets S” in Table 4.22. Therefore, we
consider the case where |S"”| = 5, " = S” U {z'y’} fori € {0,1,...,5}

and j € {0, 1}. Note that we only need to consider the subsets S that are

not listed in Table 4.17. It is clear that 5" will contain one of the subsets
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listed in Tables 4.13, 4.15, 4.19 and 4.21. Hence, ¢(S”") < 5, which is a

contradiction.

(c) Let 8" = {z%,aby, 2%y} C Sfor0 < a < b < ¢ < 5. By Proposition
4.17, e({x%y, 2%y, z°y}) = oco. Hence, we consider the case where |S”| = 4
and S” = S' U {z'y’} fori € {0,1,...,5} and j € {0,1}. Note that by
Proposition 4.17, e({y, zy, 2%y, 23y, x'y, 2°y}) = oo. If |S| > 6, then
e(S) = 2. Therefore, we only consider adding the element z? to S’ for
1 < d < 5. Then we have S” = {x%, 2%y, 2y, 24} C S. Itis clear from
(b) that e(S) < 5.

From the three cases ((a), (b) and (c)) above, we see that if 1 ¢ S, there does not
exist any subset S C D15 such that e(S) = 5.
Secondly, suppose that 1 € S. From the assumption that e(S) = 5, we have

a2ty € S° forall w = 0,1,2,...,5 and hence there exists 2%y € S for some

v=20,1,2,...,5. We consider the following two cases:

(1) {1,2%, 2%y} C Sfor1 <a<5and0<b<5

(2) {1,2%,2%y} C Sfor0<a<b<5
where a, b are integers. We shall explain the two cases in detail. Let m be a
positive integer. Recall that p; = 2 and py = 3.

(1) Let S = {1,2% 2%} C Sfor1 <a <5and0 < b < 5. Let m be a
positive integer.
(1.1) If a # mp; for i = 1,2, then a € {1,5} and by Proposition 4.19,
e(S") < 4. Hence, ¢(S) < 4, which is a contradiction.
(1.2) If a = mp;,, then a € {2,3,4} and by Proposition 4.19, e(S") = cc.
Hence, we consider the case where |S”| = 4 and S” = S’ U {z'y'}
fori € {0,1,...,5} and j € {0, 1}. Note that we only consider the

subsets S” that do not contain any of the subsets listed in Tables 4.13
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and 4.19. We also note that S” = S"U{1} where S’ = {2%, 2¢, 2y} in

Table 4.14 or S’ = {x% 2°y, z/y} in Table 4.20. Hence, we consider

two cases as follows.

(i) Letd € {1,5}. Then S” will contain one of the subsets in (1.1).

(ii) Letd € {2,3,4}. We first list down the subsets S” where e(S5”) <

4.
Table 4.23: {1, 2%, 2%y} C S” C Dyy: e(S”) < 4
S/I e(SI/) S/I e(SI/) S/I e(S//)
Lo gy} | 3 [{Ladaya®y} [ 3 [{La%2%y,2%y}] 4
{1,2%,y, 2%} | 4 | {L,2% a2y, 2%} | 4 [{1,2% 23y,2%y}| 4
{1,2%,y, 2%} | 3 |{1,2% 2%, 2%}| 3 |[{1,2% 2%y, a%y}| 3

Next we list down the subsets S” where e(S”) > 4 or e(S")

Table 4.24: {1,z2% 2Py} C S” C Dya: e(S") =

Q.

S// e(S//) S// 6(5”) S// e(S//)
{122y, 2"} | oo [{1,2%,2%, 2%} oo [{1,2% 2%,2%}| oo
{1,22,y, 2%} | oo |[{1,2%,2%y,2%}| oo | {La*y, 2%y} | oo
{1,2%,2y,2*} | oo | {1,2%, 2,2} | oo | {l,2%,zy,2%y} | oo
{1,2%, 2%y, 24} | oo | {1,2%,zy,2%y} | oo [{1,2% 23y, 2%y} | oo

Since e(S”) = oo for the subsets S” in Table 4.24, we consider the

case where |S”'| =5 and S = S” U {ay’} fori € {0,1,...,5}

and j € {0,1}. If S” = S”" U {z'} fori € {1,2,...,5}, then

S”" will contain one of the subsets S’ in Table 4.13. Hence, in the

following we will only consider the subsets S’

S" U {z'y} for

i € {0,1,...,5}. Note that we only need to list down the subsets

S"" that do not contain any of the subsets listed in Tables 4.15, 4.19

and 4.21.
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Table 4.25: {1,2% 2%y} € 5" C D1q: e(5"") = o0

S/// e(S//I) S/// e(S///) S//I 6(5/,/)
{1,2%y, 2%, 2%y} | oo [ {l,2% 2y, 2", 2%y} | oo | {l,2%y,2%, 2%} | oo
{1,2%,y, 2%, 2ty} | oo |[{1,2%2y,2%y,2%}| oo [{l,2% zy 2%y,2%y}| oo

Since ¢(S”") = oo for the subsets S” in Table 4.25, we consider

the case where |S”| = 6 and S”" = S” U {a'y’} for i €

{0,1,..
list down the subsets S”” that do not contain any of the subsets
listed in Tables 4.13, 4.15, 4.19 and 4.21. Hence in Table 4.26

we obtain two of the largest non-exhaustive subsets in D, which

contain {1}.

Table 4.26: {1, 2%, 2%y} C 5" C Dia: e(S"") = 00

S/l//

e(Sl///)

{1,2%, 2%, y, 2%y, 2%y}

{]'7 x27 ‘7?47 xy7 xSyV x5y}

(00}
¢}

.,5}and 7 € {0,1}. Note that in the following we only

By Proposition 4.6, if |S| > 6, then e(S) = 2 < 5. Hence, there

does not exist any subset S C D15 such that e(S) = 5.

(2) Let §" = {1,2%, 2%y} C Sfor0 < a < b < 5. By Proposition 4.20,

e(S") = 6 or e(S’) = oo. Hence, we consider the case where |S”| = 4,

S" = S U {z'y’} fori € {0,1,..

subsets S” can be divided into two cases:

.,5} and j € {0,1}. Note that these

() Let S” = S'U{z'} fori € {1,2,...,5}. If i € {1,5}, by Propositions

4.5 and 4.19 we have e(S”) < 4. If i € {2,3,4}, we see that these

subsets have been discussed in part (1.2).

(i) Let 8" = S’ U {z'y} for i € {0,1,..

subsets S” where e(S5”) < 4.
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Table 4.27: {1, 2%, 2Py} C S” C Dia: e(S") < 4

S// e(S/I) S/I e(S//) S// e(S//)
{Ly,zy, 2%y} | 4 [ {Ly,2%y,2%} | 3 [{lLzy2%y,2%} | 3
{Ly,zy, 2%y} | 3 | {Ly, 2%y, 2%} | 3 | {lzya'y, 2%} | 3
{Ly,zy,a*y} | 3 | {Ly,aty, 2%y} | 4 |{1, 2%, 2%, 2%} | 4
{Ly,zy, 2%} | 4 |[{lLzy, 2%y, 2%y} | 4 |{1,2%, 23, 2%}| 3
{1y, 2%y, 2%} | 3 |[{Lay, 2y, 2%y} | 3 |{1, 2%y, 2%, 2%}| 3
{1y, 2%y, 2%} | 3 |[{Lay 2y, 2}| 3 [{1, 2% 2", 2}| 4

Next, we consider the subsets S” where e(S”) > 4 or ¢(S") = occ.

Table 4.28: {1, 2%, 2%y} C S” C Dia: e(S") = 00

S// e(S//)
{1,y,2%y, 2%y} 00
{1, zy, 23y, 2%y} | oo

Since ¢(S”) = oo for the subsets S” in Table 4.28, we consider the
case where |S”| =5 and 8" = S” U {z'y’} fori € {0,1,...,5} and
J € {0,1}. We consider two cases:
() If §” = S"U{x'} fori € {1,2,...,5}, then from part (1) we see
that e(S) < 5.
(i) If 8" = 8" U {z'y} fori € {0,1,...,5}, then we see from Table
4.27 that e(S) < 5.
From cases (1) and (2) above, we see that when 1 € S, there does not exist any
subset S C D such that e(S) = 5.

Hence, we conclude that there does not exist any subset S C D;5 such that

e(S) = 5. O

4.3.2 Non-exhaustive Subsets When n Is Odd

In Section 4.3.1, we have shown that D15 is the smallest case in which there
does not exist any subset S such that e(S) = 5. We now turn our attention to

the case where n 1s odd. In Tables 4.29 and 4.30, we list down some exhaustive
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subsets S C D, for the two smallest odd integers n where n > 5.

Table 4.29: Subsets S in Do where e(S) € {2,3,4,5}

e(9) S
2 | {l,z,y, 2y, 2%y} (Proposition 4.7(1))
3 {1, z,zy} (Proposition 4.2)
4 {x,y, 2%y} (Proposition 4.11)
5 {1,y, xy} (Proposition 4.13)

Table 4.30: Subsets S in Dy, where e(S) € {2,3,4,6,7}

S
{1, z,y, zy, 2%y, 2%y} (Proposition 4.7(i))
{1, z,y, xy, 2%y} (Proposition 4.8(ii))
{1, z, zy} (Proposition 4.2)
Does not exist.
{x,y, z*y} (Proposition 4.11)
{1,y,xy} (Proposition 4.13)

@
N O R W N,
S~—

From Tables 4.29 and 4.30, we see that D1, is the smallest odd case in which
there does not exist any subset S such that e(S) = k for some integer & < n.
In this section, our main objective is to show that there does not exist any subset
S in Dy, such that e(S) = 5. Note that the range of values of e(.S) for which
there does not exist any subset S C D, increases as n increases. Hence, we
conjecture that there does not exist any subset S C D, such that "TJF?’ <e(S) <
n — 2. At the end of the chapter, we shall verify our conjecture for n = 11. To do
this, we first obtain some preliminary results. Similar to Section 4.3.1, we begin

by classifying the subsets that are non-exhaustive.

Proposition 4.22. Let n be odd where n > 5. Let py, ..., p,mn) be the distinct

prime factor(s) of n. For k = 1, 2, 3, let Sy, C D>, as follows:

(@) Sy = {1,z 2% . .. 2"}
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(b) SQ = {?/, xy, '7:2?/’ cee 7$n_1y};
(C) 53 = Sij = {17 a:pia xzpiv S >x(n_pi)7 xjya xj+piy7 xj+2piy7 S 7wj+(n_pi)y}
forj=0,1,....p;, — L.

Then e(Sy) = oo for k =1, 2, 3.

Proof.
(a) Since S is a proper subgroup of Dy, it follows that e(.S7) = oc.

(b) Note that S3™ = {1,z,2?,...,2" '} is a proper subgroup of Dy, for all

positive integers m. Hence, ¢(.S3) = oo.

(c) Ttis clear that {1, 2P,z ... x(=Yrd)Y C Sk for all k > 2 but

(a2 {La%, 2% glDm) ¢ gh

for all k£ > 2. Thus, e(S3) = oc.
O]

In order to consider all the possible subsets, we will first look at the smallest

case and determine the exhaustion numbers of .S when |S| = 2.

Proposition 4.23. Let S C Dy, where n > 5 is odd. If |S| = 2, then e(S) = oo
ore(S) =n.
Proof. Let S C Dy, where |S| = 2. We consider the three possible cases:
(1) Let S = {2%,2°} for0 < a<b<n-—1. Then S C {1,2,2%, ... 2" '}
and by Propositions 4.16 and 4.22, e(S) = oc.
(2) Let S = {a%,2%} for 0 < a < b < n — 1. Then S C
{y,zy, 2%y, ..., 2" 'y} and by Propositions 4.16 and 4.22, ¢(S) = oco.
(3) Let S = {z*, 2%y} for 0 < a,b <n—1landletp,...,p,n) be the distinct
prime factor(s) of n.
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(3.1) If a = mp; for some positive integer m, then

S C {1’ P, xQPi’ o ’x(n—l)pi’xjy’ x]-i-piy’ x]+2piy7 o 7x3+(n—pz‘)y}

for some integer j € {0,1,...,p; —1}. By Propositions 4.16 and 4.22,
e(S) = 0.
(3.2) Let a # mp; where m is a positive integer. The result is clear by

Proposition 4.14.

[
Since we have e(S) = n or e(S) = oo when |S| = 2, we proceed to
investigate the subsets S C Dy, where |S| = 3 when n is odd. In the next

three propositions, we will look at the following three subsets.

() S={1,2% 2y} where 1l <a<n—1land0<b<n-—1

(i) S = {1,2%, 2%} wherel <a<b<n-—1

(i) S = {2 2% 2y} where 1 <a<b<n-1,0<c<n—landa+b=n
Proposition 4.24. Let n, a, b be integers. Let S = {1,2% 2%} C Da,, n > 5
wherenisodd, 1 < a <n—1and(0 < b <n— 1. Let p; be the distinct prime

factor(s) of n fori =1,2,... ,w(n).

n+1

(i) If a # mp; for any positive integer m, then e(S) < "3=.

(ii) If a = mp; for some positive integer m, then e(S) = oc.

Proof.

(i) Let ¢ € S* for some positive integer k > 1. Then ¢ € S*! since
1 € S. We first note that if a # mp; for any positive integer m, then

[{z?, 2%, ... 2"~V gneYl| = n and hence

|{xb+ay7 I_b+2ay7 o 7xlz—&-(?l—l)(zy’ xb—l—nay}‘ = n.
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Since 1, % € S, we have

n 1
gk e §"% forl<,':1,2,...,n—2|r
and hence
n+1 n+1

Next, we have

gnmka — gnoka — gby gbtkay ¢ G .G C GHH2 fork =1,2,...

and hence

Combining (4.43) and (4.44), we have
{1,2% 2%, ... ,x(”*l)“} ={1,z,2%, ..., 2" '} C "
Since {1,2¢ 2%, ..., 2" 9} C §"% and 2’y € S, we have
{:be’ xb+ay7 xb+2ay’ N ’xb#%lay} C SRTH.
Finally, note that
GrHmRey _ gbtnka)y by ke o g gk C gk

for k =1,2,..., 25" and hence

{ber(nfl)ay’ xb+(n72)ay7 xb+(n73)ay

PRI
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Combining (4.45) and (4.46), we see that

n+1

{aby, a¥Fay, a2y bHTDa — Ly ey iy, ey C ST

Therefore, S™5 = Dy, and e(S) < ”TH

(ii) If a = mp; for some positive integer m, then
b i 2P —Pi ] j+Di j-+2p; j+(n—p;
{1,2% 2y} C {1,aP 2P I L OB Y e LT A AR A p)y}

for some integer j = 0,1,...,p; — 1. By Propositions 4.22 and 4.16, we

have ¢(5) = oo.
]

Proposition 4.25. Let S = {1, 2%, xby} C Dy, n > b where nis odd and 0 <

a < b <n— 1. Let p; be the distinct prime factor(s) of nfori =1,2,... w(n).
(i) If b — a # mp; for any positive integer m, then e(S) = n.
(ii) If b — a = mp; for some positive integer m, then e(S) = oc.

Proof.
(i) By Proposition 4.13, we have e(S5) = n.

(i) If b — a = mp; for some positive integer m, then
{1, 2%, by} C {1, 2P 2, a0 y gPiy %Py ,m(”_p")y}.

By Propositions 4.22 and 4.16, we have ¢(.S) = oo.
U

Proposition 4.26. Let S = {2, 2%, 2°y} C Dy, wheren > 5is odd, 1 < a <
b<n—-—10<c<n-—1anda—+ b= n. Let p; be the distinct prime factor(s)

ofnfori=1,2,...,w(n).
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(i) If a # mp; for any positive integer m, then e(S) = n.

(ii) If a = mp; for some positive integer m, then e(.S) = oc.
Proof.

(i) By Proposition 4.15, we have ¢(S) = n.

(i) If @ = mp; for some positive integer m, then b = ¢p; for some positive

integer ¢ since a + b = n. Hence,

a b oo Di 2D N=pi) o, pJtDi J+2pi J+(n—p;
{z% 2% 2y} C{1,2P x 1,...,:10( 1),333/,1’ iy, Zy,...,a:( ”y}

for some integer j = 0,1,...,p; — 1. By Propositions 4.22 and 4.16, we
have ¢(5) = oo.

[

Now, we are ready to show that there does not exist any subset S C Dy, such

that e(S) = n — 2 = 7 — 2 = 5. Once again, the following notations will be

used: Let S, ', S”, S, 8" C Ds, where 8" C S"”" C S" C " C S C Dy,.

Note that | S| = 3, |S”| = 4,

S"| =5 and [S"| = 6.

Theorem 4.27. Let D14 be the dihedral group of order 14. Then there does not

exist any subset S C D14 such that e(S) = 5.

Proof. Given that Dy, is the dihedral group of order 14, then we have n = 7.
Suppose that there exists a subset S C Dy, where e(S) = 5. By Propositions
4.6 and 4.23, it is clear that 3 < |S| < 7. Firstly, suppose that 1 ¢ S. From the
assumption that e(S) = 5, we have 2%y € S° forallu = 0,1,2, ..., 6 and hence
there exists 2’y € S for some v = 0,1,2,...,6. Then we shall consider three

cases as follows:
(a) {2, 2% 2y} C Sforl<a<b<6and0<c<6
(b) {z¢, 2by, 2y} C Sforl1 <a<6and0<b<c<6
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(c) {z%, 2y, 2y} C Sfor0<a<b<c<B6.
where a, b, c are integers. In the following, we shall explain the three cases

separately in detail.

(a) Let S = {2, 2, 2y} C Sfor1 <a < b<6and0 < c < 6. We first list

down the subsets S” where ¢(S") < 4.

Table 4.31: {z?, 2%, 2y} C S' C Dyy: e(S') < 4

S’ e(S”) S’ e(S) S’ e(S")
{z, 2%y} 4 {=%, 27, y} 3 {27, 2%y} 4
(o oy} | 4 | (et ey | 3| {00y | 4
{z, 22, 2%y} 4 {22, 23, 2%y} 3 {23, 2%, 2%y} 4
{z, 22, 23y} 4 {22, 23, 23y} 3 {23, 2%, 23y} 4
{z, 22, 2y} 4 {22, 23, 2%y} 3 {23, 25 xty} 4
{w, 2 2%y} | 4 | {2%,2%2%) | 3 | {2%20% 2%} | 4
{x, 22, 25y} 4 {22, 23, 25y} 3 {2?, 2%, 25y} 4
{z,23,y} 3 {2, 2%y} 4 {a?, 25, y} 3
{2, 23, 2y} 3 {22, 2%, 2y} 4 {a* 25, 2y} 3
{z, 23, 2%y} 3 {22, 2%, 2%y} 4 {xt, 2%, 2%y} 3
frataty) | 3| atataty) | 4| atataty) |3
{w, 2%, 2y} | 3 | {a? 2t 2y} | 4 | {2t 252y} | 3
{x, 23, 25y} 3 {22, 2%, 25y} 4 {2, 2%, 25y} 3
{x, 23, 25y} 3 {22, 2%, 25y} 4 {2t 2%, 25y} 3

:I;7x 7y z ’x ’y € 7x ,y

4 4 2 .6 3 4 .6 3
{z, 2, 2y} 4 {22, 2%, vy} 3 {x4,x‘6,a:y} 3
{z, 2%, 2%} | 4 | {22222} | 3 | {2%2%2%} | 3
{z, 2%, 23y} 4 {22, 25, 23y} 3 {2, 2%, 23y} 3
{xwi,x‘;y} 4 {mz,x?x:y} 3 {xj,wz,xiy} 3
{z,z*, z°y} 4 {2, 2°, 2y} 3 {z*, 25, z°y} 3
{z, 24, 25y} 4 {22, 2%, 25y} 3 {zt, 2%, 25y} 3
{z, 2%y} 3 {a?, 2%y} 4 {a°, 2%y} 4
{w, 222y} | 3 | {ad 2%y} | 4 | {2°2% 2y} | 4
{x, 25, 2%y} 3 {2, 25, 2%y} 4 {2®, 2%, 2%y} 4
{x,2° 23y} 3 {23, 25, 23y} 4 {2®, 2%, 23y} 4
{z,2° 2y} 3 {23, 25, 2y} 4 {x®, 2%, 2y} 4
fmadady) | 3| {ahataty) | 4 | fabafaty) | 4
{ratady) | 3 | Lhataty) | 4 | faPadaty) | 4

By Proposition 4.5, we see that if S" C S5, then e(S) < e(S’) < 4. Next, we
consider the subsets S’ where e(S”) > 4. Note that these subsets are of the
form S’ = {2 2% 2y} where 1 < a<b<6,0<c<6anda+b="T.

By Proposition 4.15, we have e(S") = 7 as shown in Table 4.32 below.
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Table 4.32: {z%, 2%, 2y} C S’ C Dyg: e(S') =7 >4

S’ e(S") S’ e(S") S’ e(S’)

{z, 2%y} 7 {a2, 2%y} 7 {?, 2%, y} 7
z, 2% o 7 x2, 2%, 7 23,2t x 7
{2, 2% zy} L7,y =ty

x,x8, 22 7 R A 7 3, xt a2 7
{z,2°% 2%y 2, 2%y ot xty

x, 28, 23 7 22, x°, 23 7 3.zt 23 7
{ Y , 20, 2%y ,xt 2’y

x, 28, 7 22, 25, at 7 AR AN 7
{ Y Y y

x, 28, 2’ 7 22, x5, ab 7 a3, xt a® 7
{ Y y y

x, %, 28 7 2, x%, 26 7 3.zt ab 7
{z,2° 2% , 27, 2%y , 2%, 2%y

Since e(S”) = 7 for the subsets S’ in Table 4.32, we consider the case where
|S”| = 4and S” = S" U {z'y’} fori € {0,1,...,6} and j € {0,1}. Note
thatif S” = S"U{x¢} ford € {1,2,...,6}, then S” will contain one of the
subsets listed in Table 4.31. Therefore, in the following we only consider

the subsets S” = S’ U {z?y} for d € {0,1,...,6}. We first list down the

subsets S” where e(S") < 4.

Table 4.33: {2, 2°, 2%y} C S' C Dy4: e(S”) < 4

S// e(S//) S// e(s//) S// G(S/I)
{z,2% y, 23y} 4 {22, 2%, y, 2%y} 4 {23, 2%y, 23y} 4
{x,25 2y, 22y} 4 {2225, zy, 2%y} 4 {23, 2%, 2y, 23y} 4
{z, 25, 2y, 21y} 4 {2225, zy, 23y} 4 {23, 2%, 2y, 2y} 4
{z, 2% 2y, 25y} 4 {22, 25, 2y, 25y} 4 {23, 2%, zy, 2%y} 4

{28 2%y, 25} | 4 [{2? 25, 2%y, 2%y} | 4 |[{2%2%, 2%y, aty}| 4
{x, 25, 2%y, 2%} | 4 [{22,25, 23y, 2%y} | 4 {23, 2% 2%y, 2%y} | 4
{, 25, 23y, 2y} | 4 | {2225, 23y, 2%y} | 4 {23, 2% 2%y, 2%} | 4
{2,208, 23y, 2%} | 4 |{22,2° 2%y, 2%y} | 4 |{23 2% 23y, 2%y}| 4
{x, 25, 2%y, 2%y} | 4 |{22,25 2%y, 2%} | 4 {23 2% 23y, 20} 4

Next, we list down the subsets S” where e(S”) > 4.

Table 4.34: {z%, 2% 2°y} C 8" C Dyy: e(S") =6 > 4

S// e(S//) S// e(S//) S// e(S//)
{z,2%y, 2%} | 6 | {a2,2%y, 2%y} | 6 | {23 2% y,aS} | 6
{w,2% zy, a3y} | 6 | {2%, 2% ay,aty} | 6 | {23 2% 2y, 2%y} | 6
{, 25, 2%y, 2y} | 6 |{a?, 25 2%y, 2%y} | 6 |{a3 2% 23y, 2%y} 6
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Let S” = S" U {z'y’} fori € {0,1,...,6} and j € {0, 1} where S” is in
Table 4.34 and |S”’| = 5. Then we have the following cases:
() If §” = 8" U {z'} fori € {1,2,...,6}, then S will contain one of
the subsets in Table 4.31.
(i) If 8" = S” U {z'y} fori € {0,1,...,6}, then S”” will contain one of
the subsets in Table 4.33.

By Proposition 4.5, we have e(S5") < 5 and hence there does not exist any

subset S C Dyy where e(.S) = 5.

(b) Let S" = {z%, aby,2°y} C Sfor1 <a<6and 0 < b < ¢ < 6. We first

list down the subsets S where ¢(S") < 4.

Table 4.35: {z?, 2%y, 2y} € S’ C Diy: e(S') < 4

S’ e(S") S’ e(9") S’ e(S")
{z,y,2y} 4 {2%,y,2%y} 4 {2°,y, 2y} 4
{z,y,2%y} 4 {2%,y, 2%y} 4 (2%, y, 2%y} 4
{z,y, 2%y} 4 {2%,y, 2%y} 4 {2°,y, 2%y} 4
{z,y,2%} 4 {23y, 2%y} 4 {2%,y, 2%} 4
{z, zy, 2y} 4 {a?, xy, 2y} 4 {25, zy, 2%y} 4
{2, 2y, 2y} 4 {23, xy, 2%y} 4 {2®, vy, 23y} 4
{x, 2y, 2y} 4 {23, zy, 2%y} 4 {a®, xy, 25y} 4

{z, 2%y, 23y} 4 {23, zy, 25y} 4 {2®, 2%y, 23y} 4
{z, 2%y, 2°y} 4 {23, 22y, 24y} 4 {2°, 22y, 2y} 4
{z, 2%y, 2%} | 4 | {a®, 2%y, 2%y} | 4 | {2% 2%y, 2y} | 4
{z, 23y, 25y} 4 {23, 23y, 25y} 4 {25, 2y, 25y} 4
{z, vy, 25y} 4 {23, 23y, 25y} 4 {2®, 21y, 25y} 4
{z, 2%y, 25y} 4 {23, 2%y, 25y} 4 {x®, 2%y, 25y} 4

{22y, 2y} 4 {z*,y, 2%y} 4 {2%,y, zy} 4
{2%,y, 2%y} 4 {z*,y, 2%} 4 {2%,y, 2%} 4
{2%,y, 2%y} 4 {z*,y, 2%y} 4 {2%y, 2%y} 4
{22y, 2%} 4 {z%,y, 2%y} 4 {2%,y, 2%} 4
{22, vy, 22y} 4 {z*, vy, 23y} 4 {2® zy, 2%y} 4
{22, 2y, 23y} 4 {2, xy, 24y} 4 {28, zy, 2%y} 4
{22, zy, 2%} 4 {at, zy, 2y} 4 {25, zy, 2%y} 4
{22, 2%y, 23y} 4 {2* zy, 25y} 4 {20, 22y, 23y} 4
{22, 22y, 2y} 4 {2, 2%y, 2y} 4 {28, 22y, 25y} 4
{22, 23y, 2y} 4 {x4, 2%y, 25y} 4 {2®, 22y, 25y} 4
{2%, 23y, 25y} 4 {2, 22y, 25y} 4 {28, 23y, 2y} 4
{22, 2%y, 2%} | 4 | {ah 2%y, 2%y} | 4 | {20, 2%y, a%) | 4
{22, aty, 2%} | 4 | {a* 28,20} | 4 | {af 2ty 20y} | 4
{22, 2%y, 25y} 4 {2, 2y, 25y} 4 {28, 25y, 25y} 4
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(c)

Next, we list down the subsets S” where e(S”) > 4.

Table 4.36: {x®, 2%y, 2y} C S’ C D1z e(S') =6 > 4

S’ e(S") S’ e(S") S’ e(S”)

{z,y,2%y} 6 {=%,y, 2y} 6 {2°,y,2°y} 6
{z,y, 2%y} 6 {2%,y, 2%} 6 {2%,y, 2%y} 6
{2, 2y, 2%y} 6 {23, zy, 2%y} 6 {2® zy, 2%y} 6
{x, 2y, 2%y} 6 {23, 2%y, 23y} 6 {x® xy, 25y} 6
{z, 2%y, 2y} 6 {23, 23y, 24y} 6 {25, 2%y, 25y} 6
{2%,y, 2%} 6 {z*,y, 2y} 6 {2%y, 2%y} 6
{22y, 2y} 6 {2y, 2%} 6 2%y, 2%y} 6
{22, vy, 2y} 6 {2, vy, 2%y} 6 {2® zy, 23y} 6
{22, 2y, 2°y} 6 {2, 22y, 23y} 6 {28, 2y, 2%y} 6
{22, 2%y, 25y} 6 {2, 2y, 25y} 6 {28, 23y, 25y} 6
{22, 23y, 25y} 6 {2, 25y, 25y} 6 {28, 2y, 25y} 6

Since e(S”) = 6 for the subsets S’ in Table 4.36, we consider the case where
|S”| =4and S” = S" U {x'y’} fori € {0,1,...,6} and j € {0,1}. There

are two cases to consider:

() If 8" = S" U {z%} ford € {0,1,...,6}, then S” will contain one of
the subsets in Table 4.35 and hence ¢(S”) < 4.

(i) If S” = §' U {a} ford € {1,2,...,6}, then S” will either contain
one of the subsets in Table 4.31 or S” will have been listed in Tables

4.33 and 4.34. Hence, it is clear from (a) that there does not exist any

subset S C Dy, where e(S) = 5.

Let S = {a%,2by, 2y} C Sfor0 < a < b < ¢ < 6. By Proposition
4.22, e({x%y, 2%y, x°y}) = oco. Hence, we consider the case where |S”| = 4
and S” = S' U {z'y’} fori € {1,2,...,6} and j € {0,1}. Note that by
Proposition 4.22, e({y, xy, 2%y, 23y, 2ty, 2%y, 25y}) = oo. If |S| > 7,
then e(S) = 2. Therefore, we only consider adding the element ¢ to

S’ for some positive integer d where 1 < d < 6. Then we have S” =
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{x%, 2%y, 2%y, 2%} C S and {z¢, 2%, 2%y} C {2%, 2%y, 2°y, z?}. From
(b), there does not exist any subset S C Dy, where e(S) = 5.
From the three cases ((a), (b) and (c)) above, we see that when 1 ¢ S, there does
not exist any subset S in Dy, such that e(S) = 5.
Secondly, suppose that 1 € S. From the assumption that e(S) = 5, we have

'y € S° forallu = 0,1,2,...,6 and hence there exists 'y € S for some

v=20,1,2,...,6. We consider the following two cases:
(1) {1,2%, 2%y} C Sfor1 <a<6and0<b<6
(2) {1,2%,2%y} C Sfor0<a<b<6
where a and b are integers. We shall explain the two cases in detail. Let m be a
positive integer.
(1) Let S’ = {1,2%, 2%y} C Sfor1 < a < 6and 0 < b < 6. Since a =
1,...,6, then a # 7m and by Proposition 4.24, e({1, 2%, 2%y}) < 4 < 5.
(2) Let 8" = {1,2%, 2%} C Sfor0 < a < b < 6. Since 0 < a < b < 6, then
b — a # Tm and by Proposition 4.25, we have e({1, 2%, 2°y}) = 7. Let
S" =8 U{x'y'} wherei € {0,1,...,6}, 5 € {0,1} and |S”| = 4. Note
that if ¢ € S” for 1 < ¢ < 6, then {1,z 2%y} C S” and from (1), we
have e({1, 2%, 2%y, 2°}) < 5. Hence, we only consider S” = S’ U {z%y}
for0 <d<6andb < d.

Table 4.37: {1, 2%, 2Py} C S” C Dy4: e(S") < 4

S// e(S/I) S/I e(S//) SI/ e(S//)
{Lyzy.2®yy | 4 [{Lya'y.2%y} [ 3 [ {Lay2y,a%} [ 3
%1,y,xy,xzy{ 3 {1,y,x:y,xzy} 3 }l,wzy,xzy,x:y} 4

Ly, zy,z%y 4 | {lLy,22y,2%} | 4 L2y, x%y, 2y} | 3
{Ly,zy, 2%y} | 3 |[{l,zy,2%y,2%}| 4 |{1,2%y,2%,2%}| 4
{1,y,2y,2%} | 4 |[{1,zy,2%y, 2%y} | 3 |{1,2%,2%,2%y}| 3
{1,y,2%y, 2%y} | 3 |{l,zy,2%y,2%y}| 4 |{1,2%y, 2%y, 2%}| 4
{1,y,2%y,2*y}| 4 |{l,zy,2y,2%}| 3 [{1,2%y,2%,2%}| 4
{1y, 2%y, 2%y} | 4 |{Lzy,23y,2*y}| 3 |[{1,2%y, 2%y, 2%}| 4
{1,y,2%y,2%} | 3 |{l,zy,2%y,2%}| 4 |{1,23%, 2%, 2%} | 3
{1,y,2%y, 2%y} | 4 |{1,zy,2%y,25%}| 4 |{1,23y,2%y, 2%} | 3
{1,y7x§y,x2y} 4 {1,xy,riy7x2y} 4 |{1,2%y, 2%y, 25} | 4
Ly, 2’y 2%} | 4 [{lay 2%y, 2%} | 4
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From Table 4.37, we have e(S”) < 5.

From the two cases above, we see that when 1 € S, there does not exist any
subset S C Dy4 such that e(S) = 5.
Hence, we conclude that there does not exist any subset S C Dy, such that

e(S) = 5. O

We have shown that there does not exist any subset S C Dy, such that
e(S) = 5. Next, we consider a wider range of integers k for which there does
not exist any subset S C Dy, such that ¢(S) = k. In the following, we show that

there does not exist any subset S C Ds, such that e(S) = k for k = 7,8, 9.

Theorem 4.28. Let Doy be the dihedral group of order 22. Then there does not

exist any subset S C Dqy such that e(S) = k for k = 7,8,0.

Proof. Given that Dy, is the dihedral group of order 22, then we have n = 11.
Suppose that there exists a subset S C Doy where e(S) = k for k € {7,8,9}.
By Proposition 4.23, it is clear that | S| > 3. Firstly, suppose that 1 ¢ S. From
the assumption that e(S) = k for k € {7,8,9}, we have 2%y € S* for all
u=20,1,2,...,10 and hence there exists z"y € S for some v = 0,1,2,...,10.

Then we shall consider three cases as follows:
(a) {2¢, 2, 2y} C Sfor1 <a<b<10and0 < ¢ < 10
(b) {z% 2by, 2y} C Sfor1 <a<10and 0 < b < c< 10
(¢) {z%, 2Py, 2y} C Sfor0<a<b<c<10.

where a, b, c are integers. In the following, we shall explain the three cases

separately in detail.
(a) Let S’ = {a%, 2, 2y} C Sfor1 <a<b<10and 0 < ¢ < 10. We first
list down the subsets S” where e(.S") < 6.
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7$c
yyC S
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cD
99
se(s’
) <
<6

S

{m7x;

{{f,xz vf} e(s,
) 2 ’

{33‘7 52, aijy} 4 )

%zva’xsy% 4 {:UZ S’

{x’$2,z4y} 4 {3;‘27‘r8

r,2? z°y 4 { z’$8’m4y} c
{ZL":EanG } 4 {x ,x87x5 (S
{z m7y} 4 z? 7x6y} 5
{ a2, v} {ggz’ﬂ«“8 v}

T 2; q;S 4 .CE87 ;1;7 5 { 7
{z v gy} 4 (a2 xgy} 5 P

ax2’$ y} {xzaxs’ y} {1‘5’x7
{1'71’.;10:(/ 4 { 7.’,C8 7x9y} 5 {ZC'S 7$7’x8y} e
{x LY } 4 22 vgjlo 5 7$7u$9 (S/)
{= 2%, } 4 {2 yalt y} 5 {z° ’xloy} 5
{$7x3; a;zy} 5 {xQ ’xllo ’xy} 5 {xS 7x8, y} 5
{zvxS 3y} < {x27x 0 ’ y} s {1’5 79:8 y} 5
’1’3’3: { 2’5810’5‘32 { ,»xs’xy}
{{E 3; ;L'4y} 5 {x 71,10, xgy} 5 {1‘0, :178’ 2 4
{CE, v 5y} 5 xQ 4y} 5 .’1?5 axSy} 4
vx?)’x { 73310’.% { axS Yy
{$ y} 1‘2 y} 5 1'5 agj4 } 4
7:1;3’$6 5 { 7%‘10’1'5 { 71‘8 Yy
{3;‘ 3, {L‘7y} 5 {2327 Ilo’ ;I;Gy} 5 {1‘57 1‘87 z° } 4
{:1:7 1‘3, xSy} 5 {5027 et ’Wy} 5 {x5, :ES’ zﬁy} 4
{z o Qy} 5 x’ ] 8y} 5 @’ ’x7y} 4
?;E?;"T Yy {$271~10’I Y {x5’x8 y}

{z, ltfloy} 5 { , 210 any} 5 {$5 ’;CS’ xSy} 4

{z 4,y } 5 23 79010} 5 7x8’379y 4
{m’x x} 5 {x3’$4 y} 5 {x® ’wlo} 4
{ 7@‘47 y} {51:3’734’y} {xS 7339 y} 4

3771,4’332 5 { ax4"73y 5 { 7939’2%}
{I’$471}3y} 5 {x?’,x47x2 } 5 {$57$9 7xy} 4
{{E’x4;z4y} 5 {$37x47x35} 5 {m5,$9ax2y 5
{‘T,x4’x5y} 5 {$3’$47$4y} 5 {x5,$9a(53y} 5
{J),x47(56y} 5 {x3’.1347x5y} 5 {x5,$9ax4y} 5
{J)’ l'4, J)7y} 5 {1;3’ 1:47 x6y} 5 {xf7 179’ gj5y} 5
{$7I4;Qj8y} 5 {x3’$47$7y} 5 {:E‘J’xgaz(}y} 5
{x ) ;L'Qy} 5 (E3 7338 } 5 1‘5 ) x’? } 5

’ ;U4 Yy {1'3 7x4 y} {:1?5’ x9 y}

{xm’gloy} > { 2t 2%y} > {b ’$9’$8y} >

{x x5’y}} 5 3 , 10 5 ( ,xg’aﬁy 5
{x, x 5 {2 e v} 5 " ’xlo} 5
{:1;7 x5,7x2y} s {I3 ,335”;?} 5 {l’5 a;zjlo y} 5
o, v} s s L S

x,x5’z3y 5 { 7$57x2y {x5’$10 7l‘y}

{IE 5’{E4 } 5 $3 x5,x3 } 5 { ,1.1071'2 4
{QE’ Z x5y} 5 {3737 ) x4y} 5 $5 ’ x3y} 4
{x7,’1’,‘5 mﬁy} < {x3ﬁx57x5y} 5 {3357511‘107%‘4?]} 4
{z7x5, y} {z3vx5 6y} 5 {1.5’x10 5y} 4
{ ,1,5’1‘7y} 5 {x3ax57‘x y} {x5ax1()’l' y}

I71~5’I8 5 ’.%57:67 5 { ,xlovg;(i 4
{z,2° ’;L'Qy} 5 {{xS .’L‘57 xsy} 5 {xS’ 3710’ m7y} 4

{ ) {El y} 5 x?) 7 ) mQy} 5 1‘5 5 x8y} 4

{ x73;‘6 Oy} { 7?;735 o y} {x5 71‘10 y} A

x7x6’y} > {:c S > ’3310’339
{z T 5 23 2 y} 5 {af 7x10y} 4
{ 7l'67 y} {x3am6’y} {x67x7 y} 4

zvxﬁ’aﬂ 4 { axG’Iy 5 { ,xwy}

{{E ) sz} 4 x3 7332 } 4 ‘TG , T 4
{ ,1'6 y} {m37x6 y} {LE 7;1;7 y}

xva’m 4 { 7x67x3 4 { 7$7’$2y 5
{l‘ ) xSy} 4 11,‘3 ,’1}67 x4y} 4 {J‘G, $7’ 333 } 5
{1‘7 z° y} {xS’ 5y} 4 0 7x4y} 5
{ B ) {zs’“’”” v} s v}

T xﬁ’aﬂ 4 { ,x67x6 4 { ,177’175 5
{IC7 ) zSy} 4 xS 67 gg7y} 4 1'6, £C7’ ;pGy} 5
{.’E ’1'6 gy} 4 {xS’ . ;L'Sy} 4 {xG ) (p?y} 5

7x6’x y {1,37‘7;67 y} {x6>x7 y}
7x10 } 4 7336 7x9y 4 {mﬁ ’$7’ xsy} 5
y} 4 {{1‘3 7%’1710 } 4 s .I‘7 ’ Z‘gy 5
4 3 T y} 4 {zb , 10 } 5
{a3 ,a’ ) 4 {2® ,z® y} 5

{ 37x7’zy} {vaxS’y}

x 77 22 4 , 28 , T 5
@ wgy} 4 {8 ,ﬁy} s

Y {x6’ ® y}
} 4 a3 5

{xG’ ® y}
4 {1’67 1787 $4y} 5
{mﬁ’ xS’ 1’5y} :
7x8’ ‘TGy 5
ax?y} 5
} 5
5
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Table 4.38: (Continued)

{2, 2%, 2%y}

S’ e(S") S’ e(S") S’ e(S")
{z, 27y} 5 {22, 27, 2%y} 4 {20, 2%, 2%y} 5
foaT oyt |5 | LhaTetyy | 4| a%a%) | S
{z, 27, 2%y} 5 {23, 27, 2%} 4 | {a® 2% 2%} | 5
{x, 27, 23y} 5 {2, 27,27y} 4 {2829, y} 5
{z, 27, 2y} 5 {22, 27, 28y} 4 {28 29, 2y} 5
{z, 27, 25y} 5 {2327 2%} 4 {28, 2%, 2%y} 5
{z,27, 2%} 5 {23, 27, 210} 4 {28, 29, 23y} 5
{z,27, 27y} 5 {2%,2%, y} 5 {2%, 2%, 2y} 5
{x, 27, 28y} 5 {23, 2°, vy} 5 {26, 2%, 25y} 5
{z, 27, 2%} 5 {22, 29, 2%y} 5 {20, 2%, 25y} 5
{x, 27, 2%} 5 {23, 29, 23y} 5 {28, 2%, 27y} 5
{z, 2%y} 5 {23, 2%, 21y} 5 {20, 2%, 28y} 5
{z,28 2y} 5 {23, 2% 25y} 5 {28, 2%, 2%} 5
{z, 2%, 2%y} 5 {23, 29, 2%} 5 | {a%2% 2%} | 5
{x, 28, 23y} 5 {2, 2%, 27y} 5 {2, 210y} 5
{z, 28, 2y} 5 {23, 29, 2%y} 5 {20, 219 2y} 5
{z, 28, 25y} 5 {23, 2%, 2%} 5 {20, 219 2%y} 5
{z, 28, 25y} 5 (23,29, 210y} 5 {26,210, 23y} 5
{z, 2% 27y} 5 {23,2%, y} 5 | {a% 22y} |5
{x, 28, 28y} 5 {22,219 2y} 5 {20, 210 2%y} 5
{x, 28, 2%} 5 {23,210 2%y} 5 {28, 210 25y} 5
{x, 28, 2%} 5 {23,219 23y} 5 {2, 219 27y} 5
{z,2°,y} 5 {23,210, 24y} 5 {26,210 28y} 5
{z, 2%, zy} 5 | {a® 202y |5 | {a%2'% 2%} | S
fea® oy} | 5 | a0t} | 5| {00, 20 | s
{x, 2%, 23y} 5 {23,219 27y} 5 {2728, y} 5
{z, 29, 2y} 5 {23,219 28y} 5 {27, 2%, 2y} 5
{z, 29, 25y} 5 {23,210, 2%} 5 {27, 2%, 2%y} 5
{z, 2%, 2%y} 5 {23,210 210y} 5 {27, 28, 23y} 5
{z,2°, 27y} 5 {a*, 2%, y} 5 {a7, 2%, aty} 5
{x, 29, 28y} 5 {2t 2%, vy} 5 {27, 2%, 25y} 5
{x, 29, 2%} 5 {x*, 25, 2%y} 5 {27, 28, 25y} 5
{x, 29, 2%} 5 {2, 2% 23y} 5 {2728, 27y} 5
ety |5 | {ehatatyy |5 | bt} |5
{22, 2%, 2y} 5 {z*, 2%, 2%y} 5 {27, 2%, 2%} 5
{22, 23, 2%y} 5 {2t 25, 25y} 5 {27, 28, 210} 5
{22, 23, 23y} 5 {a*, 25, 27y} 5 {27, 2% y} 4
{22, 23, 2ty} 5 {x4, 25, 2%y} 5 {27, 2° xy} 4
{2?%, 23, 2%y} 5 {24, 25, 2%} 5 {27, 2°, 2%y} 4
{z%,2%, 2%} | 5 | {ah,25, 2%} | 5 {a7, 2%, 2y} 4
{22,227y} | 5 {a*,2%,y} 5 {27, 2%, aty} 4
{22, 23, 28y} 5 {2t 2%, vy} 5 {27, 2%, 25y} 4
{22, 23, 2%} 5 {x*, 25, 22y} 5 {27, 2%, 25y} 4
{22, 23, 210} 5 {2, 25 23y} 5 {2729 27y} 4
{22, 2%y} 4 {a*, 28, 2y} 5 {27, 2°, 28y} 4
{2?, 2%, 2y} 4 {z*, 2% 2%y} 5 {27, 2%, 2%} 4
{22, 2%, 2%y} 4 {2t 25, 25y} 5 {27, 2%, 1%} 4
{22, 2, 23y} 4 {24, 25, 27y} 5 {27,210y} 5
{22, 2%, 2y} 4 {2, 25 28y} 5 {27,210 2y} 5
{22, 2%, 25y} 4 {2*, 25, 2%} 5 {27,219 2%y} 5
{22, 2%, 2%} | 4 | {a%a2% 2%} | 5 | {2720 2%} | 5
Ghahaty) | 4 | (ahaty) | 4 | ey} | S
{22, 2%, 28y} 4 {2, 2%, vy} 4 {27,210 2%y} 5
4 4 4 5
4 4 5

{22, 2%, 2%}

{a*, 28, 23y}
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Table 4.38: (Continued)

S’ e(S") S’ e(S") S’ e(S")

{2? 2%, y} 5 {2t 2%, 2%y} 4 {27,219 28y} 5
{22, 2%, vy} 5 {x*, 28 2%y} 4 {27,210 2%} 5
{2 25, 2%y} | 5 {a*, 2%, 20} 4 | {22102} |5
{22, 25, 23y} 5 {2t 28, 27y} 4 {28, 2%y} 5
{22, 25, 2y} 5 {x*, 28, 28y} 4 {28 29, 2y} 5
{22, 25, 25y} 5 {xt, 28, 2%} 4 {28, 2%, 2%y} 5
{2?% 2%, 25y} 5 {2, 28, 210} 4 {28, 2%, 23y} 5
{2, 25,27y} | 5 {a*,29,y} 5 {a®, 29, 2%y} 5
{22, 25, 28y} 5 {2*, 2%, vy} 5 {28, 2%, 25y} 5
{22, 25, 2%} 5 {24, 2%, 2%y} 5 {28, 2%, 25y} 5
{22, 25, 210} 5 {24, 2%, 23y} 5 {28, 2,27y} 5

{22, 25, y} 5 {2, 2% 2%y} 5 {28, 2%, 2%y} 5
{22, 25, xy} 5 {at, 29, 2y} 5 {a®, 29, 2%y} 5
{22, 25, 2%y} | 5 {z*, 29, 25} 5 | {a%2% 2%} | 5
{22, 25, 23y} 5 {a*, 2%, 27y} 5 {28, 210y} 5
{22, 25, 2y} 5 {24, 29, 28y} 5 {28,210 2y} 5
{22, 25, 25y} 5 {x%, 29 2%y} 5 {28, 219 2%y} 5
{x?%, 25, 25y} 5 {2, 2%, 210} 5 {28,210 23y} 5
{2, 25,27y} | 5 {24, 2%, y} 5 | {a%2 2%} | 5
{22, 25, 28y} 5 {24, 219 2y} 5 {28,210 2%y} 5
{22, 25, 2%} 5 {24, 210 2%y} 5 {28, 210 25y} 5
(22,25, 210y} 5 {24,210, 23y 5 {28,210, 27y} 5

{22,279y} 5 {z*, 210, 24y} 5 {28,210, 28y} 5
{22, 27, xy} 5 | {at 2% aby) |5 | {2520 2%) | S
2y |5 | et a0y} |5 | (et et 20y} |
{22, 27, 23y} 5 {24, 210 27y} 5 {22,210, y} 4
{22, 27, 2%y} 5 {at, 210 28y} 5 {22,210 2y} 4
{22, 27, 2%y} 5 {z*, 210, 2%} 5 {2, 219 2%y} 4
(22,27, 25y} 5 (24, 210, 10y 5 (29,210, 23y} 4
{22, 27,27y} | 5 {25, 27, y} 5 | {2202y} | 4
{22, 27, 28y} 5 {2®, 27, vy} 5 {2, 210 2%y} 4
{22,227, 2%} 5 {x®, 27, 2%y} 5 {2,219 25y} 4
{22, 27, 210} 5 {2°,27 23y} 5 {2,219 27y} 4

{22 28, y} 5 {25, 27 xty} 5 {2,219 28y} 4
{22, 2%, xy} 5 {25, 27, 2y} 5 | {222 2%}) | 4
{22, 2%, 2%y} 5 {2, 27, 25y} 5 {2 210 210y} 4
{22, 28, 23y} 5 {2, 27, 27y} 5

By Proposition 4.5, we see that if ' C S, then e(.S) < e(S’) < 6. Next,
we list down the subsets S” where e(S’) > 6. Note that these subsets are
of the form S’ = {2, 2% 2y} where 1 < a < b < 10,0 < ¢ < 10
and a + b = 11. By Proposition 4.15, we have e(S’) = 11 as shown in

Table 4.39.
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Table 4.39: {2, 2% 2y} C S C Dayy: e(S') = 11

S’ e(9") S’ e(S") S’ e(S”)
{2,210 y} 11 {22, 29, 2%y} 11 {2t 27, 25y} 11
{z, 2% 2y} 11 {22, 2%, 2%} 11 {2, 27 2%y} 11
{z, 210 22y} 11 {2%, 29, 2%} 11 {2*, 27,27y} 11
{a, 20 2%} | 11 {a3, 2%, y} 1| {ah 2% %y} | 11
{z, 219 2%y} 11 {23, 2%, xy} 11 {2t 27, 2%} 11
{z, 219 2%y} 11 {23, 2%, 2%y} 1| {2427, 2%} | 11
{z, 219 2%y} 11 {23, 28, 23y} 11 {x®, 2%y} 11
{2,219 27y} 11 {23, 28, x4y} 11 {25, 25, 2y} 11
{z, 219 28y} 11 {2, 28, 25y} 11 {2®, 2%, 2%y} 11
{z, 219 2%} 11 {2?, 28, 25y} 11 {2®, 25, 23y} 11

{x, 219 20} | 11 {23, 28,27y} 11 {a®, 2%, 2y} 11
{22, 2%, y} 11 {23, 2%, 2%y} 11 {x®, 2%, 25y} 11
{2, 29, zy} 1| {«?,2% 2%} | 11 | {2%2%2%} | 11
a0ty | 1| @) | 0| (e | n
{22, 2°, 23y} 11 {2*, 27y} 11 {2®, 2%, 28y} 11
{22, 2%, 21y} 11 {2*, 27, 2y} 11 {2®, 2%, 2%} 11
{22, 2%, 25y} 11 {2t 27, 2%y} 11| {2%,2% 2%} | 11
{22, 2%, 25y} 11 {x*, 27 23y} 11
{22,2% 27y} | 11 | {at 272ty | 11

Since e(S’) = 11 for the subsets S” in Table 4.39, we consider the case
where |S”| = 4and S” = S"U{x"y’} fori € {0,1,...,10} and j € {0, 1}.
Note that by Proposition 4.5, if S C S”, then e(S”) < e(S’). Therefore,
in the following we only consider the subsets S” that do not contain any of
the subsets S’ listed in Table 4.38. Since S’ U {z'} fori € {1,2,...,10}
contains one of the subsets in Table 4.38, we only consider the subsets
S" = 8" U{z'y} fori € {0,1,...,10}. We first list down the subsets S”

where ¢(S5”) < 6.

Table 4.40: {x?, 2%, 2y} C §" C Day: e(S") < 6

S// e(‘S'I/) S// e(S//) S// e(S//)
{z,2'% y, 2y} 6 {2227, 2%, 2"} 4 | {2% 2", 2%y, 2%y} | 4
{z,2'%y, 2%y} 4 | {a?,2% 25y, 2%} | 4 | {ah,27, 2%y, 2%} | 6
{z,2'% y, 25y} 4 | {a?,2% 25y, 2%} | 6 | {2t a7, 2%y, 2%y} | 6
{z,2'%y, 2%y} 4 | {a?,2% 20, 2%} | 6 | {af, 2, 2%y, 2%y} | 4
{2,210y, 2%} | 6 | {22,2%2%,2%} | 6 | {z*27,2%y,2Ty}| 6

{z,21% 2y, 2%y} | 6 | {22227y, 28y} | 4 | {2427, 2%y,2%y} | 6
{z,21% 2y, aty} | 4 | {22227y, 2%} | 6 | {a%2",23y,2%} | 6
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Table 4.40: (Continued)

S// e(S//) S// e(S/I) S// e(S//)
{22, 29, 23y, 27y} 6 {2t 27 2y, 2%y} 4 {a®, 2%, 2%, 28y} 6
{22, 29, 23y, 2%} 4 {2*, 27, 2y, 2%y} 6 {a®, 25, 27y, 2%} 6
{22, 29, 2y, 2%y} 4 {4, 27 2y, 27y} 6 |[{2° 2% 27y, 210} | 4
{22, 2%, 2y, 25y} 6 {2%, 27 2y, 28y} 6 |[{2° 2% 28y, 2%} | 6

Next, we list down the subsets S” where e(S”) > 6.

Table 4.41: {z, 2% 2y} C S" C Day: e(S") > 6

57 (S 57 e(S7) 57 e(S7)
{9579010;31,9329} 10 {x27$9,$4y7$8y} 10 {9547337,3523/795103/} 10
{xaxloayvxgy} 10 {x27x9?$5yax9y} 10 {x4a$77$3y>$6y} 10
{z, 2% 2y, 23y} 10 [ {z%,2° 2%, 2%} | 10 | {a* 27, 2%y, 27y} | 10
{z, 219 23y, 2%y} | 10 | {23,258, 2y, 25y} 10 | {z* 27, 27y, 2%} | 10
{2,219 2%y, 2%y} | 10 | {23,258 2y, 27y} 10 {2525, y, vy} 10
{2, 20, 2%y, 27y} | 10 | {23, 2%, 2%y,27y} | 10 {a®, 25, y, 210} 10
{x7l,10’1:6y71:8y} 10 {$37$87$29a$89} 10 {x53z6?xyax2y} 10

{2,219 28y, 2%} | 10 | {23, 28 23y, 2%} | 10 | {2® 2% 23y, 2%y} | 10
{22, 2°,y, 21y} 10 | {2328, 2%y, 2%} | 10 | {25 25 2%y, 25y} | 10
{22, 2%y, 27y} 10 | {23, 28 2%y, 2%} | 10 | {2®, 2% 25y, 25y} | 10
{22, 2%, zy, 2%y} 10 {xS,mS,mf’y,x(lOy} 10 | {x%,25 2%, 27y} | 10
fa?a%ayatyh | 10 | {atalyadyl | 10 | {a%a% 0Ty sy} | 10
{22, 29, 2%y, 25y} | 10 {2*, 27y, 28y} 10 | {2525, 28y, 2%y} | 10
{xz,xz,miywiy} 10 {mi,x?wywiy} 10 | {525 2%, 2%} | 10
{z, 27, 2%y, x"y} | 10 | {a* 2", 2y, 27y} 10

{22, 2%, 23y, 2%} | 10 | {a%, 27, 2%y, 2%y} | 10

Let 5"

Table 4.41 and |S”’| = 5. Then we have the following cases:

(i) If "

the subsets in Table 4.38.

@) If 8" = 8" U {z'y} fori € {0,1,...,10}, then S” will contain one

of the subsets in Table 4.40.

By Proposition 4.5, we have e(S5") < k for k € {7,8,9} and hence there
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S"U{xty?} fori € {1,2,...,10} and j € {0, 1} where S” is in

S"U{z'} fori € {1,2,...,10}, then S”” will contain one of




does not exist any subset .S where e(S) = k for k € {7,8,9}.

list down the subsets 5" where ¢(S”) < 6.

Table 4.42: {z, 2%y, 2y} C S’ C Day: e(S') < 6

(b) Let 8" = {x%, 2%y, 2y} C Sfor1 <a<10and 0 < b < ¢ < 10. We first

S’ e(S") S’ e(S") S’ e(S")
{z,y, 2y} 6 {2t 2%y, 23y} 5 {27, 21y, 2%} 6
{z,y,2°y} 5 {z*, 2%y, x'y} 4 {27, 2y, 2%} 6
{z,y, 2"y} 6 | {z*2%y,a%}) | 6 | {a7,2%,2%} | 5
{z,y,2°y} 4 {a*, 2y, 27y} 6 {a7, 2y, 2"y} 4
{z,y,27y} 6 {z*, 2%y, 2%} 6 {27, 25y, 2"y} 6
{z,y,2%} 5 {z*, 2%y, x'y} 5 {27, 2%, x7y} 5
{z,y, 2"y} 6 {z*, 2%y, 25y} | 4 {27, 2%, 2%y} 4
{z, 2y, 2%y} 6 {2*, 23y, 27y} 6 {27, 2%y, 210} 6
{z, zy, z'y} 5 {a*, 2%y, 2%y} 6 {27, 27y, 2%y} 5
{x, vy, 2%y} 6 {24, 23y, 2%} 6 {27, 27y, 2%} 4
{x, 2y, 2%y} 4 {24, 23y, 210} 6 {27, 28y, 2%} 5
{x, 2y, 27y} 4 {x4 2ty, 25y} 5 {27, 28y, 210} 4
{z,xy, 2%y} 6 {2, 2y, 25y} 4 {27, 2%, 210} 5
{z, zy, 2%} 5 {a*, aty, 2%y} 6 {2%,y, xy} 6

{x, 2%y, 2y} 6 {at, aty, 2%} 6 {2y, 2%y} 5
{z, 2%y, 2y} 5 | {a* 2ty 2} |6 {28y, 2%} 6
{z, 2%y, 2%} 6 | {at,2%,2%} | 5 {25y, 2%y} 4
{z,2%y, 2Ty} | 4 | {2%2%,2"y} | 4 {25y, 27y} 4
{x, 2%y, 2%y} 4 {at, 2Py, 2%y} 6 {2®,y, 2%y} 6
{{x, x22y7 xlgoyﬁ g {{x‘z fﬂ56y, xlf y}} 2 {{ 2%y, :ﬂlgoy }} 2
x, 2%y, 20 x4, 2%y, 2y 28, y, 20
{2, 23y, 2y} 6 {x*, 2%y, 28y} 4 {28, vy, 2%y} 6
{z, 2%y, 25} 5 | {a% a0, 2%} | 6 {2°, zy, 2y} 5
{z, 23y, 27y} 6 {2*, 27y, 28y} 5 {28, 2y, 2y} 6
{a, 23y, 2%y} 4 {a*, 27y, 2%y} 4 {2°, zy, 2>y} 4
{z, 2%y, 2%y} 4 {a1, 2%y, 2%y} 5 {a®, zy, 2%y} 4
{x, 23y, 2%} 6 {24, 28y, 210} 4 {2%, 2y, 2%} 6
{x, 2%y, 2%y} 6 {24, 2%, 210} 5 {28 zy, 20} 5
{z, 2%y, 2"y} | 5 {2°,y, 2%y} 6 | {a%2%,2%} | 6
{x, zy, 2%y} 6 {25y, 2%y} 4 {a®, 2%y, x'y} 5
{z, 2y, 2%y} 4 {25y, 2"y} 5 {a®, 2%y, 2%y} 6
{z, 2ty 2"} | 4 {2°,y, 2%y} 6 {28, 2%y, 2%y} 4
{z, 2%y, 2%} 6 {2°,y, 2%} 6 {28, 2%y, 2%} 4
{z, 2%y, 2%y} 5 {2°y, 27y} 5 | {a%2%y,2"%} | 6
{z, 2%y, 2%y} 6 {2°,y, 2%y} 4 {a%, 2%y, 2y} 6
{a, 2%y, 20y} 4 {25, y,2%y} 6 {a®, 2%y, 2%y} 5
{2, 25, 27y} 6 {2®, 2y, 23y} 6 {28, 23y, 25y} 6
{2, 25y, 2%} 5 {2®, vy, 2y} 4 {28 23y, 27y} 4
{z, 25y, 2%} 6 {2®, 2y, 25y} 5 {28 23y, 210} 4
{z,27y, 28y} 6 {2°, 2y, 2%y} 6 {28, 2y, 25y} 6
{a, 27y, 20y} 5 {25, xy, 2"y} 6 {a®, aty, 25y} 5
{z, 2%, 2%y} 6 {25, zy, 2%y} 5 {a%, 2y, 2"y} 6
{x, 2%, 2%} 6 {2®, 2y, 2%} 4 {28 21y, 28y} 4
{22y, vy} 4 {x®, zy, 20} 6 {28, 2%y, 25y} 6
{2%,y, 2%y} 6 | {a°2%y,aty} | 6 {2, 2%y, 27y} 5
{2%,y, 2%} 6 | {a° 2%y, 2Py} | 4 {28, 2%y, 2%y} 6
{=%,y, 5y} 5 | {aba%y,a0%}) | 5 {28, 2%, 2%} | 4
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Table 4.42: (Continued)

{a*,y, zy}
{a*,y, 2%y}
{a*,y, x'y}
{a*,y, x5y}
{z*,y, 2%}
{a*,y, 2"y}
{a*,y, 2%}
{z*,y, 210}
{a*, zy, 2%y}
{a*, zy, x3y}
{a*, zy, 25y}
{z*, zy, 25y}
{a*, 2y, 27y}
{a*, 2y, 2%y}

{27
{27
7
'z
o
7
x'
o
{27
7
x'
o
{27,

y, z'y}
y, 2%}
y, 'y}
y, x5y}
y, z%y}
y, z'y}
y, 2%y}
y, "y}
y, x5y}
y, 2%y}

W W W W N NN NN

w

{21, 2%, 2%}

S’ e(S’) S’ e(S") S’ e(S")
{27, 2%y, 2%y} | 6 | {a%aty,2"y} | 4 {20y, 2%y} 5
{22 2%y, 2y} | 5 | {a%aty, 2%y} | 5 {20y, 2"y} 6
2t} | 6 | S atya®y) | 6 | {yaty} | 4
{3, 2%y, 2%} | 4 | {2%2%, 2"} | 6 {2, y, 2%} 4
{3, 2%y, 2%} | 4 | {a% 2%y, 2"y} | 6 {9y, 27y} 6
{2%,2%y,2"%} | 6 | {a%2%y,a%y} | 4 {29y, 2%y} 5
{22, 2%, 2%} | 6 | {a%2%y,2%} | S {=1%y, 2%} 6
{23, 2%, 2%} | 5 | {2%2%y,2"%} | 6 {2', zy, 2y} 6
{3, 2%, 2%} | 6 | {a%a0%,2%} | 6 {2, zy, xty} 5
{23, 23y, 27y} 4 {2®, 2%y, 2%} 4 {210, 2y, x5y} 6
@ a0 | 4 | (@0a0 20} | 5 | (o eyaty) | 4
{23, 2%y, 25y} 6 {28, 27y, 2%} 6 {219 2y, 27y} 4
(Pt a®y) |5 | (O 0Ty 00} | 4 | (@ayaty) | 6
P atyaTy) | 6 | St} | 6 | {(#Oapa®y) | S
{a?, 2y, 2%y} | 4 {7, y, zy} 5 | {2'%2%y,2%}) | 6
{2% 2%y, 2%} | 6 {=7,y, 2%y} 4 | {2"% 2%y, 2%} | 5
{a3, 2%y, 27y} | 5 {7, y, x'y} 6 | {2'%2%,2%} | 6
{a3, 2%y, 2%} | 6 {27y, 2%y} 6 | {20 2%y,2"y} | 4
{a3, 2y, 2%} | 4 {27y, 2%} 6 | {«'92%y,2%} | 4
{a3, 2%, 27y} | 6 {27, y,27y} 6 | {z'92%,2%} | 6
{23, 2%, 2%} | 5 {z7,y, 2%y} 4 | {2 2%y, 2%} |5
{a3, 20, 2%} | 6 {27, y,2"%} 5 | {«'92%,a%} | 6
{23, 25y, 210} 4 {27, 2y, 2%y} 5 {20 23y, 25y} 5
{a3, 27y, 2%} | 6 {27, xy, 2%y} 4 | {z' 2%y, 2Ty} | 6
{2%, 27y, 2%} | S {7, 2y, 2%} 6 | {z'%a%,2%} | 4
{22, 27y, 210} 6 {27, 2y, 25y} 6 {210, 23y, 2%} 4
{23, 2%y, 2%} 6 {27, 2y, 27y} 6 {210 23y, 210y} 6
{x3, 28y, 210} 5 {27, 2y, 28y} 6 {210, 2y, 2Py} 6
6 4 5
5 5 6
4 4 4
6 6 4
6 6 6
6 6 5
6 6 6
4 5 4
5 4 6
5 6 5
4 6 6
6 6 6
6 6 5
6 5 6
6 4 6
4 6

{2, 2y, 1%}

{27, 2y, 2%y}

Next, we list down the subsets S” where e(S”) > 6.

Table 4.43: {2, 2%y, x°y} C S’ C Dgy: e(S") =10 > 6

5 (S 5 (S I (S
{z,y, 2%y} 10 | {a% 2%y, 2%y} | 10 {a”, 2%y, 2%y} 10
{z,y, 2%} 10 | {a*, 2%y, 2%} | 10 | {27,2%,2%} 10
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Table 4.43: (Continued)

S’ e(S") S’ e(S") S’ e(S")
{z, zy, 2%y} 10 | {z%,2%y,2%} | 10 | {27, 27y,2"%} | 10
{z,zy, 20y} | 10 | {z*, 2y, 2"y} | 10 {a®,y, 2%y} 10
{z, 2%y, 2y} | 10 | {z* 2%y, 2%} | 10 {28y, 2%} 10
{2, 23y, 2°y} 10 {24, 25y, 2%} 10 {28, 2y, 25y} 10
{x, %y, 25y} 10 {a*, 27y, 210} 10 {2% 2y, 27y} 10
{x, 2y, 2"y} 10 {a°,y, zy} 10 | {2% 2%y, 27y} 10
{z, 2%, 2%y} 10 {a°,y, 2"} 10 | {z%2%y,2%} | 10
{z, 27y, 2%} 10 {a®, zy, 2%y} 10 {a®, 23y, 2%y} 10
{z, 2%y, 2%} 10 {a®, 22y, 23y} 10 {28, 23y, 2%} 10
{22y, 2"y} 10 | {2% 2%y, 2y} | 10 | {a%a%y,2%} | 10
{2, 9,27y} 10 | {22ty 2%y} | 10 | {2%2a%y,2"%y} | 10
{2, 2y, 2y} 10 | {a°,2%,2%} | 10 | {282, 2%} | 10
{a?, zy, x5y} 10 | {a% 25,27y} | 10 {a°,y, 2%y} 10
{2?, 2%y, 2%} | 10 | {227y, 2%} | 10 {29,y,27y} 10
{22, 2%y, 2%} 10 {2®, 28y, 2%} 10 {2, 2y, 25y} 10
{22, 23y, 27y} 10 {25, 2%, 210} 10 {27, zy, 2%y} 10
{2, 23y, 2%} | 10 {2%,y, zy} 10 | {2 2%y,2%} | 10
{a?, 2y, 2%y} | 10 {20, y, 2"y} 10 | {z%2%y,2%} | 10
{a2, 2%y, 2%} | 10 | {a®ay,2%y} | 10 | {22,227y} | 10
{22, 25y, 210} 10 {28, 22y, 23y} 10 {2°, 23y, 2%} 10
{a?,y, 2y} 10 | {2% 2%, 2%} | 10 | {2° 2%y, 2%y} 10
{a?,y, 259} 10 | {%aty, 2%y} | 10 | {2°,2%y,2%} | 10
{3, xy, x5} 10 | {a02%,2%} | 10 | {2%2%,2"%} | 10
{23, zy, 2y} | 10 | {2%2%, 27y} | 10 {0y, 2%y} 10
{23, 2%y, 2"y} | 10 | {227y, 2%} | 10 {21, y, 2%} 10
{23, 2%y, 28y} 10 {20, 28y, 2%} 10 {210, 2y, 23y} 10
{23, 23y, 28y} 10 {28, 2%, 210} 10 {210 2y, 210y} 10
{a?, 2%y, 2%} | 10 {a7,y, 2%y} 10 | {29 2%y, 2%} | 10
{a?, 2%y, 2%} | 10 {7, y, 2%y} 10 | {2'%2%,2%} | 10
{2, aty, '} | 10 | {a7,xy, 2y} | 10 | {20 a%y,2%} | 10
{a®, 25y, 210} 10 {27, 2y, 2%} 10 {210, 25y, 27y} 10
{z*,y, 2%y} 10 | {«7,2%y, 2%y} | 10 | {2'0,2%,2%} | 10
{at,y, 2%y} 10 | {2, 2%,20%} | 10 | {z'%27y, 2%} | 10
{at,xy,aty} | 10 | {27, 2%y, 20} | 10 | {2'0 28y, 20} | 10
{a*, 2y, 2%y} 10 | {a" 2%, 2"y} | 10

Since e(S’) = 10 for the subsets S’ in Table 4.43, we consider the case

where |S”| = 4 and 5"

There are two cases to consider:

() If 8” = S"U {z%y} ford € {0,1,...,10}, then S” will contain one of

the subsets in Table 4.42 and hence ¢(S5”) < 6.

(i) If S” = S"U {z?} ford € {1,2,...,10}, then S” will either contain
one of the subsets in Table 4.38 or S” will have been listed in Tables

4.40 and 4.41. Hence, it is clear from (a) that there does not exist any
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subset S C Doy where e(S) = k for k € {7,8,9}.

(c) Let 8" = {z%, 2Py, 2y} C S for0 < a < b < ¢ < 10. By Proposition
4.22, e({zy, 2%y, 2°y}) = oo. Hence, we consider the case where |S”| = 4
and 8" = S' U {z'y’} fori € {0,1,...,10} and j € {0,1}. Note that by
Proposition 4.22, e({y, vy, 2%y, 23y, ..., 2'%}) = oco. If |S| > 11, then
e(S) = 2. Therefore, we only consider S” = S’ U {z¢} for some positive
integer d where 1 < d < 10. Then we have S” = {x%, 2%y, 2y, 24} C S
and {z%, 2%, 2%y} C {2%, 2%y, 2°y, 2¢}. From (b), there does not exist

any subset S C Dy, where e(S) = k for k € {7,8,9}.

From the three cases ((a), (b) and (c)) above, we see that if 1 € .S, there does not
exist any subset S C Dy, such that e(S) = k for k € {7,8,9}.

Secondly, suppose that 1 € S. From the assumption that e(S) = k for
k € {7,8,9}, we have 2%y € S* for all u = 0,1,2,...,10 and hence there
exists 'y € S for some v = 0,1,2,...,10. We consider the following two

cases:
(1) {1,2%, 2%y} C Sfor1 <a<10and 0 < b < 10
2) {1,2%, 2%y} C Sfor0<a<b<10
where a and b are integers. We shall explain the two cases in detail. Let m be a
positive integer.
(1) Let 8" = {1,2% aby} C Sfor1 < a < 10and 0 < b < 10. Since a =
1,...,10, then a # 11m and by Proposition 4.24, e({1, 2%, 2°y}) < 6 < k
for k € {7,8,9}.

(2) Let 8" = {1, 2%, 2%} C Sfor0 <a < b < 10. Since 0 < a < b < 10,
then b — a # 11m and by Proposition 4.25, we have e({1, 2%y, xby}) = 11.
Let 8" = S"U {z'y’} fori € {0,1,...,10} and j € {0,1}. Note that

if ¢ € §” for1 < ¢ < 10, then {1,2¢ 2%} C S” and from (1), we
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have e({1, 2%, xby, 2¢}) < k for k € {7,8,9}. Hence, we only consider

S" = 5" U{xdy} for0 <d < 10and b < d.

Table 4.44: {1, 2%, 2%y} € S” C Dag: e(S”) < 6

S// 6(5”) S// e( //) S// e( )
{1,y, zy, 2y} 6 {1, 2y, 2%y, 25} {1, 2%y, aty, 2%}
{1,y,zy,2%y} {1, 2y, 2%y, 2"y} {1, 23y, 2%y, 27y}
{1,y,zy,2*y} {1, 2y, 2%y, 2%y} {1, 23y, 2y, 25y}
{1,y, zy, 2%y} {1, 2y, x3y, 2%} {1, 2%y, a*y, 2%}
{1,y, zy, 2%} {1, 2y, 23y, 1%} {1, 2%y, 2y, x0}
{1,y,zy, 2"y} {1, 2y, x'y, 25y} {1, 2%y, 2%y, 2%}
{1,y, zy, 2%y} {1, 2y, x'y, 25} {1, 2%y, 2%y, 2"y}
{1,y,zy, 2%y} {1, 2y, 2%y, 2"y} {1, 2%y, 2%y, 25y}
{1,y, zy, 2%} {l,wy,wjy,xgy} {1, 2%y, 2%y, 2%}

{1,y, 2%y, 23y}
{1,y, 2%y, z'y}
{1,y, 2%y, 25y}
{1,y, 2%y, 25}
{1,y, 2%y, 2"y}
{1,y, 2%y, 28y}
{1,y, 2%y, 2%}
{1,y, 2%y, =%}
{1,y,2%y, 2%y}
{1,y, 2%y, 2%y}
{1,y, 23y, 25y}
{1,y, 2%, 2"y}
{1,y, 2%y, 2%y}
{1,y, 2%y, 2%}
{1,y, 2%, 2"%}
{]‘5 y? $4y’ "Z:Sy}
{1,y,zy, 25y}
{1,y, 2%y, 2"y}
{1,y, 2y, 2%y}
{1,y, 2y, 2%}
{1,y, 2%y, 2%}
{1,y, 2%y, 25y}
{1,y,2%, 2"y}
{1,y, 2%y, 2%y}
{1,y, 2%y, 2%}
{1,y, 2%y, 2'%}
{1,y,25, 27y}
{1,y, 25, 28y}
{1,y, 2%, 2%}
{1,y, 2%, 2"%}
{1,y,27y, 2%y}
{1,y,27y, 2%}
{1,y, 27y, 2%}
{1,y, 2%y, 2%}
{1,y, 2%, 2%}
{1,y, 2%, 2"}
{1, zy, 2%y, 2%y}
{1, 2y, 2%y, zy}
{1, 2y, 2%y, 25y}
{1,$y,wzy,x6y}
2

NONNN

w w

w W w

>

4
4

{1, zy, 2%y, 2"y}
{1, zy, x*y, 2%y}

[V, I NV, IV, IV, e N e NNV, IV, BV, Il WLV, IV, IRV, BV, IV, i NIV, ie) NV, Ble NIV, IRV, lie)Nie) NIV, JRV, IRV, IV, le Nie) N e NIV, JLV, IRV, Bl NIV, IV, IV, IV, e )NV, Bie NIV, IV, IRV, e NV, BLV, JRV)]

{1, 2y, zy, 2%}
{1, 2y, x'y, %}
{1, 2y, 2%y, 25y}
{1, 2y, 2%y, 2"y}
{1, zy, 2%y, 25y}
{1, 2y, 2%y, 2%}
{1, 2y, 2%y, %}
{1, 2y, 2%, 2"y}
{1, 2y, 2%, 2%y}
{1, 2y, 2%, 2%y}
{1, 2y, 25y, 2%}
{1, 2y, 27y, 25y}
{1, 2y, 27y, 2%}
{1,zy,27y, 2%}
{1, 2y, 2%y, 2%y}
{1, 2y, 28y, 2%}
{1, 2y, 2%, x'%}
{1, 2%y, 2%y, 'y}
{1, 2%y, 2%y, 2%y}
{1, 2%y, 2%y, 2%}
{1, 2%y, z3y, 2"y}
{1, 2%y, 23y, 28y}
{1, 2%y, 2%y, 2%y}
{1, 2%y, 2%y, 'y}
{1, 2%y, 2%y, 2%y}
{1, 2%y, 2y, 25}
{1, 2%y, zy, 2"y}
{1, 2%y, 2%y, 2%y}
{1, 2%y, 2%y, 2%}
{1, 2%y, x'y, 1%}
{1, 2%y, 2%y, 25y}
{1, 2%y, 2%y, 2"y}
{1, 2%y, 2%y, 28y}
{1, 2%y, 2%y, 2%}
{1, 2%y, 2%y, x'%}
{1,22y, 25y, 27y}
{1, 2%y, 2%, 2%y}
{1, 2%y, 25, 2%y}
{1, 2%y, 25, 2%}
{1, 2%y, 27y, 2%y}
{1,2%y, 27y, 2%}
{1,2%y, 27y, "%}

NN
R

AN NN NUNUNUNUNUNDN NN NN NN NN NN NN NN NN NN NNt N v |

X X , L

1, 2%y, %y, 2'%

{17 53397 x6y7 .’177:1/}
{17 333y7 x6y7 xgy}
{17 xSy’ m6y7 xgy}
{1, 2%y, 25, 20y}
{1,2%y, 27y, 25y}
{17 $3ya .’L'7y, xgy}
{1, 2%y, 27y, 20y}
{17 9339’ m8y7 ny}
{1, 2%y, 2%y, 20y}
{1, 2%y, 2%, 210y}
{1, 2%y, 2%y, 2%y}
{17 33497 $5y, .’177:1/}
{17 334?% '/E5y7 xSy}
{1, 2%y, 2%y, 2%}
{1, 2%y, 2%y, x10}
{1, 2%y, 2%, 27y}
{17 3543!7 x6y7 x8y}
{17 $4y7 x6y7 ny}
{1, 2%y, 2%y, 20y}
{1, 2%y, 27y, 2%y}

1 4 7 9

{1, 2%y, 2"y, 27y}
{1, 2%y, 27y, 20y}
{17 $4y7 x8y7 x9y}
{1, 2%y, 2%y, 2y}
{1, 2%y, 2%, 20y}
{1, 2%y, 2%, 27y}
{1, 2%y, 2%, 2%y}
{17 33597 x6y7 xgy}
{1, 2%y, 2%, 20y}
{1,2%y,27y, 2%y}
{1,2%y, 27y, 2%}
{1,2%y, 27y, x0y}
{17 $5ya x8y7 ‘Tgy}
{1, 2%y, 2%y, 20y}
{1, 2%y, 2%, 20y}
{1,259, 27y, 2%y}
{1,2%, 27y, 2%}
{1,2%, 27y, 20y}
{17 $6y7 x8y7 x9y}
{1, 2%, 2%y, 20y}
{1, 2%, 2%, 2"y}

NA NN NN NN AN NN NN NN NN NN AN NN NN NN NN AN Nt O |
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Table 4.44: (Continued)

S// e(S//) S// 6(‘SY//) S// e(‘SVI/)
{1, zy, 2%y, 2%y} 5 {1, 2%y, 2%y, 2%y} 5 {1,27y, 2%, 2%} 6
{1, zy, 2%y, 1%} {1, 2%y, 2%, 2%} | 5 | {1,27y, 28y, 20y}
{1,zy, 2%y, zy} {1, 22y, 2%, 2%} | 5 | {1,27y,2%, 20y}
{1, zy, z%y, z°y} {1, 2%y, z'y, 2%y} 6 | {1,2%,2%,2'" 0y}

AN L
A\ L

From Table 4.44, we have e(S”) < 6 < k for k € {7, 8,9}.

From cases (1) and (2) above, we see that if 1 € S, there does not exist any
subset S C Dy such that e(S) = k for k € {7,8,9}.
Hence, we conclude that there does not exist any subset S C D, such that

e(S) = kfork € {7,8,9}. O

Remark 4. Note that the dihedral group is a metacyclic group. Some results on

other metacyclic groups such as the generalized quaternion group,

2n—1 -1 2n

a2 =2y =y Y

QQ" = <ZL’, y|ZL’

and the semi-dihedral group,

SDon = (z,ylz*" ' =9* = 1,2y = nyn_2_1>

have been obtained in [16]. It was shown that if S = {1,z,y} C @, then
e(S) = 2772 + 1. It was also shown that if S = {1,2,y} C SDyn, then
e(S) = 272 + 2. Hence, we notice that the results obtained in this chapter

can be extended to the other metacyclic groups mentioned above.
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APPENDIX A

C CODE FOR ALGORITHMS 1 AND 2

#include <stdio.h>
#include <stdlib.h>

#define SIZE 5
#define DISTINCT 5 //number of distinct elements

int compare(char[SIZE] [SIZE], int);

int main()

{
FILE* spOut;
FILE* spOut2;
FILE* spOut3;
FILE* spOut4;

char list(25] = {'aA’,’'B’,’C’, 'D’, 'E’, 'F', 'G', 'H’", 'I', 'J', 'K', 'L’, 'M’', 'N’, 'O/,

rQ’, 'R", 's’, rT’, 'U’, 'V, W, TXT, 'Y}
char arr[SIZE] [SIZE];
int i, j, k, 1, m, ml, n;
int i2, j2, s, t, r;
int x1, x2, x3, x4, x5;
int y1, v2, y3, v4, y5;
int z1, z2, z3, z4, z5;
int x, y, z;
int count = 0
int count2 =
int count3
int count4
int count5 =
int eval = 0;

I
oo oo~

int input, input2;
int is_in = 0;

int temp[SIZExSIZE];
int temp2[SIZE*SIZE];
char temp3[SIZE+SIZE];
char temp4 [SIZExSIZE]

;

int counterl = 0;
int counter2 = 5;
int counter3 = 0;

int counter4 = 0;

bool check = false;
bool check2 = false;
bool check3 = false;
bool check4 = false;

bool commutative = true; //if generating non-commutative squares, commutative = false;
int add = 0;

for(i = 0; i1 < SIZExSIZE; i++)
{

temp2[i] = 99;

temp[i] = 88;

for(i = 0; 1 < SIZE; i++)
temp2[i] = i;

//assign Row 1 elements

arr[0][0] = "A";
arr[0][1] = ’B’;
arr([0][2] = 'C’;
arr[0]([3] = 'D’;
arr[0] [4] 'E’;

for(i = 1; i < DISTINCT; i++)
for(j = 0; J < DISTINCT; j++)
for(k = 0; k < DISTINCT; k++)
for(l = 0; 1 < DISTINCT; 1++

for(m = 0; m < DISTINCT; m++)

if(i !'= j&& i l=k && i !=16&&1i !=ms&& j!=k & j !=1
&& J !l=me&s k !I=16&& k I=ms& 1 !'=msas j!=1 &&
k!=26&& 1 !=3 & m !=4)

//assign Row 2 elements
arr[1][0] = list[i];
arr([1][1] = list[3j];
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arr[1][2] = list[k];
arr[1][3] = list[1l];
arr[1][4] = list[m];

for(xl = 1; x1 < DISTINCT; =x1++)
( for(x2 = 0; %2 < DISTINCT; x2++)
( for(x3 = 0; x3 < DISTINCT; x3++)
{ for(x4 = 0; x4 < DISTINCT; =x4++)
( for(x5 = 0; x5 < DISTINCT; x5++

if(x1l != x2 && x1 != x3 && x1 != x4 §& x1 != x5
&& x2 != x3 && x2 != x4 && x2 != x5 && x3 != x4
&& x3 != x5 && x4 != x5 && x2 !=1 && x3 != 2
&& x4 != 3 && x5 != 4 && x1 ! && x2 1= 3
&§& x3 != k && x4 !=1 && x5 !

//assign Row 3 elements

arr(2][0] = list[x1];
arr(2][1] = list[x2];
arr([2][2] = list([x3];
arr([2][3] = list([x4];
arr([2][4] = list[x5];

for(yl = 1; yl < DISTINCT; yl++)
for(y2 = 0; y2 < DISTINCT; y2++)
for(y3 = 0; y3 < DISTINCT; y3++)
for(y4 = 0; y4 < DISTINCT; yé++)

for (y5 = 0; y5 < DISTINCT; y5++)

if(yl !'= y2 && yl !'= y3 && yl != y4 && yl != y5
&& y2 !'= y3 && y2 != y4 && y2 != y5 && y3 != y4
&& y3 !'= y5 && y4 !'= y5 && y2 !'= 1 && y3 != 2
&& y4 3 && y5 !'= 4 &g& yl !=1 && yl != x1
&& y2 J && y2 !'= x2 && y3 !'= k && y3 != x3
&& y4 !'= 1 && y4 != x4 && y5 !'=m && y5 !=x5)
{
//assign Row 4 elements
arr[3][0] = list[yl];
arr[3][1] = list([y2];
arr[3][2] = list[y3];
arr[3][3] = list([y4];
arr[3][4] = list[y5];
for(zl = 1; z1 < DISTINCT; zl++)
{
for(z2 = 0; z2 < DISTINCT; z2++)
{
for(z3 = 0; z3 < DISTINCT; z3++)
{
for(z4 = 0; z4 < DISTINCT; z4++)
{
for(z5 = 0; z5 < DISTINCT; z5++)
{
if(zl !'= 22 && zl1 != 23 && z1 != z4
&& z1 != 25 && 22 != 23 && z2 != z4
&& z2 != 25 && 23 != z4 §& z3 != z5
&& z4 != 25 && 22 != 1 && 23 != 2
&& z4 != 3 && 25 != 4 g& z1 != 1
&& z1 != x1 && z1 != yl &&
&& z2 1= x2 && 22 != y2 &&
&& z3 != x3 && z3 != y3 &&
&& z4 = x4 && z4 != yd &&
&& z5 != x5 && z5 != y5)

//assign Row 5 elements

arr[4][0] = list[zl];
arr[4][1] = list[z2];
arr[4]([2] = list[z3];
arr[4][3] = list[z4];
arr[4][4] = list[z5];

//commutative squares

if(arr[1][0] == ’'B’ && arr[2][0] ==
&& arr[3]1[0] "D’ && arr[4][0]
&& arr[1][2] arr[2][1]
&& arr[1][3] arr[3][1]
&& arr[2][3] arr[3][2]
&& arr[1][4] arr[4][1]
&& arr[2][4] arr[4][2]
&& arr([3][4] == arr[4][3])
{
if (commutative == true)
checkd4 = true;
else

check4 = false;
}

else
{
if (commutative == false)
check4 = true;
else
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check4 = false;
}

if (check4 == true)
{
count5 = 0;

for(x = 0; x < SIZE; x++)
{
for(y = 0; y < SIZE; y++)
{
check3 = false;

if (count5 == 0)

{
temp4d [count5] = arr[x][y];
count5++;

}

for(z = 0; z < countb5; z++)
{
if (arr[x] [y] == temp4([z])
check3 = true;

}

if (check3 == false)

{
tempd [count5] = arr[x][y];
count5++;

}

if (count5 == DISTINCT)
{
for(i2 = 0; i2 < SIZE«SIZE; i2++)
temp3[i2] = 'X’';

for(i2 = 0; i2 < SIZE; i2++)
temp3[i2] = arr[0][i2];

counter2 = 5;

//insert position of elements into
//temp[2]
for(i2 = 1; 12 < SIZE; 1i2++)
{
for(j2 = 0; j2 < SIZE; j2++)
{
check2 = false;

for(ml = 0; ml < i2+1; ml++)
{ if(ml == 1i2)
{ for(n = 0; n < j2; nt++)
{ if (arr[i2][j2] == arr[ml][n])
{

for(r = 0; r < SIZE+SIZE; r++)
{

if (temp3([r] == arr(i2](j2])
{

check2 = true;

add = r;

for(n = 0; n < SIZE; n++)

{
if (arr[i2][j2] == arr[ml][n])
{

for(r = 0; r < SIZE+SIZE; r++)
{

if (temp3[r] == arr[i2][j2])
{
check2 = true;
add = r;
}
}
}
}
}
}
if (check2 == true)

{
temp2 [counter2] = temp2[add];

counter2++;

}

else

{
temp3[counter2] = arr[i2][j2];
temp2 [counter2] = counter2;
counter2++;
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}

check = false;
spOut3 = fopen ("t
count4 = 0;

if (count > 1)
{
do
{
if (check == f
{

counter3 =

for(t = 0;
{
input2 =

temp [coun
count4d++;

if (count4
{

count4

for(s =

{
if (te
cou

emp_array.txt",

alse)

0;

t < SIZE*SIZE;
fscanf (spOut3,

&input) ;

t4] = input;

SIZE*SIZE)

= 0;

0; s < SIZExSIZE;

mp [s]
nter3++;

nemy

t+4)

nedn,

== temp2[s])

if (counter3 == SIZExSIZE)

che

}
}
else
break;
}while (input2 !

fclose (spOut3) ;
}

if (check == false
{

count++;

if (count > 1)
eval = compar

spOut =
spoOut2 =

fopen ("

fprintf (spOut,
fprintf (spOut,
fprintf (spOut,
arr[1][
arr[1][
fprintf (spOut,
arr (2] [
arr([2][
fprintf (spOut,
arr[3][
arr[3][
fprintf (spOut,
arr[4][
arr[4][
fprintf (spOut2,
count,

fclose (spOut) ;
fclose (spOut2) ;

spOut3 = fopen ("temp_array.txt",

for(s = 0; s <

fprintf (spOut3,

fprintf (spOut3,
fclose (spOut3) ;

if (eval == 0)
{
spoOut4 =

fprintf (spOut4,

for(s = 0; s

fprintf (spOut4,

fprintf (spOut4,

fclose (spOut4

for(i2 = 0; 12 <

ck = true;

= EOF);

)

e(arr, count);

Squares.txt",

" (sd)\n",
" A BCD E\n")

"%$2c%2c%2c%2c%2c\n",

01,
31,

arr[1] (1],

01,
31,

arr([2] (1],

01,
31,

arr[3][1],

01,
31,

"$6d\ts6d\n",
eval);

arr[4][1],

SIZE«SIZE;

neg o w
d ",

"“nvy;

nsd o,

< SIZExSIZE;
nsd m,

"\n") ;
)i

SIZE+SIZE;

arr[1][4]);
"$2c%2c%2c%2c%2c\n",

arr[2][4]);
"$2c%2c%2c%2c%2c\n",

arr([3][4]1);
"$2c%2c%2c%2c%2c\n\n",

arr[4][4]);

s++)
temp2[s])

nany;
fopen ("Isomorphism.txt",

count) ;

i

st++)

ngn

arr(l] (2],

arr(2][2],

arr[3][2],

arr([4]1[2],

fopen ("temp_arrayEC.txt",
count) ;

s++)
temp2[s]);

i2++)

namy;

"any;



temp2[i2] = 99;
temp[i2] = 88;

for(i2 = 0; i2 < SIZE; i2++)
temp2[i2] = i2;

counter2 = 5;

system ("PAUSE") ;
return 0;

/*

Receive arr from main function

Perform permutations on arr to check isomorphism with representative squares
*/

int compare (char arr[SIZE] [SIZE], int count)
{

FILE* spOutl;

FILE* spOut5;

int rl, sl, t, u;
int r2 = 0;

int s2 = 0;

int r3 = 0;

int s3 = 0;

int r4d = 0;

int s4 = 0;

int r5 = 0;

int s5 =
int count2
int count3 =
int count4 =
int count5
int counté
int count7 =
int EClass =
int flag = 0;

int temp[SIZE+SIZE+1];

int temp2[SIZE*SIZE];

int input, input2, i2, j2, m, n, r, s;
int add = 0;

o o
oo oo o oo

; //return value (ordinal number of isomorphic square)

int iso = 0;
int counter2 = 5;
int counter3 = 0;

char list[5]={’A’,’B’,’C’, 'D’, 'E’'};

char tempS[SIZE]; //temporary array used for swapping
char temp3[SIZExSIZE];

char arr3[SIZE] [SIZE]; //store arr and perform lst permutation
char arr4[SIZE][SIZE]; //store arr3 and perform 2nd permutation
char arr5[SIZE] [SIZE]; //store arr4 and perform 3rd permutation
char arr6[SIZE] [SIZE]; //store arr5 and perform 4th permutation
char arr7[SIZE][SIZE]; //store arr6 and perform 5th permutation

bool check = false;
bool check2 = false;

for(i2 = 0; i2 < SIZE«SIZE; i2++)
{

temp2[i2] = 99;

temp[i2] = 88;

for(i2 = 0; 12 < SIZE; i2++)
{
temp2[i2] = i2;

counter2 = 5;
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for(rl =

{

for (sl =

{

0; rl < SIZE; rl++)

1; sl < SIZE; sl++)
//set arr3 = arr
for(t = 0; t < SIZE;
{
for(u =
{
arr3[t] [u] =
}
}

t+)

0; u < SIZE; u++)

arr[t] [ul;

if(rl !=
{
//swap rows
tempS[0]

sl) //do not swap

//swap columns
tempS[0] = arr3

for (i2 = 0;
temp3[i2] = 'X';
for(i2 = 0;
temp3[i2] =

i2 < SIZE;
arr3[0] [i2]
counter2 = 5;
//insert
for(i2 =
{

for(j2 =

{

1; 12 < SIZE;

0; j2 < SIZE;

check2 = false;

for(m = 0; m < i2+1;

for(n =
{
if (arr3[i2][j2]
{
for(r =
{
if (temp3[r]
{
check2 =
add = r;

0;

0; r

}
}
else
{
for(n =

{

0;

if(arr3[i2][j2]
{
for(r =
{
if (temp3[r]
{
check2 =
add = r;

0; r

i2 < SIZE*SIZE;

n < j2;

n < SIZE;

//1lst permutation

same rows

i2++)

i2++)

i

position of elements into temp2
i2++)

j2++)

m++)

n++)
== arr3[m] [n])
< SIZE*SIZE; r++)

== arr3[i2][]j2])

true;

n++)
== arr3[m] [n])

< SIZE*SIZE; r++)

arr3[i2][]j2])

true;

(redundant)
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if (check2 == true)

{
temp2 [counter2] = temp2[add];
counter2++;

}

else

{
temp3[counter2] = arr3[i2][3j2];
temp2 [counter2] = counter2;

counter2++;

}

check = false;

spOut5 = fopen ("temp_arrayEC.txt", "r");
count2 = 0;

count4 = 0;

do

{
if (check == false)
{

counter3 = 0;

for(t = 0; t < SIZE*SIZE+1; t++)

{
input2 = fscanf (spOut5, "%d", &input);

temp[count4] = input;
count4++;
if (countd4 == SIZE*SIZE+1)
{

count2++;

countd4 = 0;

for(s = 0; s < SIZE+xSIZE; s++)
{

if (temp[s+1l] == temp2[s])
counter3++;
if (counter3 == SIZExSIZE)

{
check = true;
iso = temp[0];

}
}
else
break;
}while (input2 != EOF);

fclose (spOuth) ;

if (check == true)
{
EClass = iso;
return EClass;
}
else //2nd permutation
{
for(i2 = 0; i2 < SIZE+SIZE; i2++)
{
temp2[i2] = 99;
temp[i2] = 88;
}

for(i2 = 0; 12 < SIZE; 1i2++)
temp2[i2] = i2;

counter2 = 5;

//assign arr3 to arr4

for(t = 0; t < SIZE; t++)

{
for(u = 0; u < SIZE; u++)
{

arrd[t] [u] = arr3[t][u];

}

}

for(r2 = 0; r2 < SIZE; r2++)
( for(s2 = 1; s2 < SIZE; s2++)
( for(t = 0; t < SIZE; t++)
( for(u = 0; u < SIZE; u++)
( arrd[t] [u] = arr3[t][u];
}
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}

if(r2 != s2) //do not swap same rows (redundant)
{

//swap rows (arr4)

tempS[0] = arr4[r2][0];

tempS[1l] = arr4([r2][1];
tempS([2] = arrd([r2][2];
tempS([3] = arrd([r2][3];
tempS([4] = arrd([r2][4];
arr4[r2] [0] = arr4d[s2][0];
arrd4[r2][1] = arr4([s2][1];
arrd[r2][2] = arrd([s2][2];
arrd[r2][3] = arrd[s2][3]1;
arrd[r2][4] = arrd[s2][4]1;
arrd[s2][0] = tempS[0];
arrd[s2][1] = tempS[1]
arr4[s2][2] = tempS[2];
arr4[s2][3] = tempS[3];
arr4[s2] [4] = tempS[4];
//swap columns (arr4)
tempS[0] = arr4[0][r2];
tempS([1] = arr4[1]([r2];
tempS([2] = arr4[2]([r2];
tempS([3] = arr4[3][r2];
tempS[4] = arr4[4][r2];
arr4[0] [r2] = arr4[0][s2];
arrd[1][r2] = arrd[1l][s2];
arrd[2][r2] = arrd[2][s2];
arrd[3][r2] = arrd[3][s2];
arr4[4] [r2] = arr4[4][s2];
arr4[0] [s2] = tempS[O0];
arr4[1][s2] = tempS[1]
arr4[2][s2] = tempS[2];
arr4[3][s2] = tempS[3];
arr4[4][s2] = tempS[4];

for(i2 = 0; i2 < SIZExSIZE; 1i2++)
temp3[i2] = 'X’;

for(i2 = 0; 12 < SIZE; i2++)
temp3[i2] = arr4[0][i2];

counter2 = 5;

//insert position of elements into temp2
for(i2 = 1; 12 < SIZE; i2++)
{
for(j2 = 0; Jj2 < SIZE; Jj2++)
{
check2 = false;

for(m = 0; m < i2+1; m++)
{
if(m == i2)
{
for(n = 0; n < j2; n++)
{
if(arr4[i2][j2] == arrd4[m] [n])
{
for(r = 0; r < SIZExSIZE; r++)
{
if (temp3[r] == arrd4[i2][j2])
{
check2 = true;
add = r;

}
}
else
{
for(n = 0; n < SIZE; n++)
{
if (arrd[i2] [j2] == arrd[m][n])
{
for(r = 0; r < SIZExSIZE; r++)
{
if (temp3[r] == arrd4[i2][j2])
{
check2 = true;
add = r;

if (check2 == true)

{
temp2 [counter2] = temp2[add];
counter2++;
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}
else
{

temp3[counter2] = arrd4[i2][j2];
temp2 [counter2] = counter2;
counter2++;
}
}
}
check = false;
spOut5 = fopen("temp_arrayEC.txt", "r");
count2 = 0;
countd4 = 0;
do
{
if (check == false)
{
counter3 = 0;
for(t = 0; t < SIZE«SIZE+1; t++)
{
input2 = fscanf (spOut5, "%d", &input);
temp[count4] = input;
countéd++;
if (countd4d == SIZE*SIZE+1)
{
count2++;
count4d = 0;
for(s = 0; s < SIZExSIZE; s++
{
if (temp[s+1l] == temp2([s])
counter3++;
if (counter3 == SIZE*SIZE)
{
check = true;
iso = temp[0];
}
}
}
}
}
else
break;
}while (input2 != EOF);

fclose (spOutb) ;

if (iso count)
check = false;

//if isomorphic, assign equivalence class representative
if (check == true)
{
EClass = iso;
return EClass;
}
else //3rd permutation
{
//assign arr4 to arr5
for(t = 0; t < SIZE; t++)
{
for(u = 0; u < SIZE; u++)
{
arr5[t][u]l = arrd[t][ul;
}
}

for(r3 = 0; r3 < SIZE; r3++)
{
for(s3 = 1; s3 < SIZE; s3++)
{
for(t = 0; t < SIZE; t++)
{
for(u = 0; u < SIZE; u++)
{
arr5[t] [u] = arr4d([t][u];
}
}
if(r3 != s3) //do not swap same rows (redundant)
{
//swap rows (arrb)

tempS[0] = arr5[r3][0];
tempS[1] arr5[r3][1]1;
tempS[2] = arr5[r3][2];
tempS[3] = arr5[r3][3];
tempS[4] = arr5[r3][4];
arr5[r3][0] arr5[s3][0];
arr5[r3][1] = arr5[s3][1];
arr5[r3][2] = arr5[s3][2];
arr5[r3][3] = arr5[s3][3];
arr5[r3][4] = arr5[s3][4];
arr5([s3][0] = tempS[0];
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arr5[s3][1] = tempS[1];
arr5[s3][2] = tempS[2];
arr5[s3][3] = tempsS[3];
arr5[s3][4] = tempS[4];

//swap columns (arr5

)
tempS (0] = arr5[0] [r3];
tempS[1] = arr5[1] [r3];
tempS[2] = arr5[2][r3];
tempS([3] = arr5[3] [r3];
tempS[4] = arr5[4][r3];
arr5[0] [r3] arr5[0] [s3];
arr5[1][r3] = arr5[1][s3];
arr5[2][r3] = arr5[2][s3];
arr5[3][r3] = arr5[3][s3];
arr5[4][r3] = arr5([4][s3];
arr5[0] [s3] = tempsS([0];
arr5[1][s3] = tempsS([l];
arr5[2][s3] = tempS[2];
arr5[3][s3] = tempS[3];
arr5[4] [s3] tempS[4];

for(i2 = 0; 12 < SIZExSIZE; i2++)
temp3[i2] = 'X’';

for(i2 = 0; 12 < SIZE; i2++)
temp3([i2] = arr5(0][i2];

counter2 = 5;

//insert position of elements into temp2
for(i2 = 1; 12 < SIZE; 1i2++)
{
for(j2 = 0; Jj2 < SIZE; j2++)
{
check2 = false;

for(m = 0; m < i2+1; m++)
{
if(m == i2)
{
for(n = 0; n < j2; n++)
{
if (arr5[i2] [j2] == arr5[m] [n]
{

for(r = 0; r < SIZExSIZE; r++)

{

if (temp3[r] == arr5[i2][]j2])

{
check2 = true;
add = r;

}
}
else
{
for(n = 0; n < SIZE; n++)
{
if(arr5[i2][j2] == arr5[m] [n]
{

for(r = 0; r < SIZExSIZE; r++)

{

if (temp3[r] == arr5[i2][j2])

{
check2 = true;
add = r;

if (check2 == true)

{
temp2 [counter2] = temp2[add];
counter2++;

}

else

{
temp3[counter2] = arr5[i2][32];
temp2 [counter2] = counter2;
counter2++;

}

check = false;

spOut5 = fopen("temp_arrayEC.txt", "r");
count2 = 0;

count4 = 0;

do
{

f (check == false)
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counter3 = 0;

for(t = 0; t < SIZE+SIZE+1; t++)
{
input2 = fscanf (spOut5, "%d", &input);

temp[count4] = input;
countéd++;
if (countd4 == SIZE+SIZE+1)

{
count2++;
countd4 = 0;

for(s = 0; s < SIZE*SIZE; s++)
{

if (temp[s+l] == temp2[s])
counter3++;
if (counter3 == SIZExSIZE)

{
check = true;
iso = temp([0];

}
}
else
break;
}while (input2 != EOF);

fclose (spOutb) ;

if (iso == count)
check = false;

//if isomorphic, assign equivalence class representative
if (check == true)
{
EClass = iso;
return EClass;
}
else //4th permutation
{
//assign arr5 to arré
for(t = 0; t < SIZE; t++)
{
for(u = 0; u < SIZE; u++)
{
arr6[t][u] = arr5[t][ul;
}
}
for(rd = 0; rd < SIZE; rd++)
{
for(s4 = 1; sd4 < SIZE; s4d++)
{
for(t = 0; t < SIZE; t++)
{

for(u = 0; u < SIZE; u++)
{
arr6[t] [u] = arr5[t][u];
}
}
if(r4 != s4) //do not swap same rows (redundant)

{
//swap rows (arré

tempS[0] = arr6[r4][0];
tempS[1] arr6[rd][1];
tempS[2] = arr6([rd4][2];
tempS[3] = arr6[r4][3];
tempS[4] = arr6[réd][4];
arr6[rd4] [0] = arr6[s4][0];
arr6[rd4] [1] = arr6[s4][1];
arr6[rd4] [2] = arr6[s4][2];
arr6[rd4] [3] = arr6[s4][3];
arr6[rd4] [4] = arr6[s4][4];
arr6[s4][0] = tempS[0];
arr6[s4][1l] = tempS[1]
arr6[s4][2] = tempS[2];
arr6[s4][3] = tempS[3];
arr6[s4] [4] tempS[4];
//swap columns (arr6
tempS[0] = arr6([0][r4];
tempS[1] = arr6[1][r4];
tempS[2] = arr6[2][r4];
tempS[3] = arr6([3][r4];
tempS[4] = arr6([4][r4];
arr6[0] [r4] = arr6[0][s4];
arr6[1] [rd4] = arr6[1l] [s4];
arr6[2] [rd4] = arr6[2][s4];
arr6[3] [rd4] = arr6[3][s4];
arr6[4][rd] = arr6[4][s4];
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arr6[0] [s4] = tempS[O0];
arr6[1] [s4] = tempS[1]
arr6[2] [s4] = tempS[2];
arr6[3][s4] = tempS[3];
arr6[4][s4] = tempS[4];

for(i2 = 0; i2 < SIZExSIZE; 1i2++)
temp3[i2] = 'X’';

for(i2 = 0; i2 < SIZE; i2++)
temp3[i2] = arr6[0][i2];

counter2 = 5;

//insert position of elements into temp2
for(i2 = 1; 12 < SIZE; 1i2++)
{
for(j2 = 0; j2 < SIZE; Jj2++)
{
check2 = false;

for(m = 0; m < i2+41; m++)
{ if(m == 12)
( for(n = 0; n < 32; n++)
! if (arr6[i2] [j2] == arré6[m][n])
{ for(r = 0; r < SIZExSIZE; r++)
{ if (temp3[r] == arr6[i2][j2])
{

check2 = true;
add = r;

}
}
else
{
for(n = 0; n < SIZE; n++)
{
if (arr6[i2] [j2] == arré6[m][n])
{
for(r = 0; r < SIZExSIZE; r++)
{
if (temp3[r] == arr6[i2][]j2])
{
check2 = true;
add = r;

if (check2 == true)

{
temp2 [counter2] = temp2[add];
counter2++;

}

else

{
temp3[counter2] = arr6[i2][j2];
temp2 [counter2] = counter2;
counter2++;

}

check = false;

spOut5 = fopen("temp_arrayEC.txt", "r");
count2 = 0;

count4 = 0;

do
{

{

counter3 = 0;

f (check == false)

for(t = 0; t < SIZExSIZE+1l; t++)

{
input2 = fscanf (spOut5, "%d", &input);
temp[count4] = input;
count4d++;

if (count4 == SIZE*SIZE+1)
{

count2++;

count4 = 0;

for(s = 0; s < SIZExSIZE; s++)

{
if (temp[s+1l] == temp2([s])
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counter3++;

if (counter3 == SIZE*SIZE)
{

check = true;

iso = temp[0];

}
}
else
break;
}while (input2 != EOF);

fclose (spOutb) ;

if (iso == count)
check = false;

//if isomorphic, assign equivalence class representative
if (check == true)
{
EClass = iso;
return EClass;
}
else //5th permutation
{
//assign arr6 to arr7
for(t = 0; t < SIZE; t++)
{
for(u = 0; u < SIZE; u++)
{
arr7[t] [u] = arr6[t][u];

for(r5 = 0; r5 < SIZE; r5++)
for(s5 = 1; s5 < SIZE; s5++)
for(t = 0; t < SIZE; t++)
for(u = 0; u < SIZE; ut++)

arr7[t] [u] = arr6[t][u];

{
//swap rows (arr7)

f(r5 != s5) //do not swap same rows (redundant)

tempS[0] = arr7[r5][0];
tempS([1l] = arr7[r5][1];
tempS[2] = arr7[r5][2];
tempS[3] = arr7[r5][3];
tempS[4] = arr7[r5][4];
arr7[r5][0] = arr7[s5][0];
arr7[r5][1] = arr7[s5][1];
arr7[r5][2] = arr7[s5][2];
arr7[r5][3] = arr7[s5][3];
arr7[r5][4] = arr7[s5][4];
arr7[s5][0] tempS[0];
arr7[s5][1] = tempS[1];
arr7[s5][2] = tempS[2];
arr7[s5][3] = tempS[3];
arr7[s5] [4] tempS[4];

//swap columns (arr7

)
tempS[0] = arr7[0] [r5];
tempS([1] = arr7[1][r5];
tempS[2] = arr7[2][r5];
tempS[3] arr7[3][r5];
tempS[4] = arr7[4][r5];
arr7[0] [r5] = arr7[0][s5];
arr7[1][r5] = arr7[1][s5];
arr7[2] [r5] = arr7([2][s5];
arr7[3][r5] = arr7[3][s5];
arr7[4][r5] = arr7[4][s5];
arr7[0] [s5] tempS[0];
arr7[1][s5] = tempS[1l];
arr7[2][s5] = tempS[2];
arr7[3][s5] = tempSI[3];
arr7[4][s5] tempsS[4];

for(i2 = 0; i2 < SIZE+SIZE; i2++)
temp3[i2] = 'X’;

for(i2 = 0; 12 < SIZE; i2++)
temp3[i2] = arr7[0][1i2];

counter2 = 5;

//insert position of elements into temp2
for(i2 = 1; 12 < SIZE; 1i2++)
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for(j2 = 0; J2 < SIZE; j2++)
{
check2 = false;

for(m = 0; m < i2+1; m++)
{
if(m == 1i2)
{
for(n = 0; n < j2; n++)
{
if (arr7[i2] [j2] == arr7[m] [n]
{
for(r = 0; r < SIZE+SIZE; r++)
{
if (temp3([r] == arr7[i2][]j2])
{
check2 = true;
add = r;

for(n = 0; n < SIZE; n++)
! if (arr7[i2] [j2] == arr7[m] [n]
{ for(r = 0; r < SIZExSIZE; r++)
‘ if (temp3([r] == arr7[i2][]j2])
( check2 = true;

add = r;
}
}
}
}

}
}
if (check2 == true)
{

temp2 [counter2] = temp2[add];

counter2++;
}
else
{

temp3[counter2] = arr7([i2]1[32];

temp2 [counter2] = counter2;

counter2++;

}

check = false;
spOut5 = fopen ("temp_arrayEC.txt", "r");
count2 = 0;

count4d = 0;
do
{
if (check == false)
{
counter3 = 0;

for(t = 0; t < SIZE+SIZE+1l; t++)
{

input2 = fscanf (spOut5, "%d", &input);
temp [count4] = input;
count4++;
if (count4 == SIZExSIZE+1)
{
count2++;
count4 = 0;

for(s = 0; s < SIZE+SIZE; s++)
{

if (temp[s+l] == temp2[s])
counter3++;
if (counter3 == SIZExSIZE)

{
check = true;
iso = temp[0];

}
}
else
break;
}while (input2 != EOF);

fclose (spOuth5) ;
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if (iso == count)
check = false;

//if isomorphic, assign equivalence class

//representative
if (check == true)
{

EClass = iso;

return EClass;

return EClass;
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APPENDIX B

LIST OF COMMUTATIVE GENERALIZED LATIN SQUARES OF

ORDER 5 WITH 13 DISTINCT ELEMENTS

ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BADFG BAEFG BAFCG BAFEG BAFGC BAFGD BAFGH
CDHIJ CEHIJ CFHIJ CFHIJ CFHIJ CFHIJ CFAI]
DFIKL DFIKL DCIKL DEIKL DGIKL DGIKL DGIKL
EGJLM EGJLM EGJLM EGJLM ECJLM EDJLM EHIJLM

ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BAFGH BAFGH BAFGH BAFGH BAFGH BAFGH BAFGH
CFBIJ CFDIJ CFEIJ CFGIJ CFHIJ CFIAJ CFIBIJ
DGIKL DGIKL DGIKL DGIKL DGIKL DGAKL DGBKL
EHJLM EHJLM EHIJLM EHJLM EHJLM EHIJLM EHIJLM

15 16 17 18 19 20 21
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BAFGH BAFGH BAFGH BAFGH BAFGH BAFGH BAFGH
CFIEJ CFIHJ CFIJA CFIJB CFIJD CFIJG CFIJK
DGEKL DGHKL DGJKL DGJKL DGJKL DGIJKL DGIJAL
EHJLM EHJLM EHALM EHBLM EHDLM EHGLM EHKLM

22 23 24 25 26 27 28
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BAFGH BAFGH BAFGH BAFGH BAFGH BAFGH BAFGH
CFIJK CFIJK CFIJK CFIJK CFIJK CFIJK CFIIJK
DGJBL DGJCL DGIJEL DGJFL DGJHL DGJIL DGIJKL
EHKLM EHKLM EHKLM EHKLM EHKLM EHKLM EHKLM

29 30 31 32 33 34 35
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BAFGH BAFGH BAFGH BAFGH BAFGH BAFGH BAFGH
CFIJK CFIJK CFIJK CFIJK CFIJK CFIJK CFIIJK
DGJLA DGJLB DGJLC DGIJLF DGIJLI DGIJLM DGIJLM
EHKAM EHKBM EHKCM EHKFM EHKIM EHKMA EHKMB

36 37 38 39 40 41 42
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BAFGH BAFGH BAFGH BAFGH BAFGH BAFGH BAFGH
CFIJK CFIJK CFIJK CFIJK CFIJK CFIJK CFIIJK
DGJLM DGJLM DGJLM DGJLM DGJLM DGJLM DGIJLM
EHKMC EHKMD EHKMF EHKMG EHKMI EHKMJ EHKML

43 44 45 46 47 48 49

ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BCAFG BCDFG BCEFG BCFAG BCFEG BCFGA BCFGD
CAHIJ CDHIJ CEHIJ CFHIJ CFHIJ CFHIJ CFHI]J
DFIKL DFIKL DFIKL DAIKL DEIKL DGIKL DGIKL
EGILM EGJLM EGJLM EGJLM EGJLM EAJLM EDIJLM

50 51 52 53 54 55 56
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BCFGH BCFGH BCFGH BCFGH BCFGH BCFGH BCFGH
CFAIJ CFBIJ CFDIJ CFEIJ CFGIJ CFHIJ CFIA]J
DGIKL DGIKL DGIKL DGIKL DGIKL DGIKL DGAKL
EHJLM EHJLM EHJLM EHJLM EHJLM EHJLM EHIJLM

57 58 59 60 61 62 63
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BCFGH BCFGH BCFGH BCFGH BCFGH BCFGH BCFGH
CFIBJ CFIEJ CFIHJ CFIJA CFIJB CFIJD CFIJG
DGBKL DGEKL DGHKL DGJKL DGJKL DGIJKL DGIJKL
EHJLM EHJLM EHJLM EHALM EHBLM EHDLM EHGLM
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64
ABCDE
BCFGH
CFIJK
DGJAL
EHKLM

71
ABCDE
BCFGH
CFIJK
DGIJKL
EHKLM

78
ABCDE
BCFGH
CFIJK
DGJLM
EHKMB

85
ABCDE
BCFGH
CFIJK
DGJLM
EHKML

92
ABCDE
BDFGC
CFHIJ
DGIKL
ECJLM

99
ABCDE
BDFGH
CFIA]J
DGAKL
EHJLM

106
ABCDE
BDFGH
CFIJG
DGIJKL
EHGLM

113
ABCDE
BDFGH
CFIJK
DGIJIL
EHKLM

120
ABCDE
BDFGH
CFIJK
DGJLM
EHKMA

127
ABCDE
BDFGH
CFIJK
DGJLM
EHKM ]

134
ABCDE
BEFGC
CFHIJ
DGIKL
ECJLM

141
ABCDE
BEFGH
CFHIJ
DGIKL
EHJLM

65
ABCDE
BCFGH
CFIJK
DGJBL
EHKLM

72
ABCDE
BCFGH
CFIJK
DGJLA
EHKAM

79
ABCDE
BCFGH
CFIJK
DGIJLM
EHKMC

86
ABCDE
BDAFG
CAHIJ
DFIKL
EGJLM

93
ABCDE
BDFGH
CFATI]
DGIKL
EHJLM

100
ABCDE
BDFGH
CFIB]J
DGBKL
EHJLM

107
ABCDE
BDFGH
CFIJK
DGJAL
EHKLM

114
ABCDE
BDFGH
CFIJK
DGJKL
EHKLM

121
ABCDE
BDFGH
CFIJK
DGJLM
EHKM B

128
ABCDE
BDFGH
CFIIJK
DGJLM
EHKM L

135
ABCDE
BEFGD
CFHIJ
DGIKL
EDJLM

142
ABCDE
BEFGH
CFIAIJ
DGAKL
EHJLM

66
ABCDE
BCFGH
CFIJK
DGJCL
EHKLM

73
ABCDE
BCFGH
CFIJK
DGJLB
EHKBM

80
ABCDE
BCF GH
CFIJK
DGJLM
EHKMD

87
ABCDE
BDEFG
CEHI
DFIKL
EGJLM

94
ABCDE
BDFGH
CFBI]J
DGIKL
EHJLM

101
ABCDE
BDFGH
CFIE]J]
DGEKL
EHJLM

108
ABCDE
BDFGH
CFIJK
DGIJBL
EHKLM

115
ABCDE
BDFGH
CFIJK
DGJLA
EHKAM

122
ABCDE
BDFGH
CFIJK
DGJLM
EHKMC

129
ABCDE
BEAFG
CAHIJ
DFIKL
EGJLM

136
ABCDE
BEFGH
CFATI]J
DGIKL
EHJLM

143
ABCDE
BEFGH
CFIBJ
DGBKL
EHJLM

67
ABCDE
BCFGH
CFIJK
DGJEL
EHKLM

74
ABCDE
BCFGH
CFIJK
DGIJLC
EHKCM

81
ABCDE
BCFGH
CFIJK
DGJLM
EHKMF

88
ABCDE
BDFAG
CFHIJ
DAIKL
EGJLM

95
ABCDE
BDFGH
CFDIJ
DGIKL
EHJLM

102
ABCDE
BDFGH
CFIHIJ
DGHKL
EHJLM

109
ABCDE
BDFGH
CFIJK
DGJCL
EHKLM

116
ABCDE
BDFGH
CFIJK
DGJLB
EHKBM

123
ABCDE
BDFGH
CFIJK
DGJLM
EHKMD

130
ABCDE
BEDFG
CDHIJ
DFIKL
EGJLM

137
ABCDE
BEFGH
CFBI]J
DGIKL
EHJLM

144
ABCDE
BEFGH
CFIE]
DGEKL
EHJLM

145

68
ABCDE
BCFGH
CFIJK
DGJFL
EHKLM

75
ABCDE
BCFGH
CFIJK
DGJLF
EHKFM

82
ABCDE
BCFGH
CFIJK
DGIJLM
EHKMG

89
ABCDE
BDFCG
CFHIJ
DCIKL
EGJLM

96
ABCDE
BDFGH
CFEI]J
DGIKL
EHJLM

103
ABCDE
BDFGH
CFIJA
DGJKL
EHALM

110
ABCDE
BDFGH
CFIJK
DGJEL
EHKLM

117
ABCDE
BDFGH
CFIJK
DGIJLC
EHKCM

124
ABCDE
BDFGH
CFIJK
DGIJLM
EHKM F

131
ABCDE
BEFAG
CFHIJ
DAIKL
EGJLM

138
ABCDE
BEFGH
CFDI]J
DGIKL
EHJLM

145
ABCDE
BEFGH
CFIHIJ
DGHKL
EHJLM

69
ABCDE
BCFGH
CFIJK
DGJHL
EHKLM

76
ABCDE
BCFGH
CFIJK
DGIJLI
EHKIM

83
ABCDE
BCF GH
CFIJK
DGJLM
EHKM I

90
ABCDE
BDFEG
CFHIJ
DEIKL
EGJLM

97
ABCDE
BDFGH
CFGI]J
DGIKL
EHJLM

104
ABCDE
BDFGH
CFIJB
DGJKL
EHBLM

111
ABCDE
BDFGH
CFIJK
DGIJFL
EHKLM

118
ABCDE
BDFGH
CFIJK
DGIJLF
EHKFM

125
ABCDE
BDFGH
CFIJK
DGJLM
EHKMG

132
ABCDE
BEFCG
CFHIJ
DCIKL
EGJLM

139
ABCDE
BEFGH
CFEI]J
DGIKL
EHJLM

146
ABCDE
BEFGH
CFIJA
DGJKL
EHALM

70
ABCDE
BCFGH
CFIJK
DGJIL
EHKLM

71
ABCDE
BCFGH
CFIJK
DGJLM
EHKMA

84
ABCDE
BCFGH
CFIJK
DGJLM
EHKMJ

91
ABCDE
BDFGA
CFHIJ
DGIKL
EAJLM

98
ABCDE
BDFGH
CFHIJ
DGIKL
EHJLM

105
ABCDE
BDFGH
CFIJD
DGJKL
EHDLM

112
ABCDE
BDFGH
CFIJK
DGJHL
EHKLM

119
ABCDE
BDFGH
CFIJK
DGIJLI
EHKIM

126
ABCDE
BDFGH
CFIJK
DGJLM
EHKM I

133
ABCDE
BEFGA
CFHIJ
DGIKL
EAJLM

140
ABCDE
BEFGH
CFGIJ
DGIKL
EHJLM

147
ABCDE
BEFGH
CFIJB
DGJKL
EHBLM



148
ABCDE
BEFGH
CFIJD
DGJKL
EHDLM

155
ABCDE
BEFGH
CFIJK
DGJHL
EHKLM

162
ABCDE
BEFGH
CFIJK
DGJLI
EHKIM

169
ABCDE
BEFGH
CFIJK
DGJLM
EHKM I

176
ABCDE
BFAGH
CABIJ
DGIKL
EHJLM

183
ABCDE
BFAGH
CAITE]
DGEKL
EHJLM

190
ABCDE
BFAGH
CAIJK
DGJAL
EHKLM

197
ABCDE
BFAGH
CAIJK
DGJKL
EHKLM

204
ABCDE
BFAGH
CAIJK
DGJLM
EHKMB

211
ABCDE
BFAGH
CAIIJK
DGJLM
EHKML

218
ABCDE
BFDGH
CDBIJ
DGIKL
EHJLM

225
ABCDE
BFDGH
CDIE]J
DGEKL
EHJLM

149
ABCDE
BEFGH
CFIJG
DGJKL
EHGLM

156
ABCDE
BEFGH
CFIJK
DGJIL
EHKLM

163
ABCDE
BEFGH
CFIJK
DGJLM
EHKM A

170
ABCDE
BEFGH
CFIIJK
DGJLM
EHKMJ

177
ABCDE
BFAGH
CADI]J
DGIKL
EHJLM

184
ABCDE
BFAGH
CAIF]
DGFKL
EHJLM

191
ABCDE
BFAGH
CAIJK
DGJBL
EHKLM

198
ABCDE
BFAGH
CAIIJK
DGJLA
EHKAM

205
ABCDE
BFAGH
CATIJK
DGJLM
EHKM C

212
ABCDE
BFDAG
CDHIJ
DAIKL
EGJLM

219
ABCDE
BFDGH
CDEI]J
DGIKL
EHJLM

226
ABCDE
BFDGH
CDIF]J
DGFKL
EHJLM

150
ABCDE
BEFGH
CFIJK
DGJAL
EHKLM

157
ABCDE
BEFGH
CFIJK
DGIJKL
EHKLM

164
ABCDE
BEFGH
CFIJK
DGJLM
EHKMB

171
ABCDE
BEFGH
CFIIJK
DGJLM
EHKML

178
ABCDE
BFAGH
CAEI]J
DGIKL
EHJLM

185
ABCDE
BFAGH
CAIHI
DGHKL
EHJLM

192
ABCDE
BFAGH
CAIIJK
DGJCL
EHKLM

199
ABCDE
BFAGH
CAIJK
DGJLB
EHKBM

206
ABCDE
BFAGH
CAIIJK
DGJLM
EHKMD

213
ABCDE
BFDCG
CDHIJ
DCIKL
EGJLM

220
ABCDE
BFDGH
CDFI]J
DGIKL
EHJLM

227
ABCDE
BFDGH
CDIHIJ
DGHKL
EHJLM

151
ABCDE
BEFGH
CFIJK
DGJBL
EHKLM

158
ABCDE
BEFGH
CFIJK
DGJLA
EHKAM

165
ABCDE
BEFGH
CFIJK
DGJLM
EHKMC

172
ABCDE
BFACG
CAHIJ
DCIKL
EGJLM

179
ABCDE
BFAGH
CAFI]
DGIKL
EHJLM

186
ABCDE
BFAGH
CAIJB
DGIJKL
EHBLM

193
ABCDE
BFAGH
CAITIJK
DGJEL
EHKLM

200
ABCDE
BFAGH
CAIIJK
DGJLC
EHKCM

207
ABCDE
BFAGH
CAIJK
DGJLM
EHKMF

214
ABCDE
BFDE G
CDHIJ
DEIKL
EGJLM

221
ABCDE
BFDGH
CDGIJ
DGIKL
EHJLM

228
ABCDE
BFDGH
CDIJA
DGJKL
EHALM

146

152
ABCDE
BEFGH
CFIJK
DGJCL
EHKLM

159
ABCDE
BEFGH
CFIJK
DGJLB
EHKBM

166
ABCDE
BEFGH
CFIJK
DGJLM
EHKMD

173
ABCDE
BFAEG
CAHIJ
DEIKL
EGJLM

180
ABCDE
BFAGH
CAGIJ
DGIKL
EHJLM

187
ABCDE
BFAGH
CAIJD
DGJKL
EHDLM

194
ABCDE
BFAGH
CAIIJK
DGJFL
EHKLM

201
ABCDE
BFAGH
CAIIJK
DGIJLF
EHKFM

208
ABCDE
BFAGH
CATIJK
DGJLM
EHKMG

215
ABCDE
BFDGA
CDHIJ
DGIKL
EAJLM

222
ABCDE
BFDGH
CDHIJ
DGIKL
EHJLM

229
ABCDE
BFDGH
CDIIJB
DGJKL
EHBLM

153
ABCDE
BEFGH
CFIJK
DGIJEL
EHKLM

160
ABCDE
BEFGH
CFIJK
DGIJLC
EHKCM

167
ABCDE
BEFGH
CFIJK
DGJLM
EHKMF

174
ABCDE
BFAGC
CAHI
DGIKL
ECJLM

181
ABCDE
BFAGH
CAHIJ
DGIKL
EHJLM

188
ABCDE
BFAGH
CAIIJF
DGIJKL
EHFLM

195
ABCDE
BFAGH
CAITJK
DGJHL
EHKLM

202
ABCDE
BFAGH
CAIJK
DGJLI
EHKIM

209
ABCDE
BFAGH
CATIJK
DGJLM
EHKM I

216
ABCDE
BFDGC
CDHIJ
DGIKL
ECJLM

223
ABCDE
BFDGH
CDIAJ
DGAKL
EHJLM

230
ABCDE
BFDGH
CDIIJF
DGIJKL
EHFLM

154
ABCDE
BEFGH
CFIJK
DGJFL
EHKLM

161
ABCDE
BEFGH
CFIJK
DGIJLF
EHKFM

168
ABCDE
BEFGH
CFIJK
DGJLM
EHKMG

175
ABCDE
BFAGD
CAHIJ
DGIKL
EDJLM

182
ABCDE
BFAGH
CAIBJ
DGBKL
EHJLM

189
ABCDE
BFAGH
CAIIJG
DGJKL
EHGLM

196
ABCDE
BFAGH
CAIIJK
DGJIL
EHKLM

203
ABCDE
BFAGH
CAIIJK
DGJLM
EHKM A

210
ABCDE
BFAGH
CAIJK
DGJLM
EHKMJ

217
ABCDE
BFDGH
CDATI]J
DGIKL
EHJLM

224
ABCDE
BFDGH
CDIBJ
DGBKL
EHJLM

231
ABCDE
BFDGH
CDIJG
DGJKL
EHGLM



232
ABCDE
BFDGH
CDIJK
DGJAL
EHKLM

239
ABCDE
BFDGH
CDIJK
DGJKL
EHKLM

246
ABCDE
BFDGH
CDIJK
DGJLM
EHKMB

253
ABCDE
BFDGH
CDIJK
DGJLM
EHKML

260
ABCDE
BFEGH
CEBIJ
DGIKL
EHJLM

267
ABCDE
BFEGH
CEIF]J
DGFKL
EHJLM

274
ABCDE
BFEGH
CEIJK
DGJAL
EHKLM

281
ABCDE
BFEGH
CEIJK
DGIJKL
EHKLM

288
ABCDE
BFEGH
CEIJK
DGJLM
EHKMB

295
ABCDE
BFEGH
CEIJK
DGJLM
EHKML

302
ABCDE
BFGAH
CGFI1]
DATKL
EHJLM

309
ABCDE
BFGAH
CGIJB
DAJKL
EHBLM

233
ABCDE
BFDGH
CDIJK
DGJBL
EHKLM

240
ABCDE
BFDGH
CDIJK
DGJLA
EHKAM

247
ABCDE
BFDGH
CDIJK
DGJLM
EHKMC

254
ABCDE
BFEAG
CEHIJ
DAIKL
EGJLM

261
ABCDE
BFEGH
CEDIJ
DGIKL
EHJLM

268
ABCDE
BFEGH
CEIHIJ
DGHKL
EHJLM

275
ABCDE
BFEGH
CEIJK
DGJBL
EHKLM

282
ABCDE
BFEGH
CEIJK
DGJLA
EHKAM

289
ABCDE
BFEGH
CEIJ K
DGJ LM
EHKMC

296
ABCDE
BFGAC
CGHIJ
DAIKL
ECJLM

303
ABCDE
BFGAH
CGHIJ
DAIKL
EHJLM

310
ABCDE
BFGAH
CGIJD
DAJKL
EHDLM

234
ABCDE
BFDGH
CDIJK
DGJCL
EHKLM

241
ABCDE
BFDGH
CDIJK
DGJLB
EHKBM

248
ABCDE
BFDGH
CDIJK
DGJLM
EHKMD

255
ABCDE
BFECG
CEHI
DCIKL
EGJLM

262
ABCDE
BFEGH
CEFI]J
DGIKL
EHJLM

269
ABCDE
BFEGH
CEIJA
DGJKL
EHALM

276
ABCDE
BFEGH
CEIJK
DGJCL
EHKLM

283
ABCDE
BFEGH
CEIJK
DGJLB
EHKBM

290
ABCDE
BFEGH
CEIJ K
DGJLM
EHKMD

297
ABCDE
BFGAD
CGHIJ
DAIKL
EDJLM

304
ABCDE
BFGAH
CGIBIJ
DABKL
EHJLM

311
ABCDE
BFGAH
CGIIJF
DAJKL
EHFLM

235
ABCDE
BFDGH
CDIJK
DGIJEL
EHKLM

242
ABCDE
BFDGH
CDIJK
DGJLC
EHKCM

249
ABCDE
BFDGH
CDIJ K
DGJLM
EHKMF

256
ABCDE
BFEGA
CEHIJ
DGIKL
EAJLM

263
ABCDE
BFEGH
CEGIJ
DGIKL
EHJLM

270
ABCDE
BFEGH
CEIJB
DGJKL
EHBLM

277
ABCDE
BFEGH
CEIJK
DGIJEL
EHKLM

284
ABCDE
BFEGH
CEIJK
DGIJLC
EHKCM

291
ABCDE
BFEGH
CEIJ K
DGJLM
EHKMF

298
ABCDE
BFGAH
CGATI]
DAIKL
EHJLM

305
ABCDE
BFGAH
CGIE]J
DAEKL
EHJLM

312
ABCDE
BFGAH
CGIIJK
DAJBL
EHKLM
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236
ABCDE
BFDGH
CDIJK
DGJFL
EHKLM

243
ABCDE
BFDGH
CDIJK
DGJLF
EHKFM

250
ABCDE
BFDGH
CDIJK
DGJLM
EHKMG

257
ABCDE
BFEGC
CEHIJ
DGIKL
ECJLM

264
ABCDE
BFEGH
CEHIJ
DGIKL
EHJLM

271
ABCDE
BFEGH
CEIIJD
DGJKL
EHDLM

278
ABCDE
BFEGH
CEIJK
DGIJFL
EHKLM

285
ABCDE
BFEGH
CEIJK
DGJLF
EHKFM

292
ABCDE
BFEGH
CEIJ K
DGJ LM
EHKMG

299
ABCDE
BFGAH
CGBI11J
DAIKL
EHJLM

306
ABCDE
BFGAH
CGIFIJ
DAFKL
EHJLM

313
ABCDE
BFGAH
CGIIJK
DAJCL
EHKLM

237
ABCDE
BFDGH
CDIJK
DGJHL
EHKLM

244
ABCDE
BFDGH
CDIJK
DGJL I
EHKIM

251
ABCDE
BFDGH
CDIJK
DGJLM
EHKM I

258
ABCDE
BFEGD
CEHI
DGIKL
EDJLM

265
ABCDE
BFEGH
CEIAI
DGAKL
EHJLM

272
ABCDE
BFEGH
CEIJF
DGJKL
EHFLM

279
ABCDE
BFEGH
CEIJK
DGJHL
EHKLM

286
ABCDE
BFEGH
CEIJK
DGIJLI
EHKIM

293
ABCDE
BFEGH
CEIJK
DGJLM
EHKM I

300
ABCDE
BFGAH
CGDI 1
DAIKL
EHJLM

307
ABCDE
BFGAH
CGIHIJ
DAHKL
EHJLM

314
ABCDE
BFGAH
CGIJK
DAJEL
EHKLM

238
ABCDE
BFDGH
CDIJK
DGJIL
EHKLM

245
ABCDE
BFDGH
CDIJK
DGJLM
EHKM A

252
ABCDE
BFDGH
CDIJK
DGJLM
EHKMJ

259
ABCDE
BFEGH
CEATI]
DGIKL
EHJLM

266
ABCDE
BFEGH
CEIB]J
DGBKL
EHJLM

273
ABCDE
BFEGH
CEIJG
DGJKL
EHGLM

280
ABCDE
BFEGH
CEIJK
DGJIL
EHKLM

287
ABCDE
BFEGH
CEIJK
DGJLM
EHKMA

294
ABCDE
BFEGH
CEIJ K
DGJLM
EHKMJ

301
ABCDE
BFGAH
CGEI1J
DAIKL
EHJLM

308
ABCDE
BFGAH
CGIIJA
DAJKL
EHALM

315
ABCDE
BFGAH
CGIIJK
DAJFL
EHKLM



316
ABCDE
BFGAH
CGIJK
DAJGL
EHKLM

323
ABCDE
BFGAH
CGIJK
DAJLG
EHKGM

330
ABCDE
BFGAH
CGIIJK
DAJLM
EHKMG

337
ABCDE
BFGCH
CGBI1J
DCIKL
EHJLM

344
ABCDE
BFGCH
CGIE]J
DCEKL
EHJLM

351
ABCDE
BFGCH
CGIIJK
DCJAL
EHKLM

358
ABCDE
BFGCH
CGIJK
DCIJKL
EHKLM

365
ABCDE
BFGCH
CGIJK
DCJLM
EHKMB

372
ABCDE
BFGCH
CGIJ K
DCJLM
EHKML

379
ABCDE
BFGEH
CGEI1J
DEIKL
EHJLM

386
ABCDE
BFGEH
CGIJA
DEJKL
EHALM

393
ABCDE
BFGEH
CGIJK
DEJFL
EHKLM

317
ABCDE
BFGAH
CGIIJK
DAJHL
EHKLM

324
ABCDE
BFGAH
CGIIJK
DAJLI
EHKIM

331
ABCDE
BFGAH
CGIIJK
DAJLM
EHKM I

338
ABCDE
BFGCH
CGDI1J
DCIKL
EHJLM

345
ABCDE
BFGCH
CGIFIJ
DCFKL
EHJLM

352
ABCDE
BFGCH
CGIIJK
DCJBL
EHKLM

359
ABCDE
BFGCH
CGIJK
DCJLA
EHKAM

366
ABCDE
BFGCH
CGIIJK
DCJLM
EHKM C

373
ABCDE
BFGEA
CGHIJ
DEIKL
EAJLM

380
ABCDE
BFGEH
CGF1I11J
DEIKL
EHJLM

387
ABCDE
BFGEH
CGIIJB
DEJKL
EHBLM

394
ABCDE
BFGEH
CGIIJK
DEJGL
EHKLM

318
ABCDE
BFGAH
CGIJK
DAJIL
EHKLM

325
ABCDE
BFGAH
CGIIJK
DAJLM
EHKMA

332
ABCDE
BFGAH
CGIJK
DAJLM
EHKMJ

339
ABCDE
BFGCH
CGEI1]
DCIKL
EHJLM

346
ABCDE
BFGCH
CGIHIJ
DCHKL
EHJLM

353
ABCDE
BFGCH
CGIJK
DCJEL
EHKLM

360
ABCDE
BFGCH
CGIJK
DCIJLB
EHKBM

367
ABCDE
BFGCH
CGI1IJK
DCJLM
EHKMD

374
ABCDE
BFGEC
CGHIJ
DEIKL
ECJLM

381
ABCDE
BFGEH
CGHI
DEIKL
EHJLM

388
ABCDE
BFGEH
CGIJD
DEJKL
EHDLM

395
ABCDE
BFGEH
CGIJK
DEJHL
EHKLM

319
ABCDE
BFGAH
CGIIJK
DAJKL
EHKLM

326
ABCDE
BFGAH
CGIIJK
DAJLM
EHKM B

333
ABCDE
BFGAH
CGIIJK
DAJLM
EHKML

340
ABCDE
BFGCH
CGFI1]
DCIKL
EHJLM

347
ABCDE
BFGCH
CGIJA
DCJKL
EHALM

354
ABCDE
BFGCH
CGIIJK
DCIJFL
EHKLM

361
ABCDE
BFGCH
CGIJK
DCIJLF
EHKFM

368
ABCDE
BFGCH
CGIIJK
DCJLM
EHKMF

375
ABCDE
BFGED
CGHIJ
DEIKL
EDJLM

382
ABCDE
BFGEH
CGIA]J
DEAKL
EHJLM

389
ABCDE
BFGEH
CGIIJF
DEJKL
EHFLM

396
ABCDE
BFGEH
CGIIJK
DEJIL
EHKLM
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320
ABCDE
BFGAH
CGIJK
DAJLB
EHKBM

327
ABCDE
BFGAH
CGIIJK
DAJLM
EHKMC

334
ABCDE
BFGCA
CGHIJ
DCIKL
EAJLM

341
ABCDE
BFGCH
CGHIJ
DCIKL
EHJLM

348
ABCDE
BFGCH
CGIJB
DCIJKL
EHBLM

355
ABCDE
BFGCH
CGIIJK
DCJGL
EHKLM

362
ABCDE
BFGCH
CGIJK
DCIJLG
EHKGM

369
ABCDE
BFGCH
CGIIJK
DCJLM
EHKM G

376
ABCDE
BFGEH
CGATI]
DEIKL
EHJLM

383
ABCDE
BFGEH
CGIBIJ
DEBKL
EHJLM

390
ABCDE
BFGEH
CGIIJK
DEJAL
EHKLM

397
ABCDE
BFGEH
CGIJK
DEJKL
EHKLM

321
ABCDE
BFGAH
CGIJK
DAJLC
EHKCM

328
ABCDE
BFGAH
CGIJK
DAJLM
EHKM D

335
ABCDE
BFGCD
CGHIJ
DCIKL
EDJLM

342
ABCDE
BFGCH
CGIAI
DCAKL
EHJLM

349
ABCDE
BFGCH
CGIJD
DCIJKL
EHDLM

356
ABCDE
BFGCH
CGIJK
DCJHL
EHKLM

363
ABCDE
BFGCH
CGIJK
DCIJILI
EHKIM

370
ABCDE
BFGCH
CGIJK
DCJLM
EHKM I

377
ABCDE
BFGEH
CGBI1]J
DEIKL
EHJLM

384
ABCDE
BFGEH
CGIFI
DEFKL
EHJLM

391
ABCDE
BFGEH
CGIJK
DEJBL
EHKLM

398
ABCDE
BFGEH
CGIJK
DEJLA
EHKAM

322
ABCDE
BFGAH
CGIJK
DAJLF
EHKFM

329
ABCDE
BFGAH
CGIIJK
DAJLM
EHKM F

336
ABCDE
BFGCH
CGATI
DCIKL
EHJLM

343
ABCDE
BFGCH
CGIBIJ
DCBKL
EHJLM

350
ABCDE
BFGCH
CGIIJF
DCJKL
EHFLM

357
ABCDE
BFGCH
CGIIJK
DCIJIL
EHKLM

364
ABCDE
BFGCH
CGIJK
DCJLM
EHKMA

371
ABCDE
BFGCH
CGIIJK
DCJLM
EHKMJ

378
ABCDE
BFGEH
CGDI1J
DEIKL
EHJLM

385
ABCDE
BFGEH
CGIHIJ
DEHKL
EHJLM

392
ABCDE
BFGEH
CGIIJK
DEJCL
EHKLM

399
ABCDE
BFGEH
CGIIJK
DEJLB
EHKBM



400
ABCDE
BFGEH
CGIJK
DEJLC
EHKCM

407
ABCDE
BFGEH
CGIIJK
DEJLM
EHKMD

414
ABCDE
BFGHA
CGBIJ
DHIKL
EAJLM

421
ABCDE
BFGHA
CGIE]J
DHEKL
EAJLM

428
ABCDE
BFGHA
CGIJK
DHIJBL
EAKLM

435
ABCDE
BFGHA
CGIJK
DHIJLB
EAKBM

442
ABCDE
BFGHA
CGIJK
DHJLM
EAKMD

449
ABCDE
BFGHC
CGAT]J
DHIKL
ECJILM

456
ABCDE
BFGHC
CGIB]J
DHBKL
ECJLM

463
ABCDE
BFGHC
CGIJH
DHJKL
ECHLM

470
ABCDE
BFGHC
CGIJK
DHIJIL
ECKLM

477
ABCDE
BFGHC
CGIJK
DHJLM
ECKMA

401
ABCDE
BFGEH
CGIJK
DEJLF
EHKFM

408
ABCDE
BFGEH
CGIIJK
DEJLM
EHKM F

415
ABCDE
BFGHA
CGDIJ
DHIKL
EAJLM

422
ABCDE
BFGHA
CGIFI
DHFKL
EAJLM

429
ABCDE
BFGHA
CGIJK
DHIJCL
EAKLM

436
ABCDE
BFGHA
CGIIJK
DHIJLC
EAKCM

443
ABCDE
BFGH A
CGIJK
DHJ LM
EAKM F

450
ABCDE
BFGHC
CGBI1J
DHIKL
ECJLM

457
ABCDE
BFGHC
CGIE]J
DHEKL
ECJLM

464
ABCDE
BFGHC
CGIIJK
DHJAL
ECKLM

471
ABCDE
BFGHC
CGIIJK
DHIJKL
ECKLM

478
ABCDE
BFGHC
CGIIJK
DHJLM
ECKMB

402
ABCDE
BFGEH
CGIJK
DEJLG
EHKGM

409
ABCDE
BFGEH
CGIIJK
DEJLM
EHKMG

416
ABCDE
BFGHA
CGEI]J
DHIKL
EAJLM

423
ABCDE
BFGHA
CGIIJB
DHJKL
EABLM

430
ABCDE
BFGHA
CGIJK
DHIJEL
EAKLM

437
ABCDE
BFGHA
CGIIJK
DHIJLF
EAKFM

444
ABCDE
BFGHA
CGI1IJK
DHJLM
EAKM G

451
ABCDE
BFGHC
CGDI1J
DHIKL
ECJLM

458
ABCDE
BFGHC
CGIF1I
DHFKL
ECJLM

465
ABCDE
BFGHC
CGIIJK
DHJBL
ECKLM

472
ABCDE
BFGHC
CGIJK
DHIJLA
ECKAM

479
ABCDE
BFGHC
CGIIJK
DHJLM
ECKMD

403
ABCDE
BFGEH
CGIJK
DEJLI
EHKIM

410
ABCDE
BFGEH
CGIIJK
DEJLM
EHKM I

417
ABCDE
BFGHA
CGFI1]
DHIKL
EAJLM

424
ABCDE
BFGHA
CGIJD
DHIJKL
EADLM

431
ABCDE
BFGHA
CGIIJK
DHIJFL
EAKLM

438
ABCDE
BFGHA
CGIIJK
DHIJLG
EAKGM

445
ABCDE
BFGH A
CGIJK
DHJ LM
EAKMH

452
ABCDE
BFGHC
CGEI1J
DHIKL
ECJLM

459
ABCDE
BFGHC
CGIJA
DHIJKL
ECALM

466
ABCDE
BFGHC
CGIIJK
DHIJCL
ECKLM

473
ABCDE
BFGHC
CGIIJK
DHIJLB
ECKBM

480
ABCDE
BFGHC
CGIIJK
DHJLM
ECKMF
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404
ABCDE
BFGEH
CGIJK
DEJ LM
EHKM A

411
ABCDE
BFGEH
CGIJK
DEJLM
EHKMJ

418
ABCDE
BFGHA
CGHIJ
DHIKL
EAJLM

425
ABCDE
BFGHA
CGIIJF
DHIJKL
EAFLM

432
ABCDE
BFGHA
CGIJK
DHJGL
EAKLM

439
ABCDE
BFGHA
CGIIJK
DHIJLI
EAKIM

446
ABCDE
BFGH A
CGIJK
DHJ LM
EAKM I

453
ABCDE
BFGHC
CGFI1J
DHIKL
ECJLM

460
ABCDE
BFGHC
CGIJB
DHIJKL
ECBLM

467
ABCDE
BFGHC
CGIIJK
DHIJEL
ECKLM

474
ABCDE
BFGHC
CGIJK
DHIJLF
ECKFM

481
ABCDE
BFGHC
CGIIJK
DHJLM
ECKMG

405
ABCDE
BFGEH
CGIJK
DEJLM
EHKMB

412
ABCDE
BFGEH
CGIJK
DEJLM
EHKML

419
ABCDE
BFGHA
CGIAI
DHAKL
EAJLM

426
ABCDE
BFGHA
CGIJH
DHJKL
EAHLM

433
ABCDE
BFGHA
CGIJK
DHIJIL
EAKLM

440
ABCDE
BFGHA
CGIJK
DHJLM
EAKMB

447
ABCDE
BFGHA
CGIJK
DHJ LM
EAKM J

454
ABCDE
BFGHC
CGHI I
DHIKL
ECILM

461
ABCDE
BFGHC
CGIJD
DHJKL
ECDLM

468
ABCDE
BFGHC
CGIJK
DHIJFL
ECKLM

475
ABCDE
BFGHC
CGIJK
DHIJLG
ECKGM

482
ABCDE
BFGHC
CGIJK
DHJLM
ECKMH

406
ABCDE
BFGEH
CGIJK
DEJLM
EHKMC

413
ABCDE
BFGHA
CGATI1
DHIKL
EAJLM

420
ABCDE
BFGHA
CGIBIJ
DHBKL
EAJLM

427
ABCDE
BFGHA
CGIIJK
DHJAL
EAKLM

434
ABCDE
BFGHA
CGIJK
DHJKL
EAKLM

441
ABCDE
BFGHA
CGIJK
DHJ LM
EAKMC

448
ABCDE
BFGH A
CGIJK
DHJ LM
EAKML

455
ABCDE
BFGHC
CGIAI
DHAKL
ECJLM

462
ABCDE
BFGHC
CGIIJF
DHIJKL
ECFLM

469
ABCDE
BFGHC
CGIIJK
DHJGL
ECKLM

476
ABCDE
BFGHC
CGIIJK
DHIJLI
ECKIM

483
ABCDE
BFGHC
CGIIJK
DHJLM
ECKM I



484 485 486 487 488 489 490
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHC BFGHC BFGHD BFGHD BFGHD BFGHD BFGHD
CGIJK CGIJK CGAIJ CGBIJ CGDIJ CGEIJ CGFI1]J
DHJLM DHJLM DHIKL DHIKL DHIKL DHIKL DHIKL
ECKMJ ECKML EDJLM EDJLM EDIJLM EDIJLM EDIJLM

491 492 493 494 495 496 497
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHD BFGHD BFGHD BFGHD BFGHD BFGHD BFGHD
CGHIJ CGIAJ CGIBJ CGIEJ CGIFJ CGIJA CGIIJB
DHIKL DHAKL DHBKL DHEKL DHFKL DHIJKL DHIJKL
EDJLM EDJLM EDJLM EDJLM EDJLM EDALM EDBLM

498 499 500 501 502 503 504
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHD BFGHD BFGHD BFGHD BFGHD BFGHD BFGHD
CGIJF CGIJH CGIJK CGIJK CGIJK CGIJK CGIJK
DHJKL DHJKL DHIJAL DHJBL DHIJCL DHIJEL DHIJFL
EDFLM EDHLM EDKLM EDKLM EDKLM EDKLM EDKLM

505 506 507 508 509 510 511
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHD BFGHD BFGHD BFGHD BFGHD BFGHD BFGHD
CGIJK CGIJK CGIJK CGIJK CGIJK CGIJK CGIJK
DHJGL DHIJIL DHIJKL DHIJLA DHIJLB DHIJLC DHIJLF
EDKLM EDKLM EDKLM EDKAM EDKBM EDKCM EDKFM

512 513 514 515 516 517 518
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHD BFGHD BFGHD BFGHD BFGHD BFGHD BFGHD
CGIJK CGIJK CGIJK CGIJK CGIJK CGIJK CGIJK
DHJLG DHIJLI DHIJLM DHJLM DHIJLM DHJLM DHIJLM
EDKGM EDKIM EDKMA EDKMB EDKMC EDKMF EDKMG

519 520 521 522 523 524 525
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHD BFGHD BFGHD BFGHD BFGHI BFGHI BFGHI
CGIJK CGIJK CGIJK CGIJK CGABJ CGAEJ CGAF]I
DHJLM DHJLM DHJLM DHJLM DHBKL DHEKL DHFKL
EDKMH EDKMI EDKMJ EDKML EIJLM EIJLM EIJLM

526 527 528 529 530 531 532
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGAIJ CGAJB CGAJD CGAJF CGAJH CGAJK CGAJK
DHIKL DHJKL DHIJKL DHIJKL DHIJKL DHJAL DHIJBL
EIJLM EIBLM EIDLM EIFLM EIHLM EIKLM EIKLM

533 534 535 536 537 538 539
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGAJK CGAJK CGAJK CGAJK CGAJK CGAJK CGAIJK
DHJCL DHIJEL DHIJFL DHIJGL DHIJIL DHIJKL DHIJLA
EIKLM EIKLM EIKLM EIKLM EIKLM EIKLM EIKAM

540 541 542 543 544 545 546
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGAJK CGAJK CGAJK CGAJK CGAJK CGAJK CGAIJK
DHJLB DHJLC DHIJLF DHIJLG DHIJLM DHJLM DHIJLM
EIKBM EIKCM EIKFM EIKGM EIKMA EIKMB EIKMC

547 548 549 550 551 552 553
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGAJK CGAJK CGAJK CGAJK CGAJK CGAJK CGBAJ
DHJLM DHJLM DHJLM DHJLM DHJLM DHJLM DHAKL
EIKMD EIKMF EIKMG EIKMH EIKMJ EIKML EIJLM

554 555 556 557 558 559 560
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGBEJ CGBFJ CGBIJ CGBJA CGBJD CGBJF CGBIJH
DHEKL DHFKL DHIKL DHIJKL DHIJKL DHIJKL DHIJKL
EIJLM EIJLM EIJLM EIALM EIDLM EIFLM EIHLM

561 562 563 564 565 566 567
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGBJK CGBJK CGBJK CGBJK CGBJK CGBJK CGBIJK
DHJAL DHIJBL DHIJCL DHIJEL DHIJFL DHIJGL DHIJIL
EIKLM EIKLM EIKLM EIKLM EIKLM EIKLM EIKLM

150



568
ABCDE
BFGH I
CGBJK
DHIJKL
EIKLM

575
ABCDE
BFGH I
CGBJ K
DHJLM
EIKMB

582
ABCDE
BFGH I
CGBJ K
DHIJLM
EIKML

589
ABCDE
BFGH I
CGDIJ B
DHJKL
EIBLM

596
ABCDE
BFGH I
CGDJK
DHIJFL
EIKLM

603
ABCDE
BFGH I
CGDIJ K
DHIJLF
EIKFM

610
ABCDE
BFGH I
CGDJ K
DHJLM
EIKMG

617
ABCDE
BFGH I
CGEI1]
DHIKL
EITJLM

624
ABCDE
BFGH 1
CGEJK
DHJBL
EIKLM

631
ABCDE
BFGHI
CGEJK
DHIJLA
EIKAM

638
ABCDE
BFGH I
CGEJK
DHJLM
EIKMC

645
ABCDE
BFGHI
CGFA
DHAKL
EIJLM

569
ABCDE
BFGH I
CGBIJ K
DHIJLA
EIKAM

576
ABCDE
BFGH I
CGBJ K
DHJLM
EIKMC

583
ABCDE
BFGH I
CGDAJ
DHAKL
EIJLM

590
ABCDE
BFGH I
CGDIJF
DHJKL
EIFLM

597
ABCDE
BFGHI
CGDIJ K
DHIJGL
EIKLM

604
ABCDE
BFGH I
CGDIJ K
DHIJLG
EIKGM

611
ABCDE
BFGH I
CGDIJ K
DHIJLM
EIKMH

618
ABCDE
BFGH I
CGEIJA
DHJKL
EIALM

625
ABCDE
BFGH I
CGEJK
DHIJCL
EIKLM

632
ABCDE
BFGH I
CGEJK
DHIJLB
EIKBM

639
ABCDE
BFGH I
CGEJ K
DHJLM
EIKMD

646
ABCDE
BFGH I
CGFBJ
DHBKL
EIJLM

570
ABCDE
BFGH I
CGBIJ K
DHIJLB
EIKBM

571
ABCDE
BFGH I
CGBIJ K
DHJLM
EIKMD

584
ABCDE
BFGH I
CGDBJ
DHBKL
EIJLM

591
ABCDE
BFGH I
CGDIJH
DHJKL
EIHLM

598
ABCDE
BFGHI
CGDIJ K
DHIJIL
EIKLM

605
ABCDE
BFGH I
CGDJ K
DHJLM
EIKMA

612
ABCDE
BFGH I
CGDJ K
DHJLM
EIKM]J

619
ABCDE
BFGH I
CGEIJB
DHJKL
EIBLM

626
ABCDE
BFGH 1
CGEIJK
DHIJEL
EIKLM

633
ABCDE
BFGH I
CGEJ K
DHIJLC
EIKCM

640
ABCDE
BFGH I
CGEJ K
DHIJLM
EIKMF

647
ABCDE
BFGH I
CGFE
DHEKL
EIJLM

571
ABCDE
BFGH I
CGBIJK
DHIJLC
EIKCM

578
ABCDE
BFGH I
CGBJ K
DHJLM
EIKMF

585
ABCDE
BFGH I
CGDEJ
DHEKL
EIJLM

592
ABCDE
BFGH I
CGDIJ K
DHJAL
EIKLM

599
ABCDE
BFGH I
CGDIJ K
DHIJKL
EIKLM

606
ABCDE
BFGH I
CGDJ K
DHJLM
EIKMB

613
ABCDE
BFGH I
CGDJ K
DHIJLM
EIKML

620
ABCDE
BFGH I
CGEIJD
DHJKL
EIDLM

627
ABCDE
BFGH I
CGEJK
DHIJFL
EIKLM

634
ABCDE
BFGH I
CGEJK
DHIJLF
EIKFM

641
ABCDE
BFGH I
CGEJ K
DHJLM
EIKMG

648
ABCDE
BFGHI
CGFI11J
DHIKL
EIJLM
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572
ABCDE
BFGH I
CGBIJK
DHIJLF
EIKFM

579
ABCDE
BFGH I
CGBJ K
DHJLM
EIKMG

586
ABCDE
BFGH I
CGDF1J
DHFKL
EIJLM

593
ABCDE
BFGH I
CGDIJ K
DHJBL
EIKLM

600
ABCDE
BFGH I
CGDIJ K
DHIJLA
EIKAM

607
ABCDE
BFGH I
CGDJ K
DHJLM
EIKMC

614
ABCDE
BFGH I
CGEA
DHAKL
EIJLM

621
ABCDE
BFGH I
CGEIJF
DHJKL
EIFLM

628
ABCDE
BFGH I
CGEIJK
DHIJGL
EIKLM

635
ABCDE
BFGH I
CGEJK
DHIJLG
EIKGM

642
ABCDE
BFGH I
CGEJ K
DHIJLM
EIKMH

649
ABCDE
BFGH I
CGFIJA
DHIJKL
EIALM

573
ABCDE
BFGHI
CGBIJ K
DHIJLG
EIKGM

580
ABCDE
BFGH I
CGBJ K
DHJLM
EIKMH

587
ABCDE
BFGHI
CGDI1J
DHIKL
EIJLM

594
ABCDE
BFGH I
CGDJ K
DHIJCL
EIKLM

601
ABCDE
BFGHI
CGDIJ K
DHIJLB
EIKBM

608
ABCDE
BFGH I
CGDJ K
DHJLM
EIKMD

615
ABCDE
BFGH I
CGEBJ
DHBKL
EIJLM

622
ABCDE
BFGH I
CGEJH
DHJKL
ETHLM

629
ABCDE
BFGH 1
CGEIJK
DHIJIL
EIKLM

636
ABCDE
BFGH I
CGEJ K
DHJLM
EIKMA

643
ABCDE
BFGH I
CGEJ K
DHIJLM
EIKM]J

650
ABCDE
BFGH I
CGFIJB
DHJKL
EIBLM

574
ABCDE
BFGH I
CGBIJ K
DHJLM
EIKMA

581
ABCDE
BFGH I
CGBIJ K
DHJLM
EIKM]

588
ABCDE
BFGH I
CGDIJA
DHIJKL
ETALM

595
ABCDE
BFGH I
CGDIJ K
DHIJEL
EIKLM

602
ABCDE
BFGH I
CGDIJK
DHIJLC
EIKCM

609
ABCDE
BFGH I
CGDJ K
DHJLM
EIKMF

616
ABCDE
BFGH I
CGEFJ
DHFKL
EIJLM

623
ABCDE
BFGH I
CGEJK
DHJAL
EIKLM

630
ABCDE
BFGH I
CGEJK
DHIJKL
EIKLM

637
ABCDE
BFGH I
CGEJ K
DHJLM
EIKMB

644
ABCDE
BFGH I
CGEJ K
DHJ LM
EIKML

651
ABCDE
BFGH I
CGFIJD
DHJKL
EIDLM



652
ABCDE
BFGHII
CGFIJH
DHIJKL
EITHLM

659
ABCDE
BFGH I
CGFIJK
DHIJIL
EIKLM

666
ABCDE
BFGH I
CGFIJ K
DHJLM
EIKMA

673
ABCDE
BFGH I
CGFIJ K
DHJLM
EIKM]J

680
ABCDE
BFGHII
CGHIJ A
DHIJKL
ETALM

687
ABCDE
BFGH I
CGHIJ K
DHIJEL
EIKLM

694
ABCDE
BFGH 1
CGHIJ K
DHIJLC
EIKCM

701
ABCDE
BFGH I
CGHJ K
DHJLM
EIKMF

708
ABCDE
BFGH I
CGIE]
DHEKL
EIJLM

715
ABCDE
BFGHI
CGIJK
DHJAL
EIKLM

722
ABCDE
BFGH I
CGIJK
DHIJKL
EIKLM

729
ABCDE
BFGH I
CGIIJK
DHJLM
EIKMB

653
ABCDE
BFGH I
CGFIJK
DHJAL
EIKLM

660
ABCDE
BFGHI
CGFIJK
DHIJKL
EIKLM

667
ABCDE
BFGH I
CGFJ K
DHJ LM
EIKMB

674
ABCDE
BFGH I
CGFIJ K
DHJLM
EIKML

681
ABCDE
BFGH I
CGHIJ B
DHIJKL
EIBLM

688
ABCDE
BFGHI
CGHIJ K
DHIJFL
EIKLM

695
ABCDE
BFGH I
CGHIJ K
DHIJLF
EIKFM

702
ABCDE
BFGH I
CGHIJ K
DHJLM
EIKMG

709
ABCDE
BFGH I
CGIF]J
DHFKL
EIJLM

716
ABCDE
BFGH I
CGIIJK
DHJBL
EIKLM

723
ABCDE
BFGH I
CGIIJK
DHIJLA
EIKAM

730
ABCDE
BFGH I
CGIIJK
DHJLM
EIKMC

654
ABCDE
BFGH I
CGFJK
DHIJBL
EIKLM

661
ABCDE
BFGH I
CGFIJK
DHIJLA
EIKAM

668
ABCDE
BFGH I
CGFIJ K
DHJ LM
EIKMC

675
ABCDE
BFGH I
CGHA
DHAKL
EIJLM

682
ABCDE
BFGHI
CGHIJD
DHIJKL
EIDLM

689
ABCDE
BFGH I
CGHIJ K
DHIJGL
EIKLM

696
ABCDE
BFGH I
CGHIJ K
DHIJLG
EIKGM

703
ABCDE
BFGH I
CGHIJ K
DHJLM
EIKMH

710
ABCDE
BFGH I
CGIJA
DHJKL
EIALM

7117
ABCDE
BFGHI
CGIJK
DHIJCL
EIKLM

724
ABCDE
BFGH I
CGIJK
DHIJLB
EIKBM

731
ABCDE
BFGH I
CGIIJK
DHJLM
EIKMD

655
ABCDE
BFGH I
CGFIJK
DHIJCL
EIKLM

662
ABCDE
BFGH I
CGFIJK
DHIJLB
EIKBM

669
ABCDE
BFGH I
CGFJ K
DHJLM
EIKMD

676
ABCDE
BFGHI
CGHBJ
DHBKL
EIJLM

683
ABCDE
BFGH I
CGHIJ F
DHIJKL
EIFLM

690
ABCDE
BFGHII
CGHIJ K
DHJIL
EIKLM

697
ABCDE
BFGH I
CGHIJ K
DHJLM
EIKMA

704
ABCDE
BFGH I
CGHIJ K
DHJLM
EIKM]J

711
ABCDE
BFGH I
CGIJB
DHJKL
EIBLM

718
ABCDE
BFGHI
CGIIJK
DHIJEL
EIKLM

725
ABCDE
BFGH I
CGIIJK
DHIJLC
EIKCM

732
ABCDE
BFGH I
CGIIJK
DHJLM
EIKMF

152

656
ABCDE
BFGH I
CGFJK
DHIJEL
EIKLM

663
ABCDE
BFGHI
CGFIJK
DHIJLC
EIKCM

670
ABCDE
BFGH I
CGFJ K
DHJ LM
EIKMF

677
ABCDE
BFGH I
CGHEJ
DHEKL
EIJLM

684
ABCDE
BFGH I
CGHIJ K
DHJAL
EIKLM

691
ABCDE
BFGH I
CGHIJ K
DHJKL
EIKLM

698
ABCDE
BFGH I
CGHIJ K
DHJ LM
EIKMB

705
ABCDE
BFGH I
CGHIJ K
DHJLM
EIKML

712
ABCDE
BFGH I
CGIJD
DHIJKL
EIDLM

719
ABCDE
BFGH I
CGIIJK
DHIJFL
EIKLM

726
ABCDE
BFGH I
CGIJK
DHIJLF
EIKFM

733
ABCDE
BFGH I
CGIIJK
DHJLM
EIKMG

657
ABCDE
BFGH I
CGFIJ K
DHIJFL
EIKLM

664
ABCDE
BFGHI
CGFIJK
DHIJLF
EIKFM

671
ABCDE
BFGH I
CGFIJ K
DHJLM
EIKMG

678
ABCDE
BFGH I
CGHF
DHFKL
EIJLM

685
ABCDE
BFGHI
CGHIJ K
DHIJBL
EIKLM

692
ABCDE
BFGH I
CGHIJ K
DHIJLA
EIKAM

699
ABCDE
BFGH I
CGHIJ K
DHJLM
EIKMC

706
ABCDE
BFGH 1
CGIAI
DHAKL
EIJLM

713
ABCDE
BFGH I
CGIIJF
DHIJKL
EIFLM

720
ABCDE
BFGH I
CGIJK
DHIJGL
EIKLM

727
ABCDE
BFGH I
CGIJK
DHIJLG
EIKGM

734
ABCDE
BFGH I
CGIIJK
DHJLM
EIKMH

658
ABCDE
BFGHI
CGFIJK
DHIJGL
EIKLM

665
ABCDE
BFGHI
CGFIJK
DHJLG
EIKGM

672
ABCDE
BFGH I
CGFJ K
DHJLM
EIKMH

679
ABCDE
BFGH I
CGHIJ
DHIKL
EIJLM

686
ABCDE
BFGH I
CGHIJ K
DHIJCL
EIKLM

693
ABCDE
BFGH I
CGHIJ K
DHIJLB
EIKBM

700
ABCDE
BFGH I
CGHIJ K
DHJLM
EIKMD

707
ABCDE
BFGHI
CGIBIJ
DHBKL
EIJLM

714
ABCDE
BFGH I
CGIJH
DHIJKL
EITHLM

721
ABCDE
BFGHI
CGIIJK
DHIJIL
EIKLM

728
ABCDE
BFGH I
CGIJK
DHJLM
EIKMA

735
ABCDE
BFGH I
CGIIJK
DHJLM
EIKM]J



736
ABCDE
BFGH I
CGIJK
DHJLM
EIKML

743
ABCDE
BFGH I
CGJAK
DHAEL
EIKLM

750
ABCDE
BFGH I
CGJAK
DHALC
EIKCM

757
ABCDE
BFGH I
CGJAK
DHALM
EIKMD

764
ABCDE
BFGH I
CGJBD
DHBKL
EIDLM

771
ABCDE
BFGHI
CGJBK
DHBGL
EIKLM

778
ABCDE
BFGHII
CGJBK
DHBLG
EIKGM

785
ABCDE
BFGH I
CGJBK
DHBLM
EIKMG

792
ABCDE
BFGH 1
CGJEF
DHEKL
EIFLM

799
ABCDE
BFGH I
CGJEK
DHEIL
EIKLM

806
ABCDE
BFGH I
CGJEK
DHELG
EIKGM

813
ABCDE
BFGH I
CGJEK
DHELM
EIKMG

737
ABCDE
BFGH I
CGJAB
DHAKL
EIBLM

744
ABCDE
BFGH I
CGJAK
DHAF L
EIKLM

751
ABCDE
BFGH I
CGJAK
DHALF
EIKFM

758
ABCDE
BFGH I
CGJAK
DHALM
EIKMF

765
ABCDE
BFGH I
CGJBF
DHBKL
EIFLM

772
ABCDE
BFGH I
CGJBK
DHBIL
EIKLM

779
ABCDE
BFGH I
CGJBK
DHBLJ
EIKJM

786
ABCDE
BFGH I
CGJBK
DHBLM
EIKMH

793
ABCDE
BFGHI
CGJEH
DHEKL
EITHLM

800
ABCDE
BFGH I
CGJEK
DHEIJL
EIKLM

807
ABCDE
BFGHI
CGJEK
DHELJ
EIKJM

814
ABCDE
BFGH I
CGJEK
DHELM
EIKMH

738
ABCDE
BFGH I
CGJAD
DHAKL
EIDLM

745
ABCDE
BFGH I
CGJAK
DHAGL
EIKLM

752
ABCDE
BFGHI
CGJAK
DHALG
EIKGM

759
ABCDE
BFGH I
CGJAK
DHALM
EIKMG

766
ABCDE
BFGH I
CGJBH
DHBKL
EIHLM

773
ABCDE
BFGH I
CGJBK
DHBIJL
EIKLM

780
ABCDE
BFGH I
CGJBK
DHBLM
EIKMA

787
ABCDE
BFGH I
CGJBK
DHBLM
EIKM]J

794
ABCDE
BFGH 1
CGJEK
DHEAL
EIKLM

801
ABCDE
BFGH I
CGJEK
DHEKL
EIKLM

808
ABCDE
BFGH I
CGJEK
DHELM
EIKMA

815
ABCDE
BFGH I
CGJEK
DHELM
EIKM]J

739
ABCDE
BFGH I
CGJAF
DHAKL
EIFLM

746
ABCDE
BFGH I
CGJAK
DHAIL
EIKLM

753
ABCDE
BFGH I
CGJAK
DHALJ
EIKIJM

760
ABCDE
BFGH I
CGJAK
DHALM
EIKMH

767
ABCDE
BFGH I
CGJBK
DHBAL
EIKLM

774
ABCDE
BFGHI
CGJBK
DHBKL
EIKLM

781
ABCDE
BFGH I
CGJBK
DHBLM
EIKMB

788
ABCDE
BFGH I
CGJBK
DHBLM
EIKML

795
ABCDE
BFGH I
CGJEK
DHEBL
EIKLM

802
ABCDE
BFGH I
CGJEK
DHELA
EIKAM

809
ABCDE
BFGH I
CGJEK
DHELM
EIKMB

816
ABCDE
BFGH I
CGJEK
DHELM
EIKML

153

740
ABCDE
BFGH I
CGJAH
DHAKL
EIHLM

747
ABCDE
BFGH I
CGJAK
DHAIJL
EIKLM

754
ABCDE
BFGH I
CGJAK
DHALM
EIKMA

761
ABCDE
BFGH I
CGJAK
DHALM
EIKM]J

768
ABCDE
BFGH I
CGJBK
DHBCL
EIKLM

775
ABCDE
BFGH I
CGJBK
DHBLA
EIKAM

782
ABCDE
BFGH I
CGJBK
DHB LM
EIKMC

789
ABCDE
BFGH I
CGJEA
DHEKL
EIALM

796
ABCDE
BFGHI
CGJEK
DHECL
EIKLM

803
ABCDE
BFGH I
CGJEK
DHELB
EIKBM

810
ABCDE
BFGH I
CGJEK
DHELM
EIKMC

817
ABCDE
BFGH I
CGJFA
DHFKL
EITALM

741
ABCDE
BFGH I
CGJAK
DHABL
EIKLM

748
ABCDE
BFGH I
CGJAK
DHAKL
EIKLM

755
ABCDE
BFGH I
CGJAK
DHALM
EIKMB

762
ABCDE
BFGH I
CGJAK
DHALM
EIKML

769
ABCDE
BFGHI
CGJBK
DHBEL
EIKLM

776
ABCDE
BFGH I
CGJBK
DHBLC
EIKCM

783
ABCDE
BFGH I
CGJBK
DHBLM
EIKMD

790
ABCDE
BFGH I
CGJEB
DHEKL
EIBLM

797
ABCDE
BFGH 1
CGJEK
DHEFL
EIKLM

804
ABCDE
BFGH I
CGJEK
DHELC
EIKCM

811
ABCDE
BFGH I
CGJEK
DHELM
EIKMD

818
ABCDE
BFGH I
CGJFB
DHFKL
EIBLM

742
ABCDE
BFGH I
CGJAK
DHACL
EIKLM

749
ABCDE
BFGH I
CGJAK
DHALB
EIKBM

756
ABCDE
BFGH I
CGJAK
DHALM
EIKMC

763
ABCDE
BFGH I
CGJBA
DHBKL
ETALM

770
ABCDE
BFGH I
CGJBK
DHBFL
EIKLM

771
ABCDE
BFGHI
CGJBK
DHBLF
EIKFM

784
ABCDE
BFGH I
CGJBK
DHBLM
EIKMF

791
ABCDE
BFGH I
CGJED
DHEKL
EIDLM

798
ABCDE
BFGH I
CGJEK
DHEGL
EIKLM

805
ABCDE
BFGH I
CGJEK
DHELF
EIKFM

812
ABCDE
BFGH I
CGJEK
DHELM
EIKMF

819
ABCDE
BFGHI
CGJFD
DHFKL
EIDLM



820
ABCDE
BFGHII
CGJFH
DHFKL
EITHLM

827
ABCDE
BFGH 1
CGJFK
DHFIJ L
EIKLM

834
ABCDE
BFGH I
CGJFK
DHFLM
EIKMA

841
ABCDE
BFGH I
CGJFK
DHFLM
EIKM]J

848
ABCDE
BFGH I
CGJIK
DHITIAL
EIKLM

855
ABCDE
BFGH 1
CGJIK
DHIKL
EIKLM

862
ABCDE
BFGH I
CGJIK
DHILM
EIKMA

869
ABCDE
BFGH I
CGJITK
DHILM
EIKM]J

876
ABCDE
BFGH I
CGJKA
DHKGL
ETALM

883
ABCDE
BFGHI
CGJKA
DHKLJ
ETAJM

890
ABCDE
BFGH I
CGJKA
DHKLM
EIAM]J

897
ABCDE
BFGH I
CGJKB
DHKFL
EIBLM

821
ABCDE
BFGH I
CGJFK
DHFAL
EIKLM

828
ABCDE
BFGHI
CGJFK
DHFKL
EIKLM

835
ABCDE
BFGH I
CGJFK
DHF LM
EIKMB

842
ABCDE
BFGH I
CGJFK
DHF LM
EIKML

849
ABCDE
BFGH I
CGJIK
DHIBL
EIKLM

856
ABCDE
BFGHI
CGJIK
DHILA
EIKAM

863
ABCDE
BFGH I
CGJIK
DHILM
EIKMB

870
ABCDE
BFGH I
CGJIK
DHILM
EIKML

877
ABCDE
BFGH I
CGJKA
DHKIL
EITALM

884
ABCDE
BFGH I
CGJKA
DHKLM
EIAMB

891
ABCDE
BFGH I
CGJKA
DHK LM
EITAMK

898
ABCDE
BFGH I
CGJKB
DHKGL
EIBLM

822
ABCDE
BFGH I
CGJFK
DHFBL
EIKLM

829
ABCDE
BFGH I
CGIJFK
DHFLA
EIKAM

836
ABCDE
BFGH I
CGJ FK
DHF LM
EIKMC

843
ABCDE
BFGHI
CGJITA
DHIKL
ETALM

850
ABCDE
BFGH I
CGJIK
DHICL
EIKLM

857
ABCDE
BFGHI
CGJIK
DHILB
EIKBM

864
ABCDE
BFGH I
CGJIK
DHILM
EIKMC

871
ABCDE
BFGH I
CGJKA
DHKAL
ETALM

878
ABCDE
BFGH I
CGJKA
DHKIJ L
EIALM

885
ABCDE
BFGH I
CGJKA
DHKLM
ETAMC

892
ABCDE
BFGH I
CGJKA
DHKLM
EIAML

899
ABCDE
BFGH I
CGJKB
DHKIL
EIBLM

823
ABCDE
BFGH I
CGJFK
DHFCL
EIKLM

830
ABCDE
BFGH I
CGJFK
DHFLB
EIKBM

837
ABCDE
BFGH I
CGJFK
DHFLM
EIKMD

844
ABCDE
BFGH I
CGJIB
DHIKL
EIBLM

851
ABCDE
BFGH I
CGJIK
DHIEL
EIKLM

858
ABCDE
BFGH I
CGJIK
DHILC
EIKCM

865
ABCDE
BFGH I
CGJIK
DHILM
EIKMD

872
ABCDE
BFGH I
CGJKA
DHKB L
ETALM

879
ABCDE
BFGH I
CGJKA
DHKLB
ETABM

886
ABCDE
BFGH I
CGJ KA
DHKLM
ETIAMD

893
ABCDE
BFGH I
CGJKB
DHKAL
EIBLM

900
ABCDE
BFGH I
CGJKB
DHKIJ L
EIBLM

154

824
ABCDE
BFGH I
CGJFK
DHFEL
EIKLM

831
ABCDE
BFGHI
CGJFK
DHFLC
EIKCM

838
ABCDE
BFGH I
CGJFK
DHF LM
EIKMF

845
ABCDE
BFGHI
CGJID
DHIKL
EIDLM

852
ABCDE
BFGH I
CGJIK
DHIFL
EIKLM

859
ABCDE
BFGH I
CGJIK
DHILF
EIKFM

866
ABCDE
BFGH I
CGJIK
DHILM
EIKMF

873
ABCDE
BFGHI
CGJKA
DHKCL
EITALM

880
ABCDE
BFGH I
CGJKA
DHKL C
EIACM

887
ABCDE
BFGH I
CGJKA
DHKLM
EITAMF

894
ABCDE
BFGH I
CGJKB
DHKBL
EIBLM

901
ABCDE
BFGH I
CGJKB
DHKL A
EIBAM

825
ABCDE
BFGH I
CGJFK
DHFGL
EIKLM

832
ABCDE
BFGHI
CGJFK
DHFLG
EIKGM

839
ABCDE
BFGH I
CGJFK
DHFLM
EIKMG

846
ABCDE
BFGH 1
CGJIF
DHIKL
EIFLM

853
ABCDE
BFGH I
CGJIK
DHIGL
EIKLM

860
ABCDE
BFGH 1
CGJIK
DHILG
EIKGM

867
ABCDE
BFGH I
CGJIK
DHILM
EIKMG

874
ABCDE
BFGH 1
CGJKA
DHKEL
ETALM

881
ABCDE
BFGH I
CGJKA
DHKLF
EIAFM

888
ABCDE
BFGH I
CGJKA
DHKLM
ETAMG

895
ABCDE
BFGH 1
CGJKB
DHKCL
EIBLM

902
ABCDE
BFGH I
CGJKB
DHKLC
EIBCM

826
ABCDE
BFGHI
CGJFK
DHFIL
EIKLM

833
ABCDE
BFGHI
CGJFK
DHFLJ
EIKIJM

840
ABCDE
BFGH I
CGJFK
DHF LM
EIKMH

847
ABCDE
BFGH I
CGJIH
DHIKL
EITHLM

854
ABCDE
BFGH I
CGJIK
DHIIJL
EIKLM

861
ABCDE
BFGHI
CGJIK
DHIL]J
EIKIJM

868
ABCDE
BFGH I
CGJIK
DHILM
EIKMH

875
ABCDE
BFGHI
CGJKA
DHKFL
ETALM

882
ABCDE
BFGH I
CGJKA
DHKL G
EIAGM

889
ABCDE
BFGH I
CGJKA
DHKLM
EIAMH

896
ABCDE
BFGH I
CGJKB
DHKEL
EIBLM

903
ABCDE
BFGH I
CGJKB
DHKLF
EIBFM



904 905 906 907 908 909 910
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGJKB CGJKB CGJKB CGJKB CGJKB CGJKB CGJKB
DHKLG DHKLJ DHKLM DHKLM DHKLM DHKLM DHKLM
EIBGM EIBJM EIBMA EIBMC EIBMD EIBMF EIBMG

911 912 913 914 915 916 917
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGJKB CGJKB CGJKB CGJKB CGJKD CGJKD CGIJKD
DHKLM DHKLM DHKLM DHKLM DHKAL DHKBL DHKCL
EIBMH EIBMJ EIBMK EIBML EIDLM EIDLM EIDLM

918 919 920 921 922 923 924
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGJKD CGJKD CGJKD CGJKD CGJKD CGJKD CGIJKD
DHKEL DHKFL DHKGL DHKIL DHKIJL DHKLA DHKLB
EIDLM EIDLM EIDLM EIDLM EIDLM EIDAM EIDBM

925 926 927 928 929 930 931
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGJKD CGJKD CGJKD CGJKD CGJKD CGJKD CGIJKD
DHKLC DHKLF DHKLG DHKLJ DHKLM DHKLM DHKLM
EIDCM EIDFM EIDGM EIDJM EIDMA EIDMB EIDMC

932 933 934 935 936 937 938
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGJKD CGJKD CGJKD CGJKD CGJKD CGJKD CGIJKF
DHKLM DHKLM DHKLM DHKLM DHKLM DHKLM DHKAL
EIDMF EIDMG EIDMH EIDMJ EIDMK EIDML EIFLM

939 940 941 942 943 944 945
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGJKF CGJKF CGJKF CGJKF CGJKF CGJKF CGIJKF
DHKBL DHKCL DHKEL DHKFL DHKGL DHKIL DHKIJL
EIFLM EIFLM EIFLM EIFLM EIFLM EIFLM EIFLM

946 947 948 949 950 951 952
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGJKF CGJKF CGJKF CGJKF CGJKF CGJKF CGIJKF
DHKLA DHKLB DHKLC DHKLG DHKLJ DHKLM DHKLM
EIFAM EIFBM EIFCM EIFGM EIFJM EIFMA EIFMB

953 954 955 956 957 958 959
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGJKF CGJKF CGJKF CGJKF CGJKF CGJKF CGIJKF
DHKLM DHKLM DHKLM DHKLM DHKLM DHKLM DHKLM
EIFMC EIFMD EIFMG EIFMH EIFMJ EIFMK EIFML

960 961 962 963 964 965 966
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGJKH CGJKH CGJKH CGJKH CGJKH CGJKH CGIJKH
DHKAL DHKBL DHKCL DHKEL DHKFL DHKGL DHKIL
EIHLM EIHLM EIHLM EIHLM EIHLM EIHLM EIHLM

967 968 969 970 971 972 973
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGJKH CGJKH CGJKH CGJKH CGJKH CGJKH CGIJKH
DHKJL DHKLA DHKLB DHKLC DHKLF DHKLG DHKL]J
EIHLM EIHAM EIHBM EIHCM EIHFM EIHGM EIHIJM

974 975 976 971 978 979 980
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGJKH CGJKH CGJKH CGJKH CGJKH CGJKH CGIJKH
DHKLM DHKLM DHKLM DHKLM DHKLM DHKLM DHKLM
EIHMA EIHMB EIHMC EIHMD EIHMF EIHMG EIHMI

981 982 983 984 985 986 987
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI BFGHI
CGJKH CGJKH CGJKL CGJKL CGJKL CGJKL CGIJKL
DHKLM DHKLM DHKAB DHKAC DHKAF DHKAG DHKA]J
EIHMK EIHML EILBM EILCM EILFM EILGM EILIM

155



988
ABCDE
BFGH I
CGJKL
DHKAM
EILMA

995
ABCDE
BFGH I
CGJKL
DHKAM
EILMIJ

1002
ABCDE
BFGH I
CGJKL
DHKBM
EILMA

1009
ABCDE
BFGH I
CGJKL
DHKBM
EILMI

1016
ABCDE
BFGH I
CGJKL
DHKCM
EILMA

1023
ABCDE
BFGH I
CGJKL
DHKCM
EILMI

1030
ABCDE
BFGH I
CGJKL
DHKE J
EILJM

1037
ABCDE
BFGH I
CGJKL
DHKEM
EILMH

1044
ABCDE
BFGH 1
CGJKL
DHKFJ
EILJM

1051
ABCDE
BFGH I
CGJKL
DHKFM
EILMH

1058
ABCDE
BFGH 1
CGJKL
DHKG J
EILJM

1065
ABCDE
BFGH I
CGJKL
DHKGM
EILMH

989
ABCDE
BFGH I
CGJKL
DHKAM
EILMB

996
ABCDE
BFGH I
CGJKL
DHKAM
EILMK

1003
ABCDE
BFGH I
CGJKL
DHKBM
EILMB

1010
ABCDE
BFGH I
CGJKL
DHKB M
EILMK

1017
ABCDE
BFGH I
CGJKL
DHKCM
EILMB

1024
ABCDE
BFGH I
CGJKL
DHKCM
EILMK

1031
ABCDE
BFGH I
CGJKL
DHKEM
EILMA

1038
ABCDE
BFGH I
CGJKL
DHKEM
EILM]J

1045
ABCDE
BFGH I
CGJKL
DHK FM
EILMA

1052
ABCDE
BFGH I
CGJKL
DHKFM
EILM]J

1059
ABCDE
BFGH I
CGJKL
DHKGM
EILMA

1066
ABCDE
BFGH I
CGJKL
DHKGM
EILM]J

990
ABCDE
BFGH I
CGJKL
DHKAM
EILMC

997
ABCDE
BFGH I
CGJKL
DHKB A
EILAM

1004
ABCDE
BFGH I
CGJKL
DHKBM
EILMC

1011
ABCDE
BFGH I
CGJKL
DHKCA
EILAM

1018
ABCDE
BFGH I
CGJKL
DHKCM
EILMC

1025
ABCDE
BFGH I
CGJKL
DHKE A
EILAM

1032
ABCDE
BFGH I
CGJKL
DHKEM
EILMB

1039
ABCDE
BFGH I
CGJKL
DHKEM
EILMK

1046
ABCDE
BFGH I
CGJKL
DHKFM
EILMB

1053
ABCDE
BFGH I
CGJKL
DHKFM
EILMK

1060
ABCDE
BFGH I
CGJKL
DHKGM
EILMB

1067
ABCDE
BFGH I
CGJKL
DHKGM
EILMK

991
ABCDE
BFGH I
CGJKL
DHKAM
EILMD

998
ABCDE
BFGH I
CGJKL
DHKB C
EILCM

1005
ABCDE
BFGH I
CGJKL
DHKBM
EILMD

1012
ABCDE
BFGHI
CGJKL
DHKCB
EILBM

1019
ABCDE
BFGH I
CGJKL
DHKCM
EILMD

1026
ABCDE
BFGH I
CGJKL
DHKE B
EILBM

1033
ABCDE
BFGH I
CGJKL
DHKEM
EILMC

1040
ABCDE
BFGHI
CGJKL
DHKFA
EILAM

1047
ABCDE
BFGH I
CGJKL
DHKFM
EILMC

1054
ABCDE
BFGHI
CGJKL
DHKGA
EILAM

1061
ABCDE
BFGH I
CGJKL
DHKGM
EILMC

1068
ABCDE
BFGHII
CGJKL
DHKI A
EILAM

156

992
ABCDE
BFGH I
CGJKL
DHKAM
EILMF

999
ABCDE
BFGH I
CGJKL
DHKB F
EILFM

1006
ABCDE
BFGH I
CGJKL
DHKBM
EILMF

1013
ABCDE
BFGH I
CGJKL
DHKCF
EILFM

1020
ABCDE
BFGH I
CGJKL
DHKCM
EILMF

1027
ABCDE
BFGH I
CGJKL
DHKE C
EILCM

1034
ABCDE
BFGH I
CGJKL
DHKEM
EILMD

1041
ABCDE
BFGH I
CGJKL
DHKFB
EILBM

1048
ABCDE
BFGH I
CGJKL
DHK FM
EILMD

1055
ABCDE
BFGH I
CGJKL
DHKGB
EILBM

1062
ABCDE
BFGH I
CGJKL
DHKGM
EILMD

1069
ABCDE
BFGH I
CGJKL
DHKI B
EILBM

993
ABCDE
BFGH I
CGJKL
DHKAM
EILMG

1000
ABCDE
BFGH I
CGJKL
DHKBG
EILGM

1007
ABCDE
BFGH I
CGJKL
DHKBM
EILMG

1014
ABCDE
BFGH I
CGJKL
DHKCG
EILGM

1021
ABCDE
BFGH I
CGJKL
DHKCM
EILMG

1028
ABCDE
BFGH I
CGJKL
DHKE F
EILFM

1035
ABCDE
BFGH I
CGJKL
DHKEM
EILMF

1042
ABCDE
BFGH I
CGJKL
DHKFC
EILCM

1049
ABCDE
BFGH I
CGJKL
DHKFM
EILMF

1056
ABCDE
BFGH I
CGJKL
DHKGC
EILCM

1063
ABCDE
BFGH I
CGJKL
DHKGM
EILMF

1070
ABCDE
BFGH I
CGJKL
DHKI C
EILCM

994
ABCDE
BFGH I
CGJKL
DHKAM
EILMH

1001
ABCDE
BFGH I
CGJKL
DHKB J
EILJM

1008
ABCDE
BFGH I
CGJKL
DHKBM
EILMH

1015
ABCDE
BFGH I
CGJKL
DHKCJ
EILJM

1022
ABCDE
BFGH I
CGJKL
DHKCM
EILMH

1029
ABCDE
BFGH I
CGJKL
DHKE G
EILGM

1036
ABCDE
BFGH I
CGJKL
DHKEM
EILMG

1043
ABCDE
BFGH I
CGJKL
DHKFG
EILGM

1050
ABCDE
BFGH I
CGJKL
DHKFM
EILMG

1057
ABCDE
BFGH I
CGJKL
DHKGF
EILFM

1064
ABCDE
BFGH I
CGJKL
DHKGM
EILMG

1071
ABCDE
BFGH I
CGJKL
DHKI F
EILFM



1072
ABCDE
BFGHII
CGJKL
DHKI G
EILGM

1079
ABCDE
BFGH I
CGJKL
DHKIM
EILMG

1086
ABCDE
BFGHI
CGJKL
DHKIJ F
EILFM

1093
ABCDE
BFGH I
CGJKL
DHK J M
EILMG

1100
ABCDE
BFGHII
CGJKL
DHKLF
EILFM

1107
ABCDE
BFGH I
CGJKL
DHKLM
EILMF

1114
ABCDE
BFGH I
CGJKL
DHKMA
EILAD

1121
ABCDE
BFGHII
CGJKL
DHKMB
EILBA

1128
ABCDE
BFGHII
CGJKL
DHKMB
EILBK

1135
ABCDE
BFGHI
CGJKL
DHKMC
EILCH

1142
ABCDE
BFGH I
CGJKL
DHKMF
EILFD

1149
ABCDE
BFGHI
CGJKL
DHKMG
EILGB

1073
ABCDE
BFGH I
CGJKL
DHKTI J
EILJM

1080
ABCDE
BFGH I
CGJKL
DHK I M
EILMH

1087
ABCDE
BFGH I
CGJKL
DHKIJ G
EILGM

1094
ABCDE
BFGH I
CGJKL
DHKIJ M
EILMH

1101
ABCDE
BFGH I
CGJKL
DHKL G
EILGM

1108
ABCDE
BFGH I
CGJKL
DHKLM
EILMG

1115
ABCDE
BFGHII
CGJKL
DHKM A
EILAF

1122
ABCDE
BFGHI
CGJKL
DHKMB
EILBC

1129
ABCDE
BFGH I
CGJKL
DHKM B
EILBM

1136
ABCDE
BFGHI
CGJKL
DHKMC
EILCIJ

1143
ABCDE
BFGHII
CGJKL
DHKMF
EILFG

1150
ABCDE
BFGHI
CGJKL
DHKMG
EILGC

1074
ABCDE
BFGH I
CGJKL
DHK I M
EILMA

1081
ABCDE
BFGH I
CGJKL
DHKIM
EILM]J

1088
ABCDE
BFGH I
CGJKL
DHKIJ M
EILMA

1095
ABCDE
BFGH I
CGJKL
DHK I M
EILM]J

1102
ABCDE
BFGH I
CGJKL
DHKLJ
EILJM

1109
ABCDE
BFGH I
CGJKL
DHKLM
EILMH

1116
ABCDE
BFGHI
CGJKL
DHKMA
EILAG

1123
ABCDE
BFGHI
CGJKL
DHKMB
EILBD

1130
ABCDE
BFGH I
CGJKL
DHKMC
EILCA

1137
ABCDE
BFGHI
CGJKL
DHKMC
EILCK

1144
ABCDE
BFGHI
CGJKL
DHKMF
EILFH

1151
ABCDE
BFGHII
CGJKL
DHKMG
EILGD

1075
ABCDE
BFGH I
CGJKL
DHKIM
EILMB

1082
ABCDE
BFGH I
CGJKL
DHK I M
EILMK

1089
ABCDE
BFGH I
CGJKL
DHK I M
EILMB

1096
ABCDE
BFGH I
CGJKL
DHK J M
EILMK

1103
ABCDE
BFGH I
CGJKL
DHKLM
EILMA

1110
ABCDE
BFGH I
CGJKL
DHKLM
EILMIJ

1117
ABCDE
BFGHII
CGJKL
DHKMA
EILAH

1124
ABCDE
BFGHI
CGJKL
DHKMB
EILBF

1131
ABCDE
BFGHI
CGJKL
DHKMC
EILCB

1138
ABCDE
BFGH I
CGJKL
DHKM C
EILCM

1145
ABCDE
BFGHI
CGJKL
DHKMF
EILF]J

1152
ABCDE
BFGH1
CGJKL
DHKMG
EILGF
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1076
ABCDE
BFGH I
CGJKL
DHK I M
EILMC

1083
ABCDE
BFGHI
CGJKL
DHK1J A
EILAM

1090
ABCDE
BFGH I
CGJKL
DHK I M
EILMC

1097
ABCDE
BFGH I
CGJKL
DHKL A
EILAM

1104
ABCDE
BFGH I
CGJKL
DHKLM
EILMB

1111
ABCDE
BFGH I
CGJKL
DHK LM
EILMK

1118
ABCDE
BFGHII
CGJKL
DHKM A
EILAJ

1125
ABCDE
BFGHI
CGJKL
DHKMB
EILBG

1132
ABCDE
BFGH I
CGJKL
DHKMC
EILCD

1139
ABCDE
BFGHI
CGJKL
DHKMF
EILFA

1146
ABCDE
BFGHII
CGJKL
DHKMF
EILFK

1153
ABCDE
BFGHI
CGJKL
DHKMG
EILGH

1077
ABCDE
BFGH I
CGJKL
DHK I M
EILMD

1084
ABCDE
BFGHI
CGJKL
DHKJ B
EILBM

1091
ABCDE
BFGH I
CGJKL
DHK IJ M
EILMD

1098
ABCDE
BFGH I
CGJKL
DHKL B
EILBM

1105
ABCDE
BFGH I
CGJKL
DHKLM
EILMC

1112
ABCDE
BFGHII
CGJKL
DHKMA
EILAB

1119
ABCDE
BFGHII
CGJKL
DHKMA
EILAK

1126
ABCDE
BFGHI
CGJKL
DHKMB
EILBH

1133
ABCDE
BFGHII
CGJKL
DHKMC
EILCF

1140
ABCDE
BFGHI
CGJKL
DHKMF
EILFB

1147
ABCDE
BFGH I
CGJKL
DHKM F
EILFM

1154
ABCDE
BFGHI
CGJKL
DHKMG
EILG]

1078
ABCDE
BFGH I
CGJKL
DHK I M
EILMF

1085
ABCDE
BFGHI
CGJKL
DHK1J C
EILCM

1092
ABCDE
BFGH I
CGJKL
DHK I M
EILMF

1099
ABCDE
BFGH I
CGJKL
DHKLC
EILCM

1106
ABCDE
BFGH I
CGJKL
DHKLM
EILMD

1113
ABCDE
BFGHI1
CGJKL
DHKMA
EILAC

1120
ABCDE
BFGH I
CGJKL
DHKM A
EILAM

1127
ABCDE
BFGHI
CGJKL
DHKMB
EILB]J

1134
ABCDE
BFGHII
CGJKL
DHKMC
EILCG

1141
ABCDE
BFGHI
CGJKL
DHKMF
EILFC

1148
ABCDE
BFGHII
CGJKL
DHKMG
EILGA

1155
ABCDE
BFGHII
CGJKL
DHKMG
EILGK



1156
ABCDE
BFGH I
CGJKL
DHKMG
EILGM

1163
ABCDE
BFGHII
CGJKL
DHKM ]
EILJH

1157
ABCDE
BFGHII
CGJKL
DHKM ]
EILJA

1164
ABCDE
BFGHI
CGJKL
DHKMJ
EILJK

1158
ABCDE
BFGHI
CGJKL
DHKM
EILJB

1165
ABCDE
BFGH I
CGJKL
DHKM ]
EILJM

1159
ABCDE
BFGHI
CGJKL
DHKM ]
EILJC
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1160
ABCDE
BFGHII
CGJKL
DHKM ]
EILJD

1161
ABCDE
BFGHI
CGJKL
DHKM]J
EILJF

1162
ABCDE
BFGHII
CGJKL
DHKM ]
EILJG



APPENDIX C

LIST OF NON-COMMUTATIVE GENERALIZED LATIN SQUARES OF

ORDER 5 WITH 5 DISTINCT ELEMENTS

ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BADEC BADEC BADEC BADEC BADEC BADEC BADEC
CDEAB CDEAB CDEBA CDEBA CEABD CEABD CEBAD
DEBCA ECABD DEACB ECBAD DCEAB EDBCA DCEBA
ECABD DEBCA ECBAD DEACB EDBCA DCEAB EDACB

ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BADEC BADEC BADEC BADEC BADEC BADEC BADEC
CEBAD DCEAB DCEAB DCEBA DCEBA DEACB DEACB
EDACB CEABD EDBCA CEBAD EDACB CDEBA ECBAD
DCEBA EDBCA CEABD EDACB CEBAD ECBAD CDEBA

15 16 17 18 19 20 21
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BADEC BADEC BADEC BADEC BADEC BADEC BADEC
DEBCA DEBCA ECABD ECABD ECBAD ECBAD EDACB
CDEAB ECABD CDEAB DEBCA CDEBA DEACB CEBAD
ECABD CDEAB DEBCA CDEAB DEACB CDEBA DCEBA

22 23 24 25 26 27 28
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BADEC BADEC BADEC BAECD BAECD BAECD BAECD
EDACB EDBCA EDBCA CDAEB CDAEB CDBEA CDBEA
DCEBA CEABD DCEAB DEBAC ECDBA DEABC ECDAB
CEBAD DCEAB CEABD ECDBA DEBAC ECDAB DEABC

29 30 31 32 33 34 35
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BAECD BAECD BAECD BAECD BAECD BAECD BAECD
CEDAB CEDAB CEDBA CEDBA DCAEB DCAEB DCBEA
DCBEA EDABC DCAEB EDBAC CEDBA EDBAC CEDAB
EDABC DCBEA EDBAC DCAEB EDBAC CEDBA EDABC

36 37 38 39 40 41 42
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BAECD BAECD BAECD BAECD BAECD BAECD BAECD
DCBEA DEABC DEABC DEBAC DEBAC ECDAB ECDAB
EDABC CDBEA ECDAB CDAEB ECDBA CDBEA DEABC
CEDAB ECDAB CDBEA ECDBA CDAEB DEABC CDBEA

43 44 45 46 47 48 49

ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BAECD BAECD BAECD BAECD BAECD BAECD BCAED
ECDBA ECDBA EDABC EDABC EDBAC EDBAC CDEAB
CDAEB DEBAC CEDAB DCBEA CEDBA DCAEB DEBCA
DEBAC CDAEB DCBEA CEDAB DCAEB CEDBA EADBC

50 51 52 53 54 55 56
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BCAED BCAED BCAED BCAED BCAED BCAED BCAED
CDEAB CDEBA CDEBA CEDAB CEDAB CEDBA CEDBA
EADBC DEBAC EADCB DAEBC EDBCA DAECB EDBAC
DEBCA EADCB DEBAC EDBCA DAEBC EDBAC DAECB

57 58 59 60 61 62 63
ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE ABCDE
BCAED BCAED BCAED BCAED BCAED BCAED BCAED
DAEBC DAEBC DAECB DAECB DEBAC DEBAC DEBCA
CEDAB EDBCA CEDBA EDBAC CDEBA EADCB CDEAB
EDBCA CEDAB EDBAC CEDBA EADCB CDEBA EADBC
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64
ABCDE
BCAED
DEBCA
EADBC
CDEAB

71
ABCDE
BCAED
EDBCA
CEDAB
DAEBC

78
ABCDE
BCDEA
CEABD
DAECB
EDBAC

85
ABCDE
BCDEA
DAEBC
EDACB
CEBAD

92
ABCDE
BCDEA
DEACB
CAEBD
EDBAC

99
ABCDE
BCDEA
EDABC
DAECB
CEBAD

106
ABCDE
BCDEA
EDBAC
DAECB
CEABD

113
ABCDE
BCEAD
CDAEB
EADBC
DEBCA

120
ABCDE
BCEAD
DABEC
EDACB
CEDBA

127
ABCDE
BCEAD
DEBCA
CADEB
EDABC

134
ABCDE
BCEAD
EADBC
DEBCA
CDAEB

141
ABCDE
BCEAD
EDBCA
CADEB
DEABC

65
ABCDE
BCAED
EADBC
CDEAB
DEBCA

72
ABCDE
BCAED
EDBCA
DAEBC
CEDAB

79
ABCDE
BCDEA
CEABD
EDBAC
DAECB

86
ABCDE
BCDEA
DAECB
CEABD
EDBAC

93
ABCDE
BCDEA
DEACB
EDBAC
CAEBD

100
ABCDE
BCDEA
EDACB
CAEBD
DEBAC

107
ABCDE
BCDEA
EDBAC
DEACB
CAEBD

114
ABCDE
BCEAD
CDBEA
DEABC
EADCB

121
ABCDE
BCEAD
DEABC
CADEB
EDBCA

128
ABCDE
BCEAD
DEBCA
CDAEB
EADBC

135
ABCDE
BCEAD
EADCB
CDBEA
DEABC

142
ABCDE
BCEAD
EDBCA
DEABC
CADEB

66
ABCDE
BCAED
EADBC
DEBCA
CDEAB

73
ABCDE
BCDEA
CAEBD
DEACB
EDBAC

80
ABCDE
BCDEA
CEBAD
DAEBC
EDACB

87
ABCDE
BCDEA
DAECB
CEBAD
EDABC

94
ABCDE
BCDEA
DEBAC
CAEBD
EDACB

101
ABCDE
BCDEA
EDACB
CEBAD
DAEBC

108
ABCDE
BCEAD
CADEB
DEABC
EDBCA

115
ABCDE
BCEAD
CDBEA
DEACB
EADBC

122
ABCDE
BCEAD
DEABC
CDBEA
EADCB

129
ABCDE
BCEAD
DEBCA
EADBC
CDAEB

136
ABCDE
BCEAD
EADCB
DEABC
CDBEA

143
ABCDE
BDAEC
CAEBD
ECDAB
DEBCA

67
ABCDE
BCAED
EADCB
CDEBA
DEBAC

74
ABCDE
BCDEA
CAEBD
DEBAC
EDACB

81
ABCDE
BCDEA
CEBAD
DAECB
EDABC

88
ABCDE
BCDEA
DAECB
EDABC
CEBAD

95
ABCDE
BCDEA
DEBAC
EDACB
CAEBD

102
ABCDE
BCDEA
EDACB
DAEBC
CEBAD

109
ABCDE
BCEAD
CADEB
DEBCA
EDABC

116
ABCDE
BCEAD
CDBEA
EADBC
DEACB

123
ABCDE
BCEAD
DEABC
EADCB
CDBEA

130
ABCDE
BCEAD
DEBCA
EDABC
CADEB

137
ABCDE
BCEAD
EDABC
CADEB
DEBCA

144
ABCDE
BDAEC
CEBAD
DAECB
ECDBA
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68
ABCDE
BCAED
EADCB
DEBAC
CDEBA

75
ABCDE
BCDEA
CAEBD
EDACB
DEBAC

82
ABCDE
BCDEA
CEBAD
EDABC
DAECB

89
ABCDE
BCDEA
DAECB
EDBAC
CEABD

96
ABCDE
BCDEA
EABCD
CDEAB
DEABC

103
ABCDE
BCDEA
EDACB
DEBAC
CAEBD

110
ABCDE
BCEAD
CADEB
EDABC
DEBCA

117
ABCDE
BCEAD
CDBEA
EADCB
DEABC

124
ABCDE
BCEAD
DEABC
EDBCA
CADEB

131
ABCDE
BCEAD
EADBC
CDAEB
DEBCA

138
ABCDE
BCEAD
EDABC
DEBCA
CADEB

145
ABCDE
BDAEC
CEBAD
DCEBA
EADCB

69
ABCDE
BCAED
EDBAC
CEDBA
DAECB

76
ABCDE
BCDEA
CAEBD
EDBAC
DEACB

83
ABCDE
BCDEA
CEBAD
EDACB
DAEBC

90
ABCDE
BCDEA
DEABC
CDEAB
EABCD

97
ABCDE
BCDEA
EABCD
DEABC
CDEAB

104
ABCDE
BCDEA
EDBAC
CAEBD
DEACB

111
ABCDE
BCEAD
CADEB
EDBCA
DEABC

118
ABCDE
BCEAD
CEDBA
EDACB
DABEC

125
ABCDE
BCEAD
DEACB
CDBEA
EADBC

132
ABCDE
BCEAD
EADBC
CDBEA
DEACB

139
ABCDE
BCEAD
EDACB
CEDBA
DABEC

146
ABCDE
BDAEC
CEBAD
EADCB
DCEBA

70
ABCDE
BCAED
EDBAC
DAECB
CEDBA

71
ABCDE
BCDEA
CDEAB
EABCD
DEABC

84
ABCDE
BCDEA
DAEBC
CEBAD
EDACB

91
ABCDE
BCDEA
DEABC
EABCD
CDEAB

98
ABCDE
BCDEA
EDABC
CEBAD
DAECB

105
ABCDE
BCDEA
EDBAC
CEABD
DAECB

112
ABCDE
BCEAD
CDAEB
DEBCA
EADBC

119
ABCDE
BCEAD
DABEC
CEDBA
EDACB

126
ABCDE
BCEAD
DEACB
EADBC
CDBEA

133
ABCDE
BCEAD
EADBC
DEACB
CDBEA

140
ABCDE
BCEAD
EDACB
DABEC
CEDBA

147
ABCDE
BDAEC
CEBAD
ECDBA
DAECB



148
ABCDE
BDAEC
CEDAB
DCEBA
EABCD

155
ABCDE
BDAEC
DAECB
CEDBA
ECBAD

162
ABCDE
BDAEC
DCEBA
EABCD
CEDAB

169
ABCDE
BDAEC
EABCD
DCEBA
CEDAB

176
ABCDE
BDAEC
ECDBA
CEBAD
DAECB

183
ABCDE
BDEAC
CEABD
EADCB
DCBEA

190
ABCDE
BDEAC
DEACB
CABED
ECDBA

197
ABCDE
BDEAC
EADCB
DCBEA
CEABD

204
ABCDE
BDECA
CADEB
DEABC
ECBAD

211
ABCDE
BDECA
CEDAB
DABEC
ECABD

218
ABCDE
BDECA
DCAEB
EADBC
CEBAD

225
ABCDE
BDECA
EADBC
CEBAD
DCAEB

149
ABCDE
BDAEC
CEDAB
EABCD
DCEBA

156
ABCDE
BDAEC
DAECB
ECBAD
CEDBA

163
ABCDE
BDAEC
DCEBA
EADCB
CEBAD

170
ABCDE
BDAEC
EADCB
CEBAD
DCEBA

177
ABCDE
BDAEC
ECDBA
DAECB
CEBAD

184
ABCDE
BDEAC
CEDBA
DCAEB
EABCD

191
ABCDE
BDEAC
DEACB
ECDBA
CABED

198
ABCDE
BDEAC
ECABD
CADEB
DEBCA

205
ABCDE
BDECA
CADEB
DEBAC
ECABD

212
ABCDE
BDECA
CEDAB
ECABD
DABEC

219
ABCDE
BDECA
DEABC
CABED
ECDAB

226
ABCDE
BDECA
EADBC
DCAEB
CEBAD

150
ABCDE
BDAEC
CEDBA
DAECB
ECBAD

157
ABCDE
BDAEC
DAECB
ECDBA
CEBAD

164
ABCDE
BDAEC
DEBCA
CAEBD
ECDAB

171
ABCDE
BDAEC
EADCB
DCEBA
CEBAD

178
ABCDE
BDEAC
CABED
DEACB
ECDBA

185
ABCDE
BDEAC
CEDBA
EABCD
DCAEB

192
ABCDE
BDEAC
DEBCA
CADEB
ECABD

199
ABCDE
BDEAC
ECABD
DEBCA
CADEB

206
ABCDE
BDECA
CADEB
ECABD
DEBAC

213
ABCDE
BDECA
DABEC
CEABD
ECDAB

220
ABCDE
BDECA
DEABC
CADEB
ECBAD

227
ABCDE
BDECA
ECABD
CADEB
DEBAC

151
ABCDE
BDAEC
CEDBA
DCEAB
EABCD

158
ABCDE
BDAEC
DCEAB
CEDBA
EABCD

165
ABCDE
BDAEC
DEBCA
ECDAB
CAEBD

172
ABCDE
BDAEC
ECBAD
CEDBA
DAECB

179
ABCDE
BDEAC
CABED
ECDBA
DEACB

186
ABCDE
BDEAC
DCAEB
CEDBA
EABCD

193
ABCDE
BDEAC
DEBCA
ECABD
CADEB

200
ABCDE
BDEAC
ECDBA
CABED
DEACB

207
ABCDE
BDECA
CADEB
ECBAD
DEABC

214
ABCDE
BDECA
DABEC
CEDAB
ECABD

221
ABCDE
BDECA
DEABC
ECBAD
CADEB

228
ABCDE
BDECA
ECABD
CEDAB
DABEC

161

152
ABCDE
BDAEC
CEDBA
EABCD
DCEAB

159
ABCDE
BDAEC
DCEAB
EABCD
CEDBA

166
ABCDE
BDAEC
EABCD
CEDAB
DCEBA

173
ABCDE
BDAEC
ECBAD
DAECB
CEDBA

180
ABCDE
BDEAC
CADEB
DEBCA
ECABD

187
ABCDE
BDEAC
DCAEB
EABCD
CEDBA

194
ABCDE
BDEAC
EABCD
CEDBA
DCAEB

201
ABCDE
BDEAC
ECDBA
DEACB
CABED

208
ABCDE
BDECA
CEABD
DABEC
ECDAB

215
ABCDE
BDECA
DABEC
ECABD
CEDAB

222
ABCDE
BDECA
DEABC
ECDAB
CABED

229
ABCDE
BDECA
ECABD
DABEC
CEDAB

153
ABCDE
BDAEC
CEDBA
ECBAD
DAECB

160
ABCDE
BDAEC
DCEBA
CEBAD
EADCB

167
ABCDE
BDAEC
EABCD
CEDBA
DCEAB

174
ABCDE
BDAEC
ECDAB
CAEBD
DEBCA

181
ABCDE
BDEAC
CADEB
ECABD
DEBCA

188
ABCDE
BDEAC
DCBEA
CEABD
EADCB

195
ABCDE
BDEAC
EABCD
DCAEB
CEDBA

202
ABCDE
BDECA
CABED
DEABC
ECDAB

209
ABCDE
BDECA
CEABD
ECDAB
DABEC

216
ABCDE
BDECA
DABEC
ECDAB
CEABD

223
ABCDE
BDECA
DEBAC
CADEB
ECABD

230
ABCDE
BDECA
ECABD
DEBAC
CADEB

154
ABCDE
BDAEC
DAECB
CEBAD
ECDBA

161
ABCDE
BDAEC
DCEBA
CEDAB
EABCD

168
ABCDE
BDAEC
EABCD
DCEAB
CEDBA

175
ABCDE
BDAEC
ECDAB
DEBCA
CAEBD

182
ABCDE
BDEAC
CEABD
DCBEA
EADCB

189
ABCDE
BDEAC
DCBEA
EADCB
CEABD

196
ABCDE
BDEAC
EADCB
CEABD
DCBEA

203
ABCDE
BDECA
CABED
ECDAB
DEABC

210
ABCDE
BDECA
CEBAD
EADBC
DCAEB

217
ABCDE
BDECA
DCAEB
CEBAD
EADBC

224
ABCDE
BDECA
DEBAC
ECABD
CADEB

231
ABCDE
BDECA
ECBAD
CADEB
DEABC



232
ABCDE
BDECA
ECBAD
DEABC
CADEB

239
ABCDE
BEACD
CDBEA
DCEAB
EADBC

246
ABCDE
BEACD
CDEBA
DABEC
ECDAB

253
ABCDE
BEACD
DAEBC
ECDAB
CDBEA

260
ABCDE
BEACD
EADBC
CDBEA
DCEAB

267
ABCDE
BEACD
ECDAB
DAEBC
CDBEA

274
ABCDE
BEDAC
CAEBD
DCAEB
EDBCA

281
ABCDE
BEDAC
CDEBA
DCAEB
EABCD

288
ABCDE
BEDAC
DCAEB
EDBCA
CAEBD

295
ABCDE
BEDAC
EABCD
CDAEB
DCEBA

302
ABCDE
BEDAC
EDACB
CAEBD
DCBEA

309
ABCDE
BEDCA
CAEBD
DCAEB
EDBAC

233
ABCDE
BDECA
ECDAB
CABED
DEABC

240
ABCDE
BEACD
CDBEA
EADBC
DCEAB

247
ABCDE
BEACD
CDEBA
ECDAB
DABEC

254
ABCDE
BEACD
DCBEA
CDEAB
EADBC

261
ABCDE
BEACD
EADBC
CDEAB
DCBEA

268
ABCDE
BEACD
ECDBA
CDEAB
DABEC

275
ABCDE
BEDAC
CAEBD
DCBEA
EDACB

282
ABCDE
BEDAC
CDEBA
EABCD
DCAEB

289
ABCDE
BEDAC
DCBEA
CAEBD
EDACB

296
ABCDE
BEDAC
EABCD
CDEBA
DCAEB

303
ABCDE
BEDAC
EDACB
DCBEA
CAEBD

310
ABCDE
BEDCA
CAEBD
EDBAC
DCAEB

234
ABCDE
BDECA
ECDAB
CEABD
DABEC

241
ABCDE
BEACD
CDBEA
ECDAB
DAEBC

248
ABCDE
BEACD
DABEC
CDEAB
ECDBA

255
ABCDE
BEACD
DCBEA
EADBC
CDEAB

262
ABCDE
BEACD
EADBC
DCBEA
CDEAB

269
ABCDE
BEACD
ECDBA
DABEC
CDEAB

276
ABCDE
BEDAC
CAEBD
EDACB
DCBEA

283
ABCDE
BEDAC
DAECB
CDBEA
ECABD

290
ABCDE
BEDAC
DCBEA
EDACB
CAEBD

297
ABCDE
BEDAC
EABCD
DCAEB
CDEBA

304
ABCDE
BEDAC
EDACB
DCEBA
CABED

311
ABCDE
BEDCA
CDAEB
DAEBC
ECBAD

235
ABCDE
BDECA
ECDAB
DABEC
CEABD

242
ABCDE
BEACD
CDEAB
DABEC
ECDBA

249
ABCDE
BEACD
DABEC
CDEBA
ECDAB

256
ABCDE
BEACD
DCEAB
CDBEA
EADBC

263
ABCDE
BEACD
EADBC
DCEAB
CDBEA

270
ABCDE
BEACD
EDBAC
CADEB
DCEBA

277
ABCDE
BEDAC
CAEBD
EDBCA
DCAEB

284
ABCDE
BEDAC
DAECB
ECABD
CDBEA

291
ABCDE
BEDAC
DCEBA
CABED
EDACB

298
ABCDE
BEDAC
EABCD
DCEBA
CDAEB

305
ABCDE
BEDAC
EDBCA
CAEBD
DCAEB

312
ABCDE
BEDCA
CDAEB
ECBAD
DAEBC

162

236
ABCDE
BDECA
ECDAB
DEABC
CABED

243
ABCDE
BEACD
CDEAB
DCBEA
EADBC

250
ABCDE
BEACD
DABEC
ECDAB
CDEBA

257
ABCDE
BEACD
DCEAB
EADBC
CDBEA

264
ABCDE
BEACD
ECDAB
CDBEA
DAEBC

271
ABCDE
BEACD
EDBAC
DCEBA
CADEB

278
ABCDE
BEDAC
CDAEB
DCEBA
EABCD

285
ABCDE
BEDAC
DCAEB
CAEBD
EDBCA

292
ABCDE
BEDAC
DCEBA
CDAEB
EABCD

299
ABCDE
BEDAC
ECABD
CDBEA
DAECB

306
ABCDE
BEDAC
EDBCA
DCAEB
CAEBD

313
ABCDE
BEDCA
CDEAB
DABEC
ECABD

237
ABCDE
BEACD
CADEB
EDBAC
DCEBA

244
ABCDE
BEACD
CDEAB
EADBC
DCBEA

251
ABCDE
BEACD
DABEC
ECDBA
CDEAB

258
ABCDE
BEACD
DCEBA
CADEB
EDBAC

265
ABCDE
BEACD
ECDAB
CDEBA
DABEC

272
ABCDE
BEDAC
CABED
DCEBA
EDACB

279
ABCDE
BEDAC
CDAEB
EABCD
DCEBA

286
ABCDE
BEDAC
DCAEB
CDEBA
EABCD

293
ABCDE
BEDAC
DCEBA
EABCD
CDAEB

300
ABCDE
BEDAC
ECABD
DAECB
CDBEA

307
ABCDE
BEDCA
CABED
DCEAB
EDABC

314
ABCDE
BEDCA
CDEAB
ECABD
DABEC

238
ABCDE
BEACD
CDBEA
DAEBC
ECDAB

245
ABCDE
BEACD
CDEAB
ECDBA
DABEC

252
ABCDE
BEACD
DAEBC
CDBEA
ECDAB

259
ABCDE
BEACD
DCEBA
EDBAC
CADEB

266
ABCDE
BEACD
ECDAB
DABEC
CDEBA

273
ABCDE
BEDAC
CABED
EDACB
DCEBA

280
ABCDE
BEDAC
CDBEA
ECABD
DAECB

287
ABCDE
BEDAC
DCAEB
EABCD
CDEBA

294
ABCDE
BEDAC
DCEBA
EDACB
CABED

301
ABCDE
BEDAC
EDACB
CABED
DCEBA

308
ABCDE
BEDCA
CABED
EDABC
DCEAB

315
ABCDE
BEDCA
DABEC
CDEAB
ECABD



316
ABCDE
BEDCA
DABEC
ECABD
CDEAB

323
ABCDE
BEDCA
ECABD
CDEAB
DABEC

330
ABCDE
BEDCA
EDBAC
DCAEB
CAEBD

337
ABCDE
CABED
BEDCA
DCEAB
EDABC

344
ABCDE
CABED
DEABC
ECDAB
BDECA

351
ABCDE
CABED
EDABC
BEDCA
DCEAB

358
ABCDE
CADEB
BCEAD
EDBCA
DEABC

365
ABCDE
CADEB
BEACD
DCEBA
EDBAC

372
ABCDE
CADEB
DEABC
EDBCA
BCEAD

379
ABCDE
CADEB
ECABD
BDEAC
DEBCA

386
ABCDE
CADEB
EDABC
DEBCA
BCEAD

393
ABCDE
CAEBD
BCDEA
EDACB
DEBAC

317
ABCDE
BEDCA
DAEBC
CDAEB
ECBAD

324
ABCDE
BEDCA
ECABD
DABEC
CDEAB

331
ABCDE
CABED
BDEAC
DEACB
ECDBA

338
ABCDE
CABED
BEDCA
EDABC
DCEAB

345
ABCDE
CABED
DEACB
BDEAC
ECDBA

352
ABCDE
CABED
EDABC
DCEAB
BEDCA

359
ABCDE
CADEB
BDEAC
DEBCA
ECABD

366
ABCDE
CADEB
BEACD
EDBAC
DCEBA

373
ABCDE
CADEB
DEBAC
BDECA
ECABD

380
ABCDE
CADEB
ECABD
BDECA
DEBAC

387
ABCDE
CADEB
EDBAC
BEACD
DCEBA

394
ABCDE
CAEBD
BCDEA
EDBAC
DEACB

318
ABCDE
BEDCA
DAEBC
ECBAD
CDAEB

325
ABCDE
BEDCA
ECBAD
CDAEB
DAEBC

332
ABCDE
CABED
BDEAC
ECDBA
DEACB

339
ABCDE
CABED
DCEAB
BEDCA
EDABC

346
ABCDE
CABED
DEACB
ECDBA
BDEAC

353
ABCDE
CABED
EDACB
BEDAC
DCEBA

360
ABCDE
CADEB
BDEAC
ECABD
DEBCA

367
ABCDE
CADEB
DCEBA
BEACD
EDBAC

374
ABCDE
CADEB
DEBAC
ECABD
BDECA

381
ABCDE
CADEB
ECABD
DEBAC
BDECA

388
ABCDE
CADEB
EDBAC
DCEBA
BEACD

395
ABCDE
CAEBD
BDAEC
DEBCA
ECDAB

319
ABCDE
BEDCA
DCAEB
CAEBD
EDBAC

326
ABCDE
BEDCA
ECBAD
DAEBC
CDAEB

333
ABCDE
CABED
BDECA
DEABC
ECDAB

340
ABCDE
CABED
DCEAB
EDABC
BEDCA

347
ABCDE
CABED
ECDAB
BDECA
DEABC

354
ABCDE
CABED
EDACB
DCEBA
BEDAC

361
ABCDE
CADEB
BDECA
DEABC
ECBAD

368
ABCDE
CADEB
DCEBA
EDBAC
BEACD

375
ABCDE
CADEB
DEBCA
BCEAD
EDABC

382
ABCDE
CADEB
ECABD
DEBCA
BDEAC

389
ABCDE
CADEB
EDBCA
BCEAD
DEABC

396
ABCDE
CAEBD
BDAEC
ECDAB
DEBCA
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320
ABCDE
BEDCA
DCAEB
EDBAC
CAEBD

327
ABCDE
BEDCA
EDABC
CABED
DCEAB

334
ABCDE
CABED
BDECA
ECDAB
DEABC

341
ABCDE
CABED
DCEBA
BEDAC
EDACB

348
ABCDE
CABED
ECDAB
DEABC
BDECA

355
ABCDE
CADEB
BCEAD
DEABC
EDBCA

362
ABCDE
CADEB
BDECA
DEBAC
ECABD

369
ABCDE
CADEB
DEABC
BCEAD
EDBCA

376
ABCDE
CADEB
DEBCA
BDEAC
ECABD

383
ABCDE
CADEB
ECBAD
BDECA
DEABC

390
ABCDE
CADEB
EDBCA
DEABC
BCEAD

397
ABCDE
CAEBD
BEDAC
DCAEB
EDBCA

321
ABCDE
BEDCA
DCEAB
CABED
EDABC

328
ABCDE
BEDCA
EDABC
DCEAB
CABED

335
ABCDE
CABED
BEDAC
DCEBA
EDACB

342
ABCDE
CABED
DCEBA
EDACB
BEDAC

349
ABCDE
CABED
ECDBA
BDEAC
DEACB

356
ABCDE
CADEB
BCEAD
DEBCA
EDABC

363
ABCDE
CADEB
BDECA
ECABD
DEBAC

370
ABCDE
CADEB
DEABC
BDECA
ECBAD

377
ABCDE
CADEB
DEBCA
ECABD
BDEAC

384
ABCDE
CADEB
ECBAD
DEABC
BDECA

391
ABCDE
CAEBD
BCDEA
DEACB
EDBAC

398
ABCDE
CAEBD
BEDAC
DCBEA
EDACB

322
ABCDE
BEDCA
DCEAB
EDABC
CABED

329
ABCDE
BEDCA
EDBAC
CAEBD
DCAEB

336
ABCDE
CABED
BEDAC
EDACB
DCEBA

343
ABCDE
CABED
DEABC
BDECA
ECDAB

350
ABCDE
CABED
ECDBA
DEACB
BDEAC

357
ABCDE
CADEB
BCEAD
EDABC
DEBCA

364
ABCDE
CADEB
BDECA
ECBAD
DEABC

371
ABCDE
CADEB
DEABC
ECBAD
BDECA

378
ABCDE
CADEB
DEBCA
EDABC
BCEAD

385
ABCDE
CADEB
EDABC
BCEAD
DEBCA

392
ABCDE
CAEBD
BCDEA
DEBAC
EDACB

399
ABCDE
CAEBD
BEDAC
EDACB
DCBEA



400
ABCDE
CAEBD
BEDAC
EDBCA
DCAEB

407
ABCDE
CAEBD
DCBEA
BEDAC
EDACB

414
ABCDE
CAEBD
DEBCA
ECDAB
BDAEC

421
ABCDE
CAEBD
EDBAC
BCDEA
DEACB

428
ABCDE
CDAEB
BAECD
ECDBA
DEBAC

435
ABCDE
CDAEB
DAEBC
BEDCA
ECBAD

442
ABCDE
CDAEB
DEBCA
EADBC
BCEAD

449

ABCDE
CDAEB
ECDBA
BAECD
DEBAC

456
ABCDE
CDBEA
BCEAD
EADCB
DEABC

463
ABCDE
CDBEA
DAEBC
BEACD
ECDAB

470
ABCDE
CDBEA
DEABC
BCEAD
EADCB

477
ABCDE
CDBEA
EADBC
DCEAB
BEACD

401
ABCDE
CAEBD
BEDCA
DCAEB
EDBAC

408
ABCDE
CAEBD
DCBEA
EDACB
BEDAC

415
ABCDE
CAEBD
ECDAB
BDAEC
DEBCA

422
ABCDE
CAEBD
EDBAC
BEDCA
DCAEB

429
ABCDE
CDAEB
BCEAD
DEBCA
EADBC

436
ABCDE
CDAEB
DAEBC
ECBAD
BEDCA

443
ABCDE
CDAEB
EABCD
BEDAC
DCEBA

450
ABCDE
CDAEB
ECDBA
DEBAC
BAECD

457
ABCDE
CDBEA
BEACD
DAEBC
ECDAB

464
ABCDE
CDBEA
DAEBC
ECDAB
BEACD

471
ABCDE
CDBEA
DEABC
EADCB
BCEAD

478
ABCDE
CDBEA
EADBC
DEACB
BCEAD

402
ABCDE
CAEBD
BEDCA
EDBAC
DCAEB

409
ABCDE
CAEBD
DEACB
BCDEA
EDBAC

416
ABCDE
CAEBD
ECDAB
DEBCA
BDAEC

423
ABCDE
CAEBD
EDBAC
DCAEB
BEDCA

430
ABCDE
CDAEB
BCEAD
EADBC
DEBCA

437
ABCDE
CDAEB
DCEBA
BEDAC
EABCD

444
ABCDE
CDAEB
EABCD
DCEBA
BEDAC

451
ABCDE
CDBEA
BAECD
DEABC
ECDAB

458
ABCDE
CDBEA
BEACD
DCEAB
EADBC

465
ABCDE
CDBEA
DAECB
BEDAC
ECABD

472
ABCDE
CDBEA
DEABC
ECDAB
BAECD

479
ABCDE
CDBEA
EADCB
BCEAD
DEABC

403
ABCDE
CAEBD
DCAEB
BEDAC
EDBCA

410
ABCDE
CAEBD
DEACB
EDBAC
BCDEA

417
ABCDE
CAEBD
EDACB
BCDEA
DEBAC

424
ABCDE
CAEBD
EDBAC
DEACB
BCDEA

431
ABCDE
CDAEB
BEDAC
DCEBA
EABCD

438
ABCDE
CDAEB
DCEBA
EABCD
BEDAC

445
ABCDE
CDAEB
EADBC
BCEAD
DEBCA

452
ABCDE
CDBEA
BAECD
ECDAB
DEABC

459
ABCDE
CDBEA
BEACD
EADBC
DCEAB

466
ABCDE
CDBEA
DAECB
ECABD
BEDAC

473
ABCDE
CDBEA
DEACB
BCEAD
EADBC

480
ABCDE
CDBEA
EADCB
DEABC
BCEAD

164

404
ABCDE
CAEBD
DCAEB
BEDCA
EDBAC

411
ABCDE
CAEBD
DEBAC
BCDEA
EDACB

418
ABCDE
CAEBD
EDACB
BEDAC
DCBEA

425
ABCDE
CAEBD
EDBCA
BEDAC
DCAEB

432
ABCDE
CDAEB
BEDAC
EABCD
DCEBA

439
ABCDE
CDAEB
DEBAC
BAECD
ECDBA

446
ABCDE
CDAEB
EADBC
DEBCA
BCEAD

453
ABCDE
CDBEA
BCEAD
DEABC
EADCB

460
ABCDE
CDBEA
BEACD
ECDAB
DAEBC

467
ABCDE
CDBEA
DCEAB
BEACD
EADBC

474
ABCDE
CDBEA
DEACB
EADBC
BCEAD

481
ABCDE
CDBEA
ECABD
BEDAC
DAECB

405
ABCDE
CAEBD
DCAEB
EDBAC
BEDCA

412
ABCDE
CAEBD
DEBAC
EDACB
BCDEA

419
ABCDE
CAEBD
EDACB
DCBEA
BEDAC

426
ABCDE
CAEBD
EDBCA
DCAEB
BEDAC

433
ABCDE
CDAEB
BEDCA
DAEBC
ECBAD

440
ABCDE
CDAEB
DEBAC
ECDBA
BAECD

447
ABCDE
CDAEB
ECBAD
BEDCA
DAEBC

454
ABCDE
CDBEA
BCEAD
DEACB
EADBC

461
ABCDE
CDBEA
BEDAC
DAECB
ECABD

468
ABCDE
CDBEA
DCEAB
EADBC
BEACD

475
ABCDE
CDBEA
EADBC
BCEAD
DEACB

482
ABCDE
CDBEA
ECABD
DAECB
BEDAC

406
ABCDE
CAEBD
DCAEB
EDBCA
BEDAC

413
ABCDE
CAEBD
DEBCA
BDAEC
ECDAB

420
ABCDE
CAEBD
EDACB
DEBAC
BCDEA

427
ABCDE
CDAEB
BAECD
DEBAC
ECDBA

434
ABCDE
CDAEB
BEDCA
ECBAD
DAEBC

441
ABCDE
CDAEB
DEBCA
BCEAD
EADBC

448
ABCDE
CDAEB
ECBAD
DAEBC
BEDCA

455
ABCDE
CDBEA
BCEAD
EADBC
DEACB

462
ABCDE
CDBEA
BEDAC
ECABD
DAECB

469
ABCDE
CDBEA
DEABC
BAECD
ECDAB

476
ABCDE
CDBEA
EADBC
BEACD
DCEAB

483
ABCDE
CDBEA
ECDAB
BAECD
DEABC



484
ABCDE
CDBEA
ECDAB
BEACD
DAEBC

491
ABCDE
CDEAB
BCDEA
DEABC
EABCD

498
ABCDE
CDEAB
BEDCA
ECABD
DABEC

505
ABCDE
CDEAB
DEABC
BCDEA
EABCD

512
ABCDE
CDEAB
EABCD
DEABC
BCDEA

519
ABCDE
CDEAB
ECABD
DABEC
BEDCA

526
ABCDE
CDEBA
BCAED
EADCB
DEBAC

533
ABCDE
CDEBA
DCAEB
BEDAC
EABCD

540
ABCDE
CDEBA
EABCD
DCAEB
BEDAC

547
ABCDE
CEABD
BADEC
DCEAB
EDBCA

554
ABCDE
CEABD
BDECA
ECDAB
DABEC

561
ABCDE
CEABD
DCEAB
BADEC
EDBCA

485
ABCDE
CDBEA
ECDAB
DAEBC
BEACD

492
ABCDE
CDEAB
BCDEA
EABCD
DEABC

499
ABCDE
CDEAB
DABEC
BEACD
ECDBA

506
ABCDE
CDEAB
DEABC
EABCD
BCDEA

513
ABCDE
CDEAB
EADBC
BCAED
DEBCA

520
ABCDE
CDEAB
ECABD
DEBCA
BADEC

527
ABCDE
CDEBA
BEACD
DABEC
ECDAB

534
ABCDE
CDEBA
DCAEB
EABCD
BEDAC

541
ABCDE
CDEBA
EADCB
BCAED
DEBAC

548
ABCDE
CEABD
BADEC
EDBCA
DCEAB

555
ABCDE
CEABD
DABEC
BDECA
ECDAB

562
ABCDE
CEABD
DCEAB
EDBCA
BADEC

486
ABCDE
CDBEA
ECDAB
DEABC
BAECD

493
ABCDE
CDEAB
BEACD
DABEC
ECDBA

500
ABCDE
CDEAB
DABEC
BEDCA
ECABD

507
ABCDE
CDEAB
DEBCA
BADEC
ECABD

514
ABCDE
CDEAB
EADBC
BEACD
DCBEA

521
ABCDE
CDEAB
ECDBA
BEACD
DABEC

528
ABCDE
CDEBA
BEACD
ECDAB
DABEC

535
ABCDE
CDEBA
DEACB
BADEC
ECBAD

542
ABCDE
CDEBA
EADCB
DEBAC
BCAED

549
ABCDE
CEABD
BCDEA
DAECB
EDBAC

556
ABCDE
CEABD
DABEC
ECDAB
BDECA

563
ABCDE
CEABD
EADCB
BDEAC
DCBEA

487
ABCDE
CDEAB
BADEC
DEBCA
ECABD

494
ABCDE
CDEAB
BEACD
DCBEA
EADBC

501
ABCDE
CDEAB
DABEC
ECABD
BEDCA

508
ABCDE
CDEAB
DEBCA
BCAED
EADBC

515
ABCDE
CDEAB
EADBC
DCBEA
BEACD

522
ABCDE
CDEAB
ECDBA
DABEC
BEACD

529
ABCDE
CDEBA
BEDAC
DCAEB
EABCD

536
ABCDE
CDEBA
DEACB
ECBAD
BADEC

543
ABCDE
CDEBA
ECBAD
BADEC
DEACB

550
ABCDE
CEABD
BCDEA
EDBAC
DAECB

557
ABCDE
CEABD
DAECB
BCDEA
EDBAC

564
ABCDE
CEABD
EADCB
DCBEA
BDEAC
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488
ABCDE
CDEAB
BADEC
ECABD
DEBCA

495
ABCDE
CDEAB
BEACD
EADBC
DCBEA

502
ABCDE
CDEAB
DABEC
ECDBA
BEACD

509
ABCDE
CDEAB
DEBCA
EADBC
BCAED

516
ABCDE
CDEAB
EADBC
DEBCA
BCAED

523
ABCDE
CDEBA
BADEC
DEACB
ECBAD

530
ABCDE
CDEBA
BEDAC
EABCD
DCAEB

537
ABCDE
CDEBA
DEBAC
BCAED
EADCB

544
ABCDE
CDEBA
ECBAD
DEACB
BADEC

551
ABCDE
CEABD
BDEAC
DCBEA
EADCB

558
ABCDE
CEABD
DAECB
EDBAC
BCDEA

565
ABCDE
CEABD
ECDAB
BDECA
DABEC

489
ABCDE
CDEAB
BCAED
DEBCA
EADBC

496
ABCDE
CDEAB
BEACD
ECDBA
DABEC

503
ABCDE
CDEAB
DCBEA
BEACD
EADBC

510
ABCDE
CDEAB
DEBCA
ECABD
BADEC

517
ABCDE
CDEAB
ECABD
BADEC
DEBCA

524
ABCDE
CDEBA
BADEC
ECBAD
DEACB

531
ABCDE
CDEBA
DABEC
BEACD
ECDAB

538
ABCDE
CDEBA
DEBAC
EADCB
BCAED

545
ABCDE
CDEBA
ECDAB
BEACD
DABEC

552
ABCDE
CEABD
BDEAC
EADCB
DCBEA

559
ABCDE
CEABD
DCBEA
BDEAC
EADCB

566
ABCDE
CEABD
ECDAB
DABEC
BDECA

490
ABCDE
CDEAB
BCAED
EADBC
DEBCA

497
ABCDE
CDEAB
BEDCA
DABEC
ECABD

504
ABCDE
CDEAB
DCBEA
EADBC
BEACD

511
ABCDE
CDEAB
EABCD
BCDEA
DEABC

518
ABCDE
CDEAB
ECABD
BEDCA
DABEC

525
ABCDE
CDEBA
BCAED
DEBAC
EADCB

532
ABCDE
CDEBA
DABEC
ECDAB
BEACD

539
ABCDE
CDEBA
EABCD
BEDAC
DCAEB

546
ABCDE
CDEBA
ECDAB
DABEC
BEACD

553
ABCDE
CEABD
BDECA
DABEC
ECDAB

560
ABCDE
CEABD
DCBEA
EADCB
BDEAC

567
ABCDE
CEABD
EDBAC
BCDEA
DAECB



568
ABCDE
CEABD
EDBAC
DAECB
BCDEA

575
ABCDE
CEBAD
BCDEA
EDABC
DAECB

582
ABCDE
CEBAD
BDECA
EADBC
DCAEB

589
ABCDE
CEBAD
DCAEB
BDECA
EADBC

596
ABCDE
CEBAD
EADBC
DCAEB
BDECA

603
ABCDE
CEBAD
EDACB
BADEC
DCEBA

610
ABCDE
CEDAB
BCAED
EDBCA
DAEBC

617
ABCDE
CEDAB
DAEBC
BCAED
EDBCA

624
ABCDE
CEDAB
EABCD
DCEBA
BDAEC

631
ABCDE
CEDBA
BAECD
DCAEB
EDBAC

638
ABCDE
CEDBA
BDAEC
DCEAB
EABCD

645
ABCDE
CEDBA
DAECB
BCAED
EDBAC

569
ABCDE
CEABD
EDBCA
BADEC
DCEAB

576
ABCDE
CEBAD
BCDEA
EDACB
DAEBC

583
ABCDE
CEBAD
DAEBC
BCDEA
EDACB

590
ABCDE
CEBAD
DCAEB
EADBC
BDECA

597
ABCDE
CEBAD
EADCB
BDAEC
DCEBA

604
ABCDE
CEBAD
EDACB
BCDEA
DAEBC

611
ABCDE
CEDAB
BDAEC
DCEBA
EABCD

618
ABCDE
CEDAB
DAEBC
EDBCA
BCAED

625
ABCDE
CEDAB
ECABD
BDECA
DABEC

632
ABCDE
CEDBA
BAECD
EDBAC
DCAEB

639
ABCDE
CEDBA
BDAEC
EABCD
DCEAB

646
ABCDE
CEDBA
DAECB
BDAEC
ECBAD

570
ABCDE
CEABD
EDBCA
DCEAB
BADEC

571
ABCDE
CEBAD
BDAEC
DAECB
ECDBA

584
ABCDE
CEBAD
DAEBC
EDACB
BCDEA

591
ABCDE
CEBAD
DCEBA
BADEC
EDACB

598
ABCDE
CEBAD
EADCB
DCEBA
BDAEC

605
ABCDE
CEBAD
EDACB
DAEBC
BCDEA

612
ABCDE
CEDAB
BDAEC
EABCD
DCEBA

619
ABCDE
CEDAB
DCBEA
BAECD
EDABC

626
ABCDE
CEDAB
ECABD
DABEC
BDECA

633
ABCDE
CEDBA
BCAED
DAECB
EDBAC

640
ABCDE
CEDBA
BDAEC
ECBAD
DAECB

647
ABCDE
CEDBA
DAECB
ECBAD
BDAEC

571
ABCDE
CEBAD
BADEC
DCEBA
EDACB

578
ABCDE
CEBAD
BDAEC
DCEBA
EADCB

585
ABCDE
CEBAD
DAECB
BCDEA
EDABC

592
ABCDE
CEBAD
DCEBA
BDAEC
EADCB

599
ABCDE
CEBAD
ECDBA
BDAEC
DAECB

606
ABCDE
CEBAD
EDACB
DCEBA
BADEC

613
ABCDE
CEDAB
BDECA
DABEC
ECABD

620
ABCDE
CEDAB
DCBEA
EDABC
BAECD

627
ABCDE
CEDAB
EDABC
BAECD
DCBEA

634
ABCDE
CEDBA
BCAED
EDBAC
DAECB

641
ABCDE
CEDBA
BDEAC
DCAEB
EABCD

648
ABCDE
CEDBA
DAECB
EDBAC
BCAED
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572
ABCDE
CEBAD
BADEC
EDACB
DCEBA

579
ABCDE
CEBAD
BDAEC
EADCB
DCEBA

586
ABCDE
CEBAD
DAECB
BDAEC
ECDBA

593
ABCDE
CEBAD
DCEBA
EADCB
BDAEC

600
ABCDE
CEBAD
ECDBA
DAECB
BDAEC

607
ABCDE
CEDAB
BAECD
DCBEA
EDABC

614
ABCDE
CEDAB
BDECA
ECABD
DABEC

621
ABCDE
CEDAB
DCEBA
BDAEC
EABCD

628
ABCDE
CEDAB
EDABC
DCBEA
BAECD

635
ABCDE
CEDBA
BCEAD
DABEC
EDACB

642
ABCDE
CEDBA
BDEAC
EABCD
DCAEB

649
ABCDE
CEDBA
DCAEB
BAECD
EDBAC

573
ABCDE
CEBAD
BCDEA
DAEBC
EDACB

580
ABCDE
CEBAD
BDAEC
ECDBA
DAECB

587
ABCDE
CEBAD
DAECB
ECDBA
BDAEC

594
ABCDE
CEBAD
DCEBA
EDACB
BADEC

601
ABCDE
CEBAD
EDABC
BCDEA
DAECB

608
ABCDE
CEDAB
BAECD
EDABC
DCBEA

615
ABCDE
CEDAB
DABEC
BDECA
ECABD

622
ABCDE
CEDAB
DCEBA
EABCD
BDAEC

629
ABCDE
CEDAB
EDBCA
BCAED
DAEBC

636
ABCDE
CEDBA
BCEAD
EDACB
DABEC

643
ABCDE
CEDBA
DABEC
BCEAD
EDACB

650
ABCDE
CEDBA
DCAEB
BDEAC
EABCD

574
ABCDE
CEBAD
BCDEA
DAECB
EDABC

581
ABCDE
CEBAD
BDECA
DCAEB
EADBC

588
ABCDE
CEBAD
DAECB
EDABC
BCDEA

595
ABCDE
CEBAD
EADBC
BDECA
DCAEB

602
ABCDE
CEBAD
EDABC
DAECB
BCDEA

609
ABCDE
CEDAB
BCAED
DAEBC
EDBCA

616
ABCDE
CEDAB
DABEC
ECABD
BDECA

623
ABCDE
CEDAB
EABCD
BDAEC
DCEBA

630
ABCDE
CEDAB
EDBCA
DAEBC
BCAED

637
ABCDE
CEDBA
BDAEC
DAECB
ECBAD

644
ABCDE
CEDBA
DABEC
EDACB
BCEAD

651
ABCDE
CEDBA
DCAEB
EABCD
BDEAC



652
ABCDE
CEDBA
DCAEB
EDBAC
BAECD

659
ABCDE
CEDBA
ECBAD
BDAEC
DAECB

666
ABCDE
CEDBA
EDBAC
DCAEB
BAECD

673
ABCDE
DABEC
BEACD
CDEAB
ECDBA

680
ABCDE
DABEC
CDEAB
BEDCA
ECABD

687
ABCDE
DABEC
CEDAB
BDECA
ECABD

694
ABCDE
DABEC
ECABD
CEDAB
BDECA

701
ABCDE
DABEC
EDACB
BCEAD
CEDBA

708
ABCDE
DAEBC
BEACD
ECDAB
CDBEA

715
ABCDE
DAEBC
CEBAD
BCDEA
EDACB

722
ABCDE
DAEBC
ECDAB
CDBEA
BEACD

729
ABCDE
DAECB
BCDEA
CEABD
EDBAC

653
ABCDE
CEDBA
DCEAB
BDAEC
EABCD

660
ABCDE
CEDBA
ECBAD
DAECB
BDAEC

667
ABCDE
DABEC
BCEAD
CEDBA
EDACB

674
ABCDE
DABEC
BEACD
CDEBA
ECDAB

681
ABCDE
DABEC
CDEAB
ECABD
BEDCA

688
ABCDE
DABEC
CEDAB
ECABD
BDECA

695
ABCDE
DABEC
ECDAB
BDECA
CEABD

702
ABCDE
DABEC
EDACB
CEDBA
BCEAD

709
ABCDE
DAEBC
BEDCA
CDAEB
ECBAD

716
ABCDE
DAEBC
CEBAD
EDACB
BCDEA

723
ABCDE
DAEBC
EDACB
BCDEA
CEBAD

730
ABCDE
DAECB
BCDEA
CEBAD
EDABC

654
ABCDE
CEDBA
DCEAB
EABCD
BDAEC

661
ABCDE
CEDBA
EDACB
BCEAD
DABEC

668
ABCDE
DABEC
BCEAD
EDACB
CEDBA

675
ABCDE
DABEC
BEACD
ECDAB
CDEBA

682
ABCDE
DABEC
CDEAB
ECDBA
BEACD

689
ABCDE
DABEC
CEDBA
BCEAD
EDACB

696
ABCDE
DABEC
ECDAB
BEACD
CDEBA

703
ABCDE
DAEBC
BCAED
CEDAB
EDBCA

710
ABCDE
DAEBC
BEDCA
ECBAD
CDAEB

717
ABCDE
DAEBC
CEDAB
BCAED
EDBCA

724
ABCDE
DAEBC
EDACB
CEBAD
BCDEA

731
ABCDE
DAECB
BCDEA
EDABC
CEBAD

655
ABCDE
CEDBA
EABCD
BDAEC
DCEAB

662
ABCDE
CEDBA
EDACB
DABEC
BCEAD

669
ABCDE
DABEC
BDECA
CEABD
ECDAB

676
ABCDE
DABEC
BEACD
ECDBA
CDEAB

683
ABCDE
DABEC
CDEBA
BEACD
ECDAB

690
ABCDE
DABEC
CEDBA
EDACB
BCEAD

697
ABCDE
DABEC
ECDAB
CDEBA
BEACD

704
ABCDE
DAEBC
BCAED
EDBCA
CEDAB

711
ABCDE
DAEBC
CDAEB
BEDCA
ECBAD

718
ABCDE
DAEBC
CEDAB
EDBCA
BCAED

725
ABCDE
DAEBC
EDBCA
BCAED
CEDAB

732
ABCDE
DAECB
BCDEA
EDBAC
CEABD

167

656
ABCDE
CEDBA
EABCD
BDEAC
DCAEB

663
ABCDE
CEDBA
EDBAC
BAECD
DCAEB

670
ABCDE
DABEC
BDECA
CEDAB
ECABD

677
ABCDE
DABEC
BEDCA
CDEAB
ECABD

684
ABCDE
DABEC
CDEBA
ECDAB
BEACD

691
ABCDE
DABEC
ECABD
BDECA
CEDAB

698
ABCDE
DABEC
ECDAB
CEABD
BDECA

705
ABCDE
DAEBC
BCDEA
CEBAD
EDACB

712
ABCDE
DAEBC
CDAEB
ECBAD
BEDCA

719
ABCDE
DAEBC
ECBAD
BEDCA
CDAEB

726
ABCDE
DAEBC
EDBCA
CEDAB
BCAED

733
ABCDE
DAECB
BDAEC
CEBAD
ECDBA

657
ABCDE
CEDBA
EABCD
DCAEB
BDEAC

664
ABCDE
CEDBA
EDBAC
BCAED
DAECB

671
ABCDE
DABEC
BDECA
ECABD
CEDAB

678
ABCDE
DABEC
BEDCA
ECABD
CDEAB

685
ABCDE
DABEC
CEABD
BDECA
ECDAB

692
ABCDE
DABEC
ECABD
BEDCA
CDEAB

699
ABCDE
DABEC
ECDBA
BEACD
CDEAB

706
ABCDE
DAEBC
BCDEA
EDACB
CEBAD

713
ABCDE
DAEBC
CDBEA
BEACD
ECDAB

720
ABCDE
DAEBC
ECBAD
CDAEB
BEDCA

727
ABCDE
DAECB
BCAED
CEDBA
EDBAC

734
ABCDE
DAECB
BDAEC
CEDBA
ECBAD

658
ABCDE
CEDBA
EABCD
DCEAB
BDAEC

665
ABCDE
CEDBA
EDBAC
DAECB
BCAED

672
ABCDE
DABEC
BDECA
ECDAB
CEABD

679
ABCDE
DABEC
CDEAB
BEACD
ECDBA

686
ABCDE
DABEC
CEABD
ECDAB
BDECA

693
ABCDE
DABEC
ECABD
CDEAB
BEDCA

700
ABCDE
DABEC
ECDBA
CDEAB
BEACD

707
ABCDE
DAEBC
BEACD
CDBEA
ECDAB

714
ABCDE
DAEBC
CDBEA
ECDAB
BEACD

721
ABCDE
DAEBC
ECDAB
BEACD
CDBEA

728
ABCDE
DAECB
BCAED
EDBAC
CEDBA

735
ABCDE
DAECB
BDAEC
ECBAD
CEDBA



736
ABCDE
DAECB
BDAEC
ECDBA
CEBAD

743
ABCDE
DAECB
CEBAD
BCDEA
EDABC

750
ABCDE
DAECB
CEDBA
EDBAC
BCAED

757
ABCDE
DAECB
EDABC
BCDEA
CEBAD

764
ABCDE
DCAEB
BAECD
EDBAC
CEDBA

771
ABCDE
DCAEB
BEDAC
EABCD
CDEBA

778
ABCDE
DCAEB
CAEBD
EDBCA
BEDAC

785
ABCDE
DCAEB
CEDBA
EABCD
BDEAC

792
ABCDE
DCAEB
EADBC
CEBAD
BDECA

799
ABCDE
DCBEA
BAECD
CEDAB
EDABC

806
ABCDE
DCBEA
BEDAC
EDACB
CAEBD

813
ABCDE
DCBEA
CEDAB
BAECD
EDABC

737
ABCDE
DAECB
BEDAC
CDBEA
ECABD

744
ABCDE
DAECB
CEBAD
BDAEC
ECDBA

751
ABCDE
DAECB
ECABD
BEDAC
CDBEA

758
ABCDE
DAECB
EDABC
CEBAD
BCDEA

765
ABCDE
DCAEB
BDEAC
CEDBA
EABCD

772
ABCDE
DCAEB
BEDAC
EDBCA
CAEBD

779
ABCDE
DCAEB
CDEBA
BEDAC
EABCD

786
ABCDE
DCAEB
CEDBA
EDBAC
BAECD

793
ABCDE
DCAEB
EDBAC
BAECD
CEDBA

800
ABCDE
DCBEA
BAECD
EDABC
CEDAB

807
ABCDE
DCBEA
CAEBD
BEDAC
EDACB

814
ABCDE
DCBEA
CEDAB
EDABC
BAECD

738
ABCDE
DAECB
BEDAC
ECABD
CDBEA

745
ABCDE
DAECB
CEBAD
ECDBA
BDAEC

752
ABCDE
DAECB
ECABD
CDBEA
BEDAC

759
ABCDE
DAECB
EDBAC
BCAED
CEDBA

766
ABCDE
DCAEB
BDEAC
EABCD
CEDBA

773
ABCDE
DCAEB
BEDCA
CAEBD
EDBAC

780
ABCDE
DCAEB
CDEBA
EABCD
BEDAC

787
ABCDE
DCAEB
EABCD
BDEAC
CEDBA

794
ABCDE
DCAEB
EDBAC
BEDCA
CAEBD

801
ABCDE
DCBEA
BDEAC
CEABD
EADCB

808
ABCDE
DCBEA
CAEBD
EDACB
BEDAC

815
ABCDE
DCBEA
EADBC
BEACD
CDEAB

739
ABCDE
DAECB
CDBEA
BEDAC
ECABD

746
ABCDE
DAECB
CEBAD
EDABC
BCDEA

753
ABCDE
DAECB
ECBAD
BDAEC
CEDBA

760
ABCDE
DAECB
EDBAC
BCDEA
CEABD

767
ABCDE
DCAEB
BDECA
CEBAD
EADBC

774
ABCDE
DCAEB
BEDCA
EDBAC
CAEBD

781
ABCDE
DCAEB
CEBAD
BDECA
EADBC

788
ABCDE
DCAEB
EABCD
BEDAC
CDEBA

795
ABCDE
DCAEB
EDBAC
CAEBD
BEDCA

802
ABCDE
DCBEA
BDEAC
EADCB
CEABD

809
ABCDE
DCBEA
CDEAB
BEACD
EADBC

816
ABCDE
DCBEA
EADBC
CDEAB
BEACD

168

740
ABCDE
DAECB
CDBEA
ECABD
BEDAC

747
ABCDE
DAECB
CEDBA
BCAED
EDBAC

754
ABCDE
DAECB
ECBAD
CEDBA
BDAEC

761
ABCDE
DAECB
EDBAC
CEABD
BCDEA

768
ABCDE
DCAEB
BDECA
EADBC
CEBAD

775
ABCDE
DCAEB
CAEBD
BEDAC
EDBCA

782
ABCDE
DCAEB
CEBAD
EADBC
BDECA

789
ABCDE
DCAEB
EABCD
CDEBA
BEDAC

796
ABCDE
DCAEB
EDBAC
CEDBA
BAECD

803
ABCDE
DCBEA
BEACD
CDEAB
EADBC

810
ABCDE
DCBEA
CDEAB
EADBC
BEACD

817
ABCDE
DCBEA
EADCB
BDEAC
CEABD

741
ABCDE
DAECB
CEABD
BCDEA
EDBAC

748
ABCDE
DAECB
CEDBA
BDAEC
ECBAD

755
ABCDE
DAECB
ECDBA
BDAEC
CEBAD

762
ABCDE
DAECB
EDBAC
CEDBA
BCAED

769
ABCDE
DCAEB
BEDAC
CAEBD
EDBCA

776
ABCDE
DCAEB
CAEBD
BEDCA
EDBAC

783
ABCDE
DCAEB
CEDBA
BAECD
EDBAC

790
ABCDE
DCAEB
EABCD
CEDBA
BDEAC

797
ABCDE
DCAEB
EDBCA
BEDAC
CAEBD

804
ABCDE
DCBEA
BEACD
EADBC
CDEAB

811
ABCDE
DCBEA
CEABD
BDEAC
EADCB

818
ABCDE
DCBEA
EADCB
CEABD
BDEAC

742
ABCDE
DAECB
CEABD
EDBAC
BCDEA

749
ABCDE
DAECB
CEDBA
ECBAD
BDAEC

756
ABCDE
DAECB
ECDBA
CEBAD
BDAEC

763
ABCDE
DCAEB
BAECD
CEDBA
EDBAC

770
ABCDE
DCAEB
BEDAC
CDEBA
EABCD

771
ABCDE
DCAEB
CAEBD
EDBAC
BEDCA

784
ABCDE
DCAEB
CEDBA
BDEAC
EABCD

791
ABCDE
DCAEB
EADBC
BDECA
CEBAD

798
ABCDE
DCAEB
EDBCA
CAEBD
BEDAC

805
ABCDE
DCBEA
BEDAC
CAEBD
EDACB

812
ABCDE
DCBEA
CEABD
EADCB
BDEAC

819
ABCDE
DCBEA
EDABC
BAECD
CEDAB



820
ABCDE
DCBEA
EDABC
CEDAB
BAECD

827
ABCDE
DCEAB
BEACD
CDBEA
EADBC

834
ABCDE
DCEAB
CDBEA
EADBC
BEACD

841
ABCDE
DCEAB
EADBC
BEACD
CDBEA

848
ABCDE
DCEBA
BADEC
EDACB
CEBAD

855
ABCDE
DCEBA
BEDAC
CABED
EDACB

862
ABCDE
DCEBA
CADEB
EDBAC
BEACD

869
ABCDE
DCEBA
CEDAB
BDAEC
EABCD

876
ABCDE
DCEBA
EADCB
CEBAD
BDAEC

883
ABCDE
DEABC
BAECD
CDBEA
ECDAB

890
ABCDE
DEABC
BCEAD
EDBCA
CADEB

897
ABCDE
DEABC
CADEB
BCEAD
EDBCA

821
ABCDE
DCBEA
EDACB
BEDAC
CAEBD

828
ABCDE
DCEAB
BEACD
EADBC
CDBEA

835
ABCDE
DCEAB
CEABD
BADEC
EDBCA

842
ABCDE
DCEAB
EADBC
CDBEA
BEACD

849
ABCDE
DCEBA
BDAEC
CEBAD
EADCB

856
ABCDE
DCEBA
BEDAC
CDAEB
EABCD

863
ABCDE
DCEBA
CDAEB
BEDAC
EABCD

870
ABCDE
DCEBA
CEDAB
EABCD
BDAEC

877
ABCDE
DCEBA
EDACB
BADEC
CEBAD

884
ABCDE
DEABC
BAECD
ECDAB
CDBEA

891
ABCDE
DEABC
BDECA
CABED
ECDAB

898
ABCDE
DEABC
CADEB
BDECA
ECBAD

822
ABCDE
DCBEA
EDACB
CAEBD
BEDAC

829
ABCDE
DCEAB
BEDCA
CABED
EDABC

836
ABCDE
DCEAB
CEABD
EDBCA
BADEC

843
ABCDE
DCEAB
EDABC
BEDCA
CABED

850
ABCDE
DCEBA
BDAEC
CEDAB
EABCD

857
ABCDE
DCEBA
BEDAC
EABCD
CDAEB

864
ABCDE
DCEBA
CDAEB
EABCD
BEDAC

871
ABCDE
DCEBA
EABCD
BDAEC
CEDAB

878
ABCDE
DCEBA
EDACB
BEDAC
CABED

885
ABCDE
DEABC
BCDEA
CDEAB
EABCD

892
ABCDE
DEABC
BDECA
CADEB
ECBAD

899
ABCDE
DEABC
CADEB
ECBAD
BDECA

823
ABCDE
DCEAB
BADEC
CEABD
EDBCA

830
ABCDE
DCEAB
BEDCA
EDABC
CABED

837
ABCDE
DCEAB
CEDBA
BDAEC
EABCD

844
ABCDE
DCEAB
EDABC
CABED
BEDCA

851
ABCDE
DCEBA
BDAEC
EABCD
CEDAB

858
ABCDE
DCEBA
BEDAC
EDACB
CABED

865
ABCDE
DCEBA
CEBAD
BADEC
EDACB

872
ABCDE
DCEBA
EABCD
BEDAC
CDAEB

879
ABCDE
DCEBA
EDACB
CABED
BEDAC

886
ABCDE
DEABC
BCDEA
EABCD
CDEAB

893
ABCDE
DEABC
BDECA
ECBAD
CADEB

900
ABCDE
DEABC
CADEB
EDBCA
BCEAD

169

824
ABCDE
DCEAB
BADEC
EDBCA
CEABD

831
ABCDE
DCEAB
CABED
BEDCA
EDABC

838
ABCDE
DCEAB
CEDBA
EABCD
BDAEC

845
ABCDE
DCEAB
EDBCA
BADEC
CEABD

852
ABCDE
DCEBA
BDAEC
EADCB
CEBAD

859
ABCDE
DCEBA
CABED
BEDAC
EDACB

866
ABCDE
DCEBA
CEBAD
BDAEC
EADCB

873
ABCDE
DCEBA
EABCD
CDAEB
BEDAC

880
ABCDE
DCEBA
EDACB
CEBAD
BADEC

887
ABCDE
DEABC
BCEAD
CADEB
EDBCA

894
ABCDE
DEABC
BDECA
ECDAB
CABED

901
ABCDE
DEABC
CDBEA
BAECD
ECDAB

825
ABCDE
DCEAB
BDAEC
CEDBA
EABCD

832
ABCDE
DCEAB
CABED
EDABC
BEDCA

839
ABCDE
DCEAB
EABCD
BDAEC
CEDBA

846
ABCDE
DCEAB
EDBCA
CEABD
BADEC

853
ABCDE
DCEBA
BEACD
CADEB
EDBAC

860
ABCDE
DCEBA
CABED
EDACB
BEDAC

867
ABCDE
DCEBA
CEBAD
EADCB
BDAEC

874
ABCDE
DCEBA
EABCD
CEDAB
BDAEC

881
ABCDE
DCEBA
EDBAC
BEACD
CADEB

888
ABCDE
DEABC
BCEAD
CDBEA
EADCB

895
ABCDE
DEABC
CABED
BDECA
ECDAB

902
ABCDE
DEABC
CDBEA
BCEAD
EADCB

826
ABCDE
DCEAB
BDAEC
EABCD
CEDBA

833
ABCDE
DCEAB
CDBEA
BEACD
EADBC

840
ABCDE
DCEAB
EABCD
CEDBA
BDAEC

847
ABCDE
DCEBA
BADEC
CEBAD
EDACB

854
ABCDE
DCEBA
BEACD
EDBAC
CADEB

861
ABCDE
DCEBA
CADEB
BEACD
EDBAC

868
ABCDE
DCEBA
CEBAD
EDACB
BADEC

875
ABCDE
DCEBA
EADCB
BDAEC
CEBAD

882
ABCDE
DCEBA
EDBAC
CADEB
BEACD

889
ABCDE
DEABC
BCEAD
EADCB
CDBEA

896
ABCDE
DEABC
CABED
ECDAB
BDECA

903
ABCDE
DEABC
CDBEA
EADCB
BCEAD



904
ABCDE
DEABC
CDBEA
ECDAB
BAECD

911
ABCDE
DEABC
ECBAD
BDECA
CADEB

918
ABCDE
DEABC
EDBCA
CADEB
BCEAD

925
ABCDE
DEACB
BDEAC
CABED
ECDBA

932
ABCDE
DEACB
CDBEA
EADBC
BCEAD

939
ABCDE
DEACB
ECDBA
BDEAC
CABED

946
ABCDE
DEBAC
BCAED
EADCB
CDEBA

953
ABCDE
DEBAC
CAEBD
BCDEA
EDACB

960
ABCDE
DEBAC
EADCB
CDEBA
BCAED

967
ABCDE
DEBCA
BADEC
CDEAB
ECABD

974
ABCDE
DEBCA
BCEAD
EDABC
CADEB

981
ABCDE
DEBCA
CADEB
ECABD
BDEAC

905
ABCDE
DEABC
CDEAB
BCDEA
EABCD

912
ABCDE
DEABC
ECBAD
CADEB
BDECA

919
ABCDE
DEACB
BADEC
CDEBA
ECBAD

926
ABCDE
DEACB
BDEAC
ECDBA
CABED

933
ABCDE
DEACB
CDEBA
BADEC
ECBAD

940
ABCDE
DEACB
ECDBA
CABED
BDEAC

947
ABCDE
DEBAC
BCDEA
CAEBD
EDACB

954
ABCDE
DEBAC
CAEBD
EDACB
BCDEA

961
ABCDE
DEBAC
ECABD
BDECA
CADEB

968
ABCDE
DEBCA
BADEC
ECABD
CDEAB

975
ABCDE
DEBCA
BDAEC
CAEBD
ECDAB

982
ABCDE
DEBCA
CADEB
EDABC
BCEAD

906
ABCDE
DEABC
CDEAB
EABCD
BCDEA

913
ABCDE
DEABC
ECDAB
BAECD
CDBEA

920
ABCDE
DEACB
BADEC
ECBAD
CDEBA

927
ABCDE
DEACB
CABED
BDEAC
ECDBA

934
ABCDE
DEACB
CDEBA
ECBAD
BADEC

941
ABCDE
DEACB
EDBAC
BCDEA
CAEBD

948
ABCDE
DEBAC
BCDEA
EDACB
CAEBD

955
ABCDE
DEBAC
CDAEB
BAECD
ECDBA

962
ABCDE
DEBAC
ECABD
CADEB
BDECA

969
ABCDE
DEBCA
BCAED
CDEAB
EADBC

976
ABCDE
DEBCA
BDAEC
ECDAB
CAEBD

983
ABCDE
DEBCA
CAEBD
BDAEC
ECDAB

907
ABCDE
DEABC
EABCD
BCDEA
CDEAB

914
ABCDE
DEABC
ECDAB
BDECA
CABED

921
ABCDE
DEACB
BCDEA
CAEBD
EDBAC

928
ABCDE
DEACB
CABED
ECDBA
BDEAC

935
ABCDE
DEACB
EADBC
BCEAD
CDBEA

942
ABCDE
DEACB
EDBAC
CAEBD
BCDEA

949
ABCDE
DEBAC
BDECA
CADEB
ECABD

956
ABCDE
DEBAC
CDAEB
ECDBA
BAECD

963
ABCDE
DEBAC
ECDBA
BAECD
CDAEB

970
ABCDE
DEBCA
BCAED
EADBC
CDEAB

977
ABCDE
DEBCA
BDEAC
CADEB
ECABD

984
ABCDE
DEBCA
CAEBD
ECDAB
BDAEC

170

908
ABCDE
DEABC
EABCD
CDEAB
BCDEA

915
ABCDE
DEABC
ECDAB
CABED
BDECA

922
ABCDE
DEACB
BCDEA
EDBAC
CAEBD

929
ABCDE
DEACB
CAEBD
BCDEA
EDBAC

936
ABCDE
DEACB
EADBC
CDBEA
BCEAD

943
ABCDE
DEBAC
BAECD
CDAEB
ECDBA

950
ABCDE
DEBAC
BDECA
ECABD
CADEB

957
ABCDE
DEBAC
CDEBA
BCAED
EADCB

964
ABCDE
DEBAC
ECDBA
CDAEB
BAECD

971
ABCDE
DEBCA
BCEAD
CADEB
EDABC

978
ABCDE
DEBCA
BDEAC
ECABD
CADEB

985
ABCDE
DEBCA
CDAEB
BCEAD
EADBC

909
ABCDE
DEABC
EADCB
BCEAD
CDBEA

916
ABCDE
DEABC
ECDAB
CDBEA
BAECD

923
ABCDE
DEACB
BCEAD
CDBEA
EADBC

930
ABCDE
DEACB
CAEBD
EDBAC
BCDEA

937
ABCDE
DEACB
ECBAD
BADEC
CDEBA

944
ABCDE
DEBAC
BAECD
ECDBA
CDAEB

951
ABCDE
DEBAC
CADEB
BDECA
ECABD

958
ABCDE
DEBAC
CDEBA
EADCB
BCAED

965
ABCDE
DEBAC
EDACB
BCDEA
CAEBD

972
ABCDE
DEBCA
BCEAD
CDAEB
EADBC

979
ABCDE
DEBCA
CADEB
BCEAD
EDABC

986
ABCDE
DEBCA
CDAEB
EADBC
BCEAD

910
ABCDE
DEABC
EADCB
CDBEA
BCEAD

917
ABCDE
DEABC
EDBCA
BCEAD
CADEB

924
ABCDE
DEACB
BCEAD
EADBC
CDBEA

931
ABCDE
DEACB
CDBEA
BCEAD
EADBC

938
ABCDE
DEACB
ECBAD
CDEBA
BADEC

945
ABCDE
DEBAC
BCAED
CDEBA
EADCB

952
ABCDE
DEBAC
CADEB
ECABD
BDECA

959
ABCDE
DEBAC
EADCB
BCAED
CDEBA

966
ABCDE
DEBAC
EDACB
CAEBD
BCDEA

973
ABCDE
DEBCA
BCEAD
EADBC
CDAEB

980
ABCDE
DEBCA
CADEB
BDEAC
ECABD

987
ABCDE
DEBCA
CDEAB
BADEC
ECABD



988
ABCDE
DEBCA
CDEAB
BCAED
EADBC

995
ABCDE
DEBCA
ECABD
BADEC
CDEAB

1002
ABCDE
DEBCA
EDABC
CADEB
BCEAD

1009
ABCDE
EABCD
BDEAC
CEDBA
DCAEB

1016
ABCDE
EABCD
CDAEB
DCEBA
BEDAC

1023
ABCDE
EABCD
CEDBA
BDAEC
DCEAB

1030
ABCDE
EABCD
DCAEB
CEDBA
BDEAC

1037
ABCDE
EABCD
DEABC
BCDEA
CDEAB

1044
ABCDE
EADBC
BCEAD
DEBCA
CDAEB

1051
ABCDE
EADBC
CDAEB
BCEAD
DEBCA

1058
ABCDE
EADBC
CDEAB
BEACD
DCBEA

1065
ABCDE
EADBC
DCBEA
BEACD
CDEAB

989
ABCDE
DEBCA
CDEAB
EADBC
BCAED

996
ABCDE
DEBCA
ECABD
BDEAC
CADEB

1003
ABCDE
EABCD
BCDEA
CDEAB
DEABC

1010
ABCDE
EABCD
BDEAC
DCAEB
CEDBA

1017
ABCDE
EABCD
CDEAB
BCDEA
DEABC

1024
ABCDE
EABCD
CEDBA
BDEAC
DCAEB

1031
ABCDE
EABCD
DCEAB
BDAEC
CEDBA

1038
ABCDE
EABCD
DEABC
CDEAB
BCDEA

1045
ABCDE
EADBC
BDECA
CEBAD
DCAEB

1052
ABCDE
EADBC
CDAEB
DEBCA
BCEAD

1059
ABCDE
EADBC
CDEAB
DCBEA
BEACD

1066
ABCDE
EADBC
DCBEA
CDEAB
BEACD

990
ABCDE
DEBCA
CDEAB
ECABD
BADEC

997
ABCDE
DEBCA
ECABD
CADEB
BDEAC

1004
ABCDE
EABCD
BCDEA
DEABC
CDEAB

1011
ABCDE
EABCD
BEDAC
CDAEB
DCEBA

1018
ABCDE
EABCD
CDEAB
DEABC
BCDEA

1025
ABCDE
EABCD
CEDBA
DCAEB
BDEAC

1032
ABCDE
EABCD
DCEAB
CEDBA
BDAEC

1039
ABCDE
EADBC
BCAED
CDEAB
DEBCA

1046
ABCDE
EADBC
BDECA
DCAEB
CEBAD

1053
ABCDE
EADBC
CDBEA
BCEAD
DEACB

1060
ABCDE
EADBC
CDEAB
DEBCA
BCAED

1067
ABCDE
EADBC
DCEAB
BEACD
CDBEA

991
ABCDE
DEBCA
EADBC
BCAED
CDEAB

998
ABCDE
DEBCA
ECABD
CDEAB
BADEC

1005
ABCDE
EABCD
BDAEC
CEDAB
DCEBA

1012
ABCDE
EABCD
BEDAC
CDEBA
DCAEB

1019
ABCDE
EABCD
CDEBA
BEDAC
DCAEB

1026
ABCDE
EABCD
CEDBA
DCEAB
BDAEC

1033
ABCDE
EABCD
DCEBA
BDAEC
CEDAB

1040
ABCDE
EADBC
BCAED
DEBCA
CDEAB

1047
ABCDE
EADBC
BEACD
CDBEA
DCEAB

1054
ABCDE
EADBC
CDBEA
BEACD
DCEAB

1061
ABCDE
EADBC
CEBAD
BDECA
DCAEB

1068
ABCDE
EADBC
DCEAB
CDBEA
BEACD

171

992
ABCDE
DEBCA
EADBC
BCEAD
CDAEB

999
ABCDE
DEBCA
ECDAB
BDAEC
CAEBD

1006
ABCDE
EABCD
BDAEC
CEDBA
DCEAB

1013
ABCDE
EABCD
BEDAC
DCAEB
CDEBA

1020
ABCDE
EABCD
CDEBA
DCAEB
BEDAC

1027
ABCDE
EABCD
DCAEB
BDEAC
CEDBA

1034
ABCDE
EABCD
DCEBA
BEDAC
CDAEB

1041
ABCDE
EADBC
BCEAD
CDAEB
DEBCA

1048
ABCDE
EADBC
BEACD
CDEAB
DCBEA

1055
ABCDE
EADBC
CDBEA
DCEAB
BEACD

1062
ABCDE
EADBC
CEBAD
DCAEB
BDECA

1069
ABCDE
EADBC
DEACB
BCEAD
CDBEA

993
ABCDE
DEBCA
EADBC
CDAEB
BCEAD

1000
ABCDE
DEBCA
ECDAB
CAEBD
BDAEC

1007
ABCDE
EABCD
BDAEC
DCEAB
CEDBA

1014
ABCDE
EABCD
BEDAC
DCEBA
CDAEB

1021
ABCDE
EABCD
CEDAB
BDAEC
DCEBA

1028
ABCDE
EABCD
DCAEB
BEDAC
CDEBA

1035
ABCDE
EABCD
DCEBA
CDAEB
BEDAC

1042
ABCDE
EADBC
BCEAD
CDBEA
DEACB

1049
ABCDE
EADBC
BEACD
DCBEA
CDEAB

1056
ABCDE
EADBC
CDBEA
DEACB
BCEAD

1063
ABCDE
EADBC
DCAEB
BDECA
CEBAD

1070
ABCDE
EADBC
DEACB
CDBEA
BCEAD

994
ABCDE
DEBCA
EADBC
CDEAB
BCAED

1001
ABCDE
DEBCA
EDABC
BCEAD
CADEB

1008
ABCDE
EABCD
BDAEC
DCEBA
CEDAB

1015
ABCDE
EABCD
CDAEB
BEDAC
DCEBA

1022
ABCDE
EABCD
CEDAB
DCEBA
BDAEC

1029
ABCDE
EABCD
DCAEB
CDEBA
BEDAC

1036
ABCDE
EABCD
DCEBA
CEDAB
BDAEC

1043
ABCDE
EADBC
BCEAD
DEACB
CDBEA

1050
ABCDE
EADBC
BEACD
DCEAB
CDBEA

1057
ABCDE
EADBC
CDEAB
BCAED
DEBCA

1064
ABCDE
EADBC
DCAEB
CEBAD
BDECA

1071
ABCDE
EADBC
DEBCA
BCAED
CDEAB



1072
ABCDE
EADBC
DEBCA
BCEAD
CDAEB

1079
ABCDE
EADCB
BDAEC
CEBAD
DCEBA

1086
ABCDE
EADCB
CDEBA
DEBAC
BCAED

1093
ABCDE
EADCB
DCEBA
BDAEC
CEBAD

1100
ABCDE
ECABD
BADEC
DEBCA
CDEAB

1107
ABCDE
ECABD
BEDAC
CDBEA
DAECB

1114
ABCDE
ECABD
CADEB
DEBCA
BDEAC

1121
ABCDE
ECABD
CEDAB
BDECA
DABEC

1128
ABCDE
ECABD
DAECB
CDBEA
BEDAC

1135
ABCDE
ECBAD
BADEC
CDEBA
DEACB

1142
ABCDE
ECBAD
BEDCA
DAEBC
CDAEB

1149
ABCDE
ECBAD
CEDBA
BDAEC
DAECB

1073
ABCDE
EADBC
DEBCA
CDAEB
BCEAD

1080
ABCDE
EADCB
BDAEC
DCEBA
CEBAD

1087
ABCDE
EADCB
CEABD
BDEAC
DCBEA

1094
ABCDE
EADCB
DCEBA
CEBAD
BDAEC

1101
ABCDE
ECABD
BDEAC
CADEB
DEBCA

1108
ABCDE
ECABD
BEDAC
DAECB
CDBEA

1115
ABCDE
ECABD
CDBEA
BEDAC
DAECB

1122
ABCDE
ECABD
CEDAB
DABEC
BDECA

1129
ABCDE
ECABD
DEBAC
BDECA
CADEB

1136
ABCDE
ECBAD
BADEC
DEACB
CDEBA

1143
ABCDE
ECBAD
CADEB
BDECA
DEABC

1150
ABCDE
ECBAD
CEDBA
DAECB
BDAEC

1074
ABCDE
EADBC
DEBCA
CDEAB
BCAED

1081
ABCDE
EADCB
BDEAC
CEABD
DCBEA

1088
ABCDE
EADCB
CEABD
DCBEA
BDEAC

1095
ABCDE
EADCB
DEABC
BCEAD
CDBEA

1102
ABCDE
ECABD
BDEAC
DEBCA
CADEB

1109
ABCDE
ECABD
BEDCA
CDEAB
DABEC

1116
ABCDE
ECABD
CDBEA
DAECB
BEDAC

1123
ABCDE
ECABD
DABEC
BDECA
CEDAB

1130
ABCDE
ECABD
DEBAC
CADEB
BDECA

1137
ABCDE
ECBAD
BDAEC
CEDBA
DAECB

1144
ABCDE
ECBAD
CADEB
DEABC
BDECA

1151
ABCDE
ECBAD
DAEBC
BEDCA
CDAEB

1075
ABCDE
EADCB
BCAED
CDEBA
DEBAC

1082
ABCDE
EADCB
BDEAC
DCBEA
CEABD

1089
ABCDE
EADCB
CEBAD
BDAEC
DCEBA

1096
ABCDE
EADCB
DEABC
CDBEA
BCEAD

1103
ABCDE
ECABD
BDECA
CADEB
DEBAC

1110
ABCDE
ECABD
BEDCA
DABEC
CDEAB

1117
ABCDE
ECABD
CDEAB
BADEC
DEBCA

1124
ABCDE
ECABD
DABEC
BEDCA
CDEAB

1131
ABCDE
ECABD
DEBCA
BADEC
CDEAB

1138
ABCDE
ECBAD
BDAEC
DAECB
CEDBA

1145
ABCDE
ECBAD
CDAEB
BEDCA
DAEBC

1152
ABCDE
ECBAD
DAEBC
CDAEB
BEDCA
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1076
ABCDE
EADCB
BCAED
DEBAC
CDEBA

1083
ABCDE
EADCB
CDBEA
BCEAD
DEABC

1090
ABCDE
EADCB
CEBAD
DCEBA
BDAEC

1097
ABCDE
EADCB
DEBAC
BCAED
CDEBA

1104
ABCDE
ECABD
BDECA
CEDAB
DABEC

1111
ABCDE
ECABD
CADEB
BDEAC
DEBCA

1118
ABCDE
ECABD
CDEAB
BEDCA
DABEC

1125
ABCDE
ECABD
DABEC
CDEAB
BEDCA

1132
ABCDE
ECABD
DEBCA
BDEAC
CADEB

1139
ABCDE
ECBAD
BDECA
CADEB
DEABC

1146
ABCDE
ECBAD
CDAEB
DAEBC
BEDCA

1153
ABCDE
ECBAD
DAECB
BDAEC
CEDBA

1077
ABCDE
EADCB
BCEAD
CDBEA
DEABC

1084
ABCDE
EADCB
CDBEA
DEABC
BCEAD

1091
ABCDE
EADCB
DCBEA
BDEAC
CEABD

1098
ABCDE
EADCB
DEBAC
CDEBA
BCAED

1105
ABCDE
ECABD
BDECA
DABEC
CEDAB

1112
ABCDE
ECABD
CADEB
BDECA
DEBAC

1119
ABCDE
ECABD
CDEAB
DABEC
BEDCA

1126
ABCDE
ECABD
DABEC
CEDAB
BDECA

1133
ABCDE
ECABD
DEBCA
CADEB
BDEAC

1140
ABCDE
ECBAD
BDECA
DEABC
CADEB

1147
ABCDE
ECBAD
CDEBA
BADEC
DEACB

1154
ABCDE
ECBAD
DAECB
CEDBA
BDAEC

1078
ABCDE
EADCB
BCEAD
DEABC
CDBEA

1085
ABCDE
EADCB
CDEBA
BCAED
DEBAC

1092
ABCDE
EADCB
DCBEA
CEABD
BDEAC

1099
ABCDE
ECABD
BADEC
CDEAB
DEBCA

1106
ABCDE
ECABD
BDECA
DEBAC
CADEB

1113
ABCDE
ECABD
CADEB
DEBAC
BDECA

1120
ABCDE
ECABD
CDEAB
DEBCA
BADEC

1127
ABCDE
ECABD
DAECB
BEDAC
CDBEA

1134
ABCDE
ECABD
DEBCA
CDEAB
BADEC

1141
ABCDE
ECBAD
BEDCA
CDAEB
DAEBC

1148
ABCDE
ECBAD
CDEBA
DEACB
BADEC

1155
ABCDE
ECBAD
DEABC
BDECA
CADEB



1156
ABCDE
ECBAD
DEABC
CADEB
BDECA

1163
ABCDE
ECDAB
BDECA
CABED
DEABC

1170
ABCDE
ECDAB
BEACD
DAEBC
CDBEA

1177
ABCDE
ECDAB
CDBEA
DAEBC
BEACD

1184
ABCDE
ECDAB
DABEC
BEACD
CDEBA

1191
ABCDE
ECDAB
DEABC
CABED
BDECA

1198
ABCDE
ECDBA
BDAEC
DAECB
CEBAD

1205
ABCDE
ECDBA
CDAEB
BAECD
DEBAC

1212
ABCDE
ECDBA
DABEC
CDEAB
BEACD

1219
ABCDE
EDABC
BAECD
CEDAB
DCBEA

1226
ABCDE
EDABC
BEDCA
DCEAB
CABED

1233
ABCDE
EDABC
CEDAB
BAECD
DCBEA

1157
ABCDE
ECBAD
DEACB
BADEC
CDEBA

1164
ABCDE
ECDAB
BDECA
CEABD
DABEC

1171
ABCDE
ECDAB
CABED
BDECA
DEABC

1178
ABCDE
ECDAB
CDBEA
DEABC
BAECD

1185
ABCDE
ECDAB
DABEC
CDEBA
BEACD

1192
ABCDE
ECDAB
DEABC
CDBEA
BAECD

1199
ABCDE
ECDBA
BDEAC
CABED
DEACB

1206
ABCDE
ECDBA
CDAEB
DEBAC
BAECD

1213
ABCDE
ECDBA
DAECB
BDAEC
CEBAD

1220
ABCDE
EDABC
BAECD
DCBEA
CEDAB

1227
ABCDE
EDABC
CABED
BEDCA
DCEAB

1234
ABCDE
EDABC
CEDAB
DCBEA
BAECD

1158
ABCDE
ECBAD
DEACB
CDEBA
BADEC

1165
ABCDE
ECDAB
BDECA
DABEC
CEABD

1172
ABCDE
ECDAB
CABED
DEABC
BDECA

1179
ABCDE
ECDAB
CDEBA
BEACD
DABEC

1186
ABCDE
ECDAB
DABEC
CEABD
BDECA

1193
ABCDE
ECDAB
DEBCA
BDAEC
CAEBD

1200
ABCDE
ECDBA
BDEAC
DEACB
CABED

1207
ABCDE
ECDBA
CDEAB
BEACD
DABEC

1214
ABCDE
ECDBA
DAECB
CEBAD
BDAEC

1221
ABCDE
EDABC
BCDEA
CEBAD
DAECB

1228
ABCDE
EDABC
CABED
DCEAB
BEDCA

1235
ABCDE
EDABC
DAECB
BCDEA
CEBAD

1159
ABCDE
ECDAB
BAECD
CDBEA
DEABC

1166
ABCDE
ECDAB
BDECA
DEABC
CABED

1173
ABCDE
ECDAB
CAEBD
BDAEC
DEBCA

1180
ABCDE
ECDAB
CDEBA
DABEC
BEACD

1187
ABCDE
ECDAB
DAEBC
BEACD
CDBEA

1194
ABCDE
ECDAB
DEBCA
CAEBD
BDAEC

1201
ABCDE
ECDBA
BEACD
CDEAB
DABEC

1208
ABCDE
ECDBA
CDEAB
DABEC
BEACD

1215
ABCDE
ECDBA
DEACB
BDEAC
CABED

1222
ABCDE
EDABC
BCDEA
DAECB
CEBAD

1229
ABCDE
EDABC
CADEB
BCEAD
DEBCA

1236
ABCDE
EDABC
DAECB
CEBAD
BCDEA

173

1160
ABCDE
ECDAB
BAECD
DEABC
CDBEA

1167
ABCDE
ECDAB
BEACD
CDBEA
DAEBC

1174
ABCDE
ECDAB
CAEBD
DEBCA
BDAEC

1181
ABCDE
ECDAB
CEABD
BDECA
DABEC

1188
ABCDE
ECDAB
DAEBC
CDBEA
BEACD

1195
ABCDE
ECDBA
BAECD
CDAEB
DEBAC

1202
ABCDE
ECDBA
BEACD
DABEC
CDEAB

1209
ABCDE
ECDBA
CEBAD
BDAEC
DAECB

1216
ABCDE
ECDBA
DEACB
CABED
BDEAC

1223
ABCDE
EDABC
BCEAD
CADEB
DEBCA

1230
ABCDE
EDABC
CADEB
DEBCA
BCEAD

1237
ABCDE
EDABC
DCBEA
BAECD
CEDAB

1161
ABCDE
ECDAB
BDAEC
CAEBD
DEBCA

1168
ABCDE
ECDAB
BEACD
CDEBA
DABEC

1175
ABCDE
ECDAB
CDBEA
BAECD
DEABC

1182
ABCDE
ECDAB
CEABD
DABEC
BDECA

1189
ABCDE
ECDAB
DEABC
BAECD
CDBEA

1196
ABCDE
ECDBA
BAECD
DEBAC
CDAEB

1203
ABCDE
ECDBA
CABED
BDEAC
DEACB

1210
ABCDE
ECDBA
CEBAD
DAECB
BDAEC

1217
ABCDE
ECDBA
DEBAC
BAECD
CDAEB

1224
ABCDE
EDABC
BCEAD
DEBCA
CADEB

1231
ABCDE
EDABC
CEBAD
BCDEA
DAECB

1238
ABCDE
EDABC
DCBEA
CEDAB
BAECD

1162
ABCDE
ECDAB
BDAEC
DEBCA
CAEBD

1169
ABCDE
ECDAB
BEACD
DABEC
CDEBA

1176
ABCDE
ECDAB
CDBEA
BEACD
DAEBC

1183
ABCDE
ECDAB
DABEC
BDECA
CEABD

1190
ABCDE
ECDAB
DEABC
BDECA
CABED

1197
ABCDE
ECDBA
BDAEC
CEBAD
DAECB

1204
ABCDE
ECDBA
CABED
DEACB
BDEAC

1211
ABCDE
ECDBA
DABEC
BEACD
CDEAB

1218
ABCDE
ECDBA
DEBAC
CDAEB
BAECD

1225
ABCDE
EDABC
BEDCA
CABED
DCEAB

1232
ABCDE
EDABC
CEBAD
DAECB
BCDEA

1239
ABCDE
EDABC
DCEAB
BEDCA
CABED



1240
ABCDE
EDABC
DCEAB
CABED
BEDCA

1247
ABCDE
EDACB
BCDEA
DAEBC
CEBAD

1254
ABCDE
EDACB
BEDAC
DCEBA
CABED

1261
ABCDE
EDACB
CEBAD
BADEC
DCEBA

1268
ABCDE
EDACB
DABEC
CEDBA
BCEAD

1275
ABCDE
EDACB
DCEBA
CABED
BEDAC

1282
ABCDE
EDBAC
BCAED
DAECB
CEDBA

1289
ABCDE
EDBAC
BEDCA
CAEBD
DCAEB

1296
ABCDE
EDBAC
CAEBD
DEACB
BCDEA

1303
ABCDE
EDBAC
DAECB
BCAED
CEDBA

1310
ABCDE
EDBAC
DCAEB
CEDBA
BAECD

1317
ABCDE
EDBCA
BCAED
CEDAB
DAEBC

1241
ABCDE
EDABC
DEBCA
BCEAD
CADEB

1248
ABCDE
EDACB
BCDEA
DEBAC
CAEBD

1255
ABCDE
EDACB
CABED
BEDAC
DCEBA

1262
ABCDE
EDACB
CEBAD
BCDEA
DAEBC

1269
ABCDE
EDACB
DAEBC
BCDEA
CEBAD

1276
ABCDE
EDACB
DCEBA
CEBAD
BADEC

1283
ABCDE
EDBAC
BCDEA
CAEBD
DEACB

1290
ABCDE
EDBAC
BEDCA
DCAEB
CAEBD

1297
ABCDE
EDBAC
CEABD
BCDEA
DAECB

1304
ABCDE
EDBAC
DAECB
BCDEA
CEABD

1311
ABCDE
EDBAC
DCEBA
BEACD
CADEB

1318
ABCDE
EDBCA
BCAED
DAEBC
CEDAB

1242
ABCDE
EDABC
DEBCA
CADEB
BCEAD

1249
ABCDE
EDACB
BCEAD
CEDBA
DABEC

1256
ABCDE
EDACB
CABED
DCEBA
BEDAC

1263
ABCDE
EDACB
CEBAD
DAEBC
BCDEA

1270
ABCDE
EDACB
DAEBC
CEBAD
BCDEA

1277
ABCDE
EDACB
DEBAC
BCDEA
CAEBD

1284
ABCDE
EDBAC
BCDEA
CEABD
DAECB

1291
ABCDE
EDBAC
CADEB
BEACD
DCEBA

1298
ABCDE
EDBAC
CEABD
DAECB
BCDEA

1305
ABCDE
EDBAC
DAECB
CEABD
BCDEA

1312
ABCDE
EDBAC
DCEBA
CADEB
BEACD

1319
ABCDE
EDBCA
BCEAD
CADEB
DEABC

1243
ABCDE
EDACB
BADEC
CEBAD
DCEBA

1250
ABCDE
EDACB
BCEAD
DABEC
CEDBA

1257
ABCDE
EDACB
CAEBD
BCDEA
DEBAC

1264
ABCDE
EDACB
CEBAD
DCEBA
BADEC

1271
ABCDE
EDACB
DCBEA
BEDAC
CAEBD

1278
ABCDE
EDACB
DEBAC
CAEBD
BCDEA

1285
ABCDE
EDBAC
BCDEA
DAECB
CEABD

1292
ABCDE
EDBAC
CADEB
DCEBA
BEACD

1299
ABCDE
EDBAC
CEDBA
BAECD
DCAEB

1306
ABCDE
EDBAC
DAECB
CEDBA
BCAED

1313
ABCDE
EDBAC
DEACB
BCDEA
CAEBD

1320
ABCDE
EDBCA
BCEAD
DEABC
CADEB
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1244
ABCDE
EDACB
BADEC
DCEBA
CEBAD

1251
ABCDE
EDACB
BEDAC
CABED
DCEBA

1258
ABCDE
EDACB
CAEBD
BEDAC
DCBEA

1265
ABCDE
EDACB
CEDBA
BCEAD
DABEC

1272
ABCDE
EDACB
DCBEA
CAEBD
BEDAC

1279
ABCDE
EDBAC
BAECD
CEDBA
DCAEB

1286
ABCDE
EDBAC
BCDEA
DEACB
CAEBD

1293
ABCDE
EDBAC
CAEBD
BCDEA
DEACB

1300
ABCDE
EDBAC
CEDBA
BCAED
DAECB

1307
ABCDE
EDBAC
DCAEB
BAECD
CEDBA

1314
ABCDE
EDBAC
DEACB
CAEBD
BCDEA

1321
ABCDE
EDBCA
BEDAC
CAEBD
DCAEB

1245
ABCDE
EDACB
BCDEA
CAEBD
DEBAC

1252
ABCDE
EDACB
BEDAC
CAEBD
DCBEA

1259
ABCDE
EDACB
CAEBD
DCBEA
BEDAC

1266
ABCDE
EDACB
CEDBA
DABEC
BCEAD

1273
ABCDE
EDACB
DCEBA
BADEC
CEBAD

1280
ABCDE
EDBAC
BAECD
DCAEB
CEDBA

1287
ABCDE
EDBAC
BEACD
CADEB
DCEBA

1294
ABCDE
EDBAC
CAEBD
BEDCA
DCAEB

1301
ABCDE
EDBAC
CEDBA
DAECB
BCAED

1308
ABCDE
EDBAC
DCAEB
BEDCA
CAEBD

1315
ABCDE
EDBCA
BADEC
CEABD
DCEAB

1322
ABCDE
EDBCA
BEDAC
DCAEB
CAEBD

1246
ABCDE
EDACB
BCDEA
CEBAD
DAEBC

1253
ABCDE
EDACB
BEDAC
DCBEA
CAEBD

1260
ABCDE
EDACB
CAEBD
DEBAC
BCDEA

1267
ABCDE
EDACB
DABEC
BCEAD
CEDBA

1274
ABCDE
EDACB
DCEBA
BEDAC
CABED

1281
ABCDE
EDBAC
BCAED
CEDBA
DAECB

1288
ABCDE
EDBAC
BEACD
DCEBA
CADEB

1295
ABCDE
EDBAC
CAEBD
DCAEB
BEDCA

1302
ABCDE
EDBAC
CEDBA
DCAEB
BAECD

1309
ABCDE
EDBAC
DCAEB
CAEBD
BEDCA

1316
ABCDE
EDBCA
BADEC
DCEAB
CEABD

1323
ABCDE
EDBCA
CADEB
BCEAD
DEABC



1324
ABCDE
EDBCA
CADEB
DEABC
BCEAD

1331
ABCDE
EDBCA
DAEBC
BCAED
CEDAB

1338
ABCDE
EDBCA
DEABC
CADEB
BCEAD

1325
ABCDE
EDBCA
CAEBD
BEDAC
DCAEB

1332
ABCDE
EDBCA
DAEBC
CEDAB
BCAED

1326
ABCDE
EDBCA
CAEBD
DCAEB
BEDAC

1333
ABCDE
EDBCA
DCAEB
BEDAC
CAEBD

1327
ABCDE
EDBCA
CEABD
BADEC
DCEAB

1334
ABCDE
EDBCA
DCAEB
CAEBD
BEDAC
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1328
ABCDE
EDBCA
CEABD
DCEAB
BADEC

1335
ABCDE
EDBCA
DCEAB
BADEC
CEABD

1329
ABCDE
EDBCA
CEDAB
BCAED
DAEBC

1336
ABCDE
EDBCA
DCEAB
CEABD
BADEC

1330
ABCDE
EDBCA
CEDAB
DAEBC
BCAED

1337
ABCDE
EDBCA
DEABC
BCEAD
CADEB
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