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ABSTRACT

GENERALISATION OF n-CENTRALISER RINGS AND

THEIR GRAPHS

Chan Tai Chong

Let Cent(R) denote the set of all distinct centralisers in a ring R. A ring R is
said to be an n-centraliser ring if |Cent(R)| = n, where n € N. The question
of how the number of distinct centralisers in a ring can influence its structure
and commutativity has recently captured the attention of several researchers.
Therefore, the study of the n-centraliser rings is a prospective research topic in
ring theory. In this dissertation, we first investigate the characterisation for all
n-centraliser finite rings for n € {6,7,8,9,10, 11} and compute their commuting
probabilities. Subsequently, we classify the structures for all finite rings in which

the cardinality of the maximal non-commuting set is 5.

To extend the study of n-centraliser rings, we introduce the notion of

(m, n)-centraliser rings, which is a generalisation of n-centraliser rings. For
any m distinct elements 71,79, - - - , 7, in a ring R, the m-element centraliser of
{r1,r9, -+ ,rm}in R, denoted by Cr({r1,r2, - ,7n}), is defined as Cr({r1, 2,
rm}y) = {s € R| sry = ris,8r9 = 198, , Sy = ISk, where m € N
with m > 2. We denote the set of all distinct m-element centralisers in a ring R by
m — Cent(R), where m € N with m > 2. Aring R is called an (m, n)-centraliser
ring if |m — Cent(R)| = n, where n € N. Throughout this dissertation, we study

the characterisation for some (m, n)-centraliser finite rings for n < 10.

it



To establish an association between a graph and a ring, we introduce the
idea of the non-centraliser graph of rings. The non-centraliser graph of a ring
R, denoted by T g, is a graph where the vertex set is R, and the edge set consists
of {z,y}, where z,y are two distinct elements in R such that Cr(x) # Cg(y).
In this dissertation, we discuss various graph theoretical properties of the non-

centraliser graph of finite rings.

Keywords: Finite ring, n-centraliser ring, (m, n)-centraliser ring, non-centraliser

graph of ring, non-commuting set, commuting probability.
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CHAPTER 1

BACKGROUNDS AND LITERATURE REVIEWS

1.1 Introduction

Let R be a ring. The centraliser of r in R, denoted by Cr(r), is defined as
Cgr(r) = {s € R | sr = rs}. The centre of R, denoted by Z(R), is defined as
Z(R) ={s € R | sr=rsforany r € R}. For any subring S of R, we let R/S
to represent the factor group of (R, +) by (S, +) and let |R : S| to represent the

index of (S, +) in (R, +).

By determining the commutativity of a ring, we can investigate the com-
plexity of its structures. This is because as the commutativity of a ring decreases,
the complexity of its structure increases. The centraliser of a ring and the com-
mutativity of a ring are inextricably linked. If a ring has a smaller number of
distinct centralisers, then its commutativity is higher. Hence, its structure is lower
in complexity compared to other ring structures. For instance, if a ring has only

one centraliser, then it is a commutative ring.

In this dissertation, we primarily focus on topics related to the centraliser
of aring. In the remainder of this chapter, we shall give some background and

literature reviews that are relevant to our study.



1.2  n-Centraliser Rings

Let Cent(R) denote the set of all distinct centralisers in a ring R, and Cent(R) =
{Cgr(r) | r € R}. Aring R is said to be an n-centraliser ring if |Cent(R)| = n,
where n € N. The notion of n-centraliser rings first appeared in Dutta et al.
(2015). By the definition of n-centraliser rings, we note that for any ring R,
R 1s a 1-centraliser ring if and only if R is commutative. Nath et al. (2022)
have proven that there does not exist any 2-centraliser ring and 3-centraliser ring.
Motivated by this result, the following questions naturally arise: "Does there exist
an n-centraliser ring for any positive integer n # 2,3? Can we characterise an
n-centraliser ring?". They have verified the existence of a (p + 2)-centraliser
ring for any prime p. At the same time, they have classified all 4-centraliser and
d-centraliser finite rings. Here, we state the results proven by Nath et al. (2022),

as follows:

[A1] For any non-commutative ring R, |Cent(R)| > 4.

[A2] If Ris aring with R/Z(R) = Z, X Z, for some prime p, then |Cent(R)| =

p+ 2.

[A3] For any finite ring R, R is a 4-centraliser finite ring if and only if R/Z(R) =

ZQ X ZQ.

[A4] For any finite ring R, R is a 5-centraliser finite ring if and only if R/Z(R) =

Zg X Zg.

Dutta et al. (2018a) determined the possible values of |R : Z(R)| for

any 6-centraliser and 7-centraliser finite rings. Also, they found the possible



values of |Cent(R)| when R/Z(R) = Zs X Zy X Zs. Later on, Dutta et al. (2023)
further studied the characterisation of n-centraliser finite rings for n < 7. In the

following, we list the results proven by Dutta et al. (2018a), as follows:

[A5] If R is a 6-centraliser finite ring, then |R : Z(R)| = 8,12 or 16.
[A6] If R is a 7-centraliser finite ring, then |R : Z(R)| = 12, 18, 20, 24 or 25.

[A7] If Ris aring with R/Z(R) = Zgy X Zy X Zs, then |Cent(R)| = 6 or 8.

1.3  Non-Commuting Set of Finite Rings

Dutta et al. (2018a) introduced the definition of non-commuting set of a finite
ring. Let X be a subset of a finite ring R. If ab # ba for any two distinct elements
a,b € X, then X is called non-commuting set of k. Moreover, X is said to be
the maximal non-commuting set of R if its cardinality is the largest one among
all such sets. In the same paper, Dutta et al. (2018a) obtained several results
regarding the relations between the centralisers and non-commuting sets of a finite
ring. Besides that, they completely determined the characterisation for all finite
rings with cardinality of the maximal non-commuting set is ¢, where ¢ € {3, 4}.
In the following, we list the results proven by Dutta et al. (2018a). Among these
results is one that involves the concept of an irredundant cover. The definition of

this concept will be explained in Section 2.2.

Lemma 1.3.1. Let {x1, x9, - - - , 2;} be the maximal non-commuting set of a finite

ring [2. Then the following statements hold.

@ R= U Ca(z:)



(b) N Crlws) = Z(R).

(¢) {Cr(x;)|i=1,2,--- ,t} is an irredundant cover of R.
(d) t = 3.

(e) t+ 1 < |Cent(R)|.

(f) t = 3if and only if |Cent(R)| = 4.

(g) t =4 if and only if |Cent(R)| = 5.

(h) If Cg(r) is commutative for any » € R — Z(R), then for any 1,7y €

R — Z(R), either CR(TI) = CR(TQ) or CR(T’l) N OR<T2) = Z(R)

Proof. See Proposition 2.4, Proposition 2.5 and Theorem 2.8 in Dutta et al.

(2018a). ]

14  (m,n)-Centraliser Rings

In this part, we introduce the notion of (m, n)-centraliser rings, which is a gener-

alisation of n-centraliser rings.

For any m distinct elements 7,75, -- , 7, in a ring R, the m-element
centraliser of {7y, 79, -+ , 7} in R, denoted by Cr({r1, 72, -+ ,7m}), is defined
as Cr({ri,re, - ,rm}) = {s € R | sry = 1r18,8r9 = ros, -+ , 8"y = T'mS}h,



where m € N with m > 2. Note that Cr({ry,re, -+ ,rm}) = ﬁl Cgr(r;). We
denote the set of all distinct m-element centralisers in a ring R by m — Cent(R),
where m € N with m > 2. A ring R is called an (m,n)-centraliser ring if
|m — Cent(R)| = n, where n € N. In the following, we give an elementary result

regarding the (m, n)-centraliser rings.

Proposition 1.4.1. Let m € N with m > 2 and let R be a ring. If R is commuta-

tive, then R is an (m, 1)-centraliser ring, and the converse holds when m = 2.

Proof. If R is commutative, then Cr(r) = R for any r € R. This gives that
61 Cr(r;) = R for any m distinct elements r1,79,--- , 7, € R. Therefore,
m — Cent(R) = {R} and so, |m — Cent(R)| = 1. Consequently, R is an

(m, 1)-centraliser ring.

Next, we suppose to the contrary that R is non-commutative. Then, there
exist two distinct elements 7,7, € R such that ;7o # rory. This gives that
Cr(r1) # Cg(re). Thus, we have Cg(r1) N Cr(0) = Cr(r1) N R = Cr(ry) €
2 — Cent(R) and Cg(r2) NCr(0) = Cr(ry) N R = Cg(r2) € 2 — Cent(R). This

implies that {Cr(r1), Cr(r2)} € 2 — Cent(R) and hence,

2 — Cent(R)| > 2,
which contradicts the fact that |2 — Cent(R)| = 1. So, the given statement is

true. O]

In general, the converse of Proposition 1.4.1 is not necessarily true for

m > 3. For example, R = {[¢5%]|a,b € Z,} is a non-commutative ring and

Cent(R) = {R{[56],[60]},{[66],[661},{[66][6 0]} }- 1t follows that 3 —



Cent(R) = {{[83]}}. So, |3 — Cent(R)| = 1 and consequently, R is a (3,1)-

centraliser ring.

1.5 Commuting Probability of Finite Rings

In order to obtain a systematic way to express the commutativity of a finite
ring, the idea of the commuting probability of a finite ring is first introduced by
MacHale (1976). In this dissertation, we denote the commuting probability of
a finite ring R as Prob(R). Prob(R) is the probability that a randomly selected
two elements (with replacement) from a finite ring R will commute with each

other. That is,

{(r, s) GRXR‘TSZS’/‘H.

Prob(R) = xR (1.1)
By (1.1), we have
2 |Cr(r)l
Prob(R) = TGW (1.2)
and hence
>.  |Cr(r)]
|Z(R)| | rer-z®)
Prob(R) = 1.3
rob(R) 7 R (1.3)

By the definition of Prob(R), we note that for any finite ring R, Prob(R) = 1
if and only if R is commutative. MacHale (1976) has shown that for any finite

non-commutative ring R, Prob(R) < g. Moreover, the equality attains if and



only if R/Z(R) = Zy X Zs. In other words, for any finite ring R, either all of the

elements commute or at most g of the elements commute.

From the above discussion, we observe that there are some interesting
relations between |Cent(R)| and Prob(R). For instance, for any finite ring R,
R is a 1-centraliser finite ring if and only if Prob(R) = 1. Besides that, for any
finite ring R, R is a 4-centraliser finite ring if and only if Prob(R) = g. Other

than that, in view of [A4] and (1.3), we can demonstrate the following result.

Proposition 1.5.1. For any finite ring R, if R is a 5-centraliser finite ring, then

Prob(R) = 4.

Proof. By [A4], we have |R : Z(R)| = 9. Since R is a 5-centraliser finite ring,
then R is non-commutative. Hence, Z(R) C Cg(r) C Rforany r € R — Z(R).
Thus, we have |Z(R)| < |Cg(r)| < |R| = 9|Z(R)| for any r € R — Z(R). For
any r € R — Z(R), since Z(R) is an additive subgroup of Cr(r), and Cg(r)
is an additive subgroup of R , then |Cg(r)| is divisible by |Z(R)|, and |R| is
divisible by |Cr(r)|. Hence, |Cr(r)| = 3|Z(R)| = @ forany r € R — Z(R).

Consequently, by (1.3), it follows that

> |Cr(r)]
Z(R reR—Z(R)
Prob(R) = | |§%|)| RE
R R
ERCEDIC
9 |R|?
11
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1.6  Non-Centraliser Graph of Finite Rings

Recently, the study of ring structures by using the properties of graphs has grown
in popularity. Graph theory is able to offer visual aids that help us to understand
the ring structures more clearly. Moreover, associating a graph to a ring is an
interdisciplinary topic that aims to reveal the relations between ring theory and

graph theory, and is beneficial for these two branches of study.

There are various types of graphs associated with rings that have appeared
in academia. In 2015, Erfanian et al. (2015) introduced the non-commuting graph
of aring. The non-commuting graph of a ring R, denoted by I'g, is a simple graph
that considers R — Z(R) as the vertices of I' and connects two distinct vertices
x and y whenever zy # yx. The authors discussed various graph theoretical
properties of this graph. They affirmed that for any finite non-commutative ring

R, the diameter of ['g is at most 2, the girth of 'y is 3, and I' is Hamiltonian.

Dutta et al. (2018b) generalised the notion of the non-commuting graph of
a ring to the non-commuting graph of subrings .S, K of a ring R, denoted as I'g .,
is a simple graph whose vertex set is (SUK) — ((SQS Ck(s))U (kQK Cs(k))), and
two distinct vertices a, b are adjacent if and only if a € S or b € S and ab # ba.
The authors investigated the diameter, girth and some dominating sets of I'g .
Besides that, they confirmed that there does not exist any finite non-commutative
ring R with subrings S, K and S C K such that I'g x is a star graph or complete

bipartite graph.



In 2021, Nath et al. (2021) introduced another generalisation of the non-
commuting graph of rings, namely the r-non-commuting graph of a ring, where
r € R is a fixed element. The r-non-commuting graph of R, denoted by I'};, is a
simple graph whose vertex set is R and two vertices = and y are adjacent if and
only if zy — yx # r and xy — yx # —r. The authors characterised some finite
non-commutative ring 2 such that I'; is a tree or star graph. Additionally, Nath
et al. (2021) verified that for any finite non-commutative ring R, if » = ab — ba
for some a,b € R, then I'}; is not regular. They also demonstrated that there does

not exist any finite non-commutative ring R such that I'%; is a lollipop graph.

Inspired by the study of the non-commuting graph of rings, we introduce
the idea of the non-centraliser graph of rings in this dissertation. The non-
centraliser graph of a ring R, denoted by Y g, is a graph with the vertex set is R,
and the edge set consists of {x, y}, where x, y are two distinct elements in R such
that Cr(z) # Cr(y). Following the definition of Y g, we note that Y is a simple
graph. By the definition of Y, we can deduce that a ring R is commutative if

and only if Ty is an empty graph.

1.7  Objectives and Problem Statements

This dissertation embarks on the following objectives, namely:
[O1] To investigate how the number of distinct centralisers in a finite ring can

affect its structure and commutativity.

[O2] To obtain more relations between the centralisers and non-commuting sets



of a finite ring.

[O3] To generalise the notion of the n-centraliser ring.

[O4] To use the idea of centraliser to associate a graph to a finite ring.

In order to achieve the objective of this dissertation, there have four problem

statements that need to be solved, as follows:

[P1] Characterise all n-centraliser finite rings for n € {6,7,8,9,10,11} and

compute their commuting probability.

[P2] Determine the structures for all finite rings with cardinality of the maximal

non-commuting set is 5.

[P3] Characterise some of the (m, n)-centraliser finite rings for n < 10.

[P4] Investigate various graph theoretical properties of the non-centraliser graph

of a finite ring.

1.8  Thesis Organization

Here, we give a brief description of the succeeding chapters in this dissertation.
In Chapter 2, we investigate some relations between the centralisers and non-
commuting sets of a finite ring. We also establish some lemmas that are useful
for the construction of our main results. Next, we construct some results to

show the existence of n-centraliser rings for some n € N. We also study the

10



characterisation for all n-centraliser finite rings for n € {6,7,8,9,10,11} and

compute their probabilities.

In Chapter 3, we provide some results for finite rings with |R : Z(R)| =
16. Subsequently, we classify the structures for all finite rings with cardinality of

the maximal non-commuting set is 9.

In Chapter 4, we state some requirements that will be applied in the proof
of our main theorems. We also compute |m — Cent(R)| for some classes of finite
rings. Next, we obtain the characterisation for some (m, n)-centraliser finite rings

for n < 10.

In Chapter 5, we obtain various graph theoretical properties of the non-

centraliser graph of finite rings.

Finally, in the last chapter, we summarize our dissertation and identify

some future works on our topics.

11



CHAPTER 2

n-CENTRALISER FINITE RINGS AND THEIR COMMUTING

PROBABILITIES

2.1 Introduction

In this chapter, we attempt to describe the properties of n-centraliser finite rings.
In Section 2.2, we first determine some relations between the centralisers and
non-commuting sets of a finite ring. We also prove some lemmas which are
important in obtaining our main results. Next, we give some results to show the
existence of n-centraliser rings for some n € N. In Sections 2.3-2.7, we study the
characterisation for all n-centraliser finite rings for n € {6,7,8,9,10,11} and

compute their commuting probabilities.

2.2 Preliminary Results

Following Abdollahi et al. (2007), a cover for a group G is a collection of proper
subgroups whose union is the whole G. Moreover, a cover is called irredundant
if no proper subcollection is also a cover. Let f(n) be the maximum value of
|G - i'il X;|, where {X1, X5, -+, X,,} is an irredundant cover of a group G.
Tomkinson (1987) has showed that f(3) = 4 and f(4) = 9. Furthermore, Bryce

et al. (1997), Abdollahi et al. (2005) and Abdollahi and Jafarian Amiri (2007)

12



have proved that f(5) = 16, f(6) = 36 and f(7) = 81, respectively. We will use

these results in the sequel.

Before we proceed further, we state some useful lemmas regarding the

cover of a group. In this chapter, we will frequently use Lemma 2.2.1.

Lemma 2.2.1. Let H, X1, X5, --- , X; be the proper subgroups of a finite group
G with |G . Xz| = %,where% < V2 < cee < Vt- IfG = HUX1UX2U . 'UXt,
then v, < ¢. Further, if 4 = ¢t,theny; =y =--- =y =tand X; N X;isa

subgroup of H for any two distinct ¢, j € {1,2,--- ,t}.
Proof. See Lemma 3.3 in Tomkinson (1987). ]

Lemma 2.2.2. Let { X3, X5, - -+, X;} be an irredundant cover of a group GG. Then

t t
N X;,= N X,foranyie {1,2,--- ,t}.
=1 j=1

Proof. See Lemma 2.2(b) in Bryce et al. (1997). ]

In the following, we investigate some relations between the centralisers
and non-commuting sets of a finite ring, which are needed in the construction of

the main results.

Lemma 2.2.3. Let {x1,x9, - - - , 2;} be the maximal non-commuting set of a finite
ring R. Let |Cent(R)| < t+3andletr € R—Z(R). Then Cg(r) is commutative

if and only if Cr(r) = Cg(z;) for some i € {1,2,--- ,t}.

Proof. First, we consider the sufficiency part. Suppose to the contrary that C'z ()

is non-commutative for some k € {1,2,--- ,t}. Without loss of generality, we

13



assume that £ = 1. Let {d;,ds,-- ,d,} be the maximal non-commuting set
of Cr(x1). By Lemma 1.3.1(d), we have v > 3. For any ¢ € {1,2,3}, since
there exists some j € {1,2,3} — {i} such that d; ¢ Cg(d;) but d; € R and
d; € Cgr(z1), then Cr(d;) # R and Cg(d;) # Cr(z1). For any i € {1,2,3}
and j € {2,--- ,t}, since 21 € Cg(d;) but x; & Cr(z;), then Cr(d;) # Cr(x;).
This shows that { R, Cr(x1), Cr(xa), - ,Cr(xs), Cr(dy), Cr(ds), Cr(d3)} C
Cent(R). So, we obtain |Cent(R)| > t + 4, which leads to a contradiction.
Conversely, let Cr(r) is commutative, where r € R — Z(R). By Lemma 1.3.1(a),
r € Cg(x;) for some i € {1,2,---,t}. By sufficiency part, Cr(x;) is com-
mutative. It follows that Cr(z;) < Cg(r). Since z; € Cg(r) and Cg(r) is

commutative, then Cr(r) < Cg(z;). Hence, Cr(r) = Cg(z;). O

Lemma 2.2.4. Let ¢ be the cardinality of the maximal non-commuting set of a
finite ring R. Then |Cent(R)| = ¢t + 1 if and only if Cr(r) is commutative for

anyr € R— Z(R).

Proof. Let {xy,x2, - ,z;} be the maximal non-commuting set of R. We first
prove the necessity part. We note that {R, Cr(x1), Cr(xs), - ,Cgr(z;)} C
Cent(R). Since |Cent(R)| =t + 1, then Cent(R) = {R, Cr(z1), Cr(x2),- -,
Cgr(z;)}. Therefore, for any r € R — Z(R), Cg(r) = Cg(z;) for some i €
{1,2,--- ,t}. By Lemma 2.2.3, it follows that C'r(r) is commutative for any r €
R — Z(R). Conversely, let w € R — Z(R), then by Lemma 1.3.1(a), w € Cg(x;)
for some i € {1,2,---,¢}. By the hypothesis, Cr(r) is commutative for any
r € R—Z(R). Since Cg(z;) is commutative, then Cr(x;) < Cr(w). Since z; €
Cr(w) and Cr(w) is commutative, then Cr(w) < Cg(z;). Therefore, Cr(w) =

Cr(z;). Hence, we obtain Cent(R) = {R,Cgr(x1),Cr(xs),---,Cgr(z¢)} and

14



so, |[Cent(R)| =t + 1. O

As a direct consequence of Lemma 2.2.4 and Lemma 1.3.1(h), we have

the following result.

Corollary 2.2.5. Let ¢ be the cardinality of the maximal non-commuting set of
a finite ring R. If |Cent(R)| = ¢ + 1, then for any ry,7y € R — Z(R), either

CR(Tl) = CR(TQ) or CR(T‘1> N CR(TQ) = Z(R)

Lemma 2.2.6. Let {1, 9, - ,2;} be the maximal non-commuting set of a
finite ring R. If |Cent(R)| = t + 2 and Cg(r) is non-commutative for some

r € R— Z(R), then Cgr(r) contains three distinct Cr(x;)’s.

Proof. In view of Lemma 2.2.3, we have Cr(x;) is commutative for any i €
{1,2,--- ,t}. Since Cg(r) is non-commutative, then Cr(r) # Cg(x;) for any
i€ {1,2,---,t}. Thus, {R,Cg(r),Cg(z1),Cr(x2), - ,Cgr(z:)} C Cent(R).
Since |Cent(R)| = t + 2, then Cent(R) = {R,Cg(r),Cr(z1),Cr(xs), -,
Cr(z¢)}. Let {dy,ds, - - - ,d,} be the maximal non-commuting set of C'z(r). By
Lemma 1.3.1(d), we have u > 3. Forany i € {1, 2,3}, since there exists some j €
{1,2,3} — {i} such that d; € Cg(d;) butd; € Rand d; € Cg(r), then Cr(d;) #
R and Cg(d;) # Cr(r). It follows that {Cg(d; ), Cr(ds), Cr(d3)} C Cent(R)—
{R,Cgr(r)} = {Cr(x1),Cgr(x2), - ,Cgr(x;)}. This gives that Cr(d;) = Cg(
xy,), Cr(d2) = Cr(zy,) and Cg(ds) = Cg(axy,) for three distinct Iy, 1o, l3 €
{1,2,--- ,t}. Forany i € {1,2,3}, since r € Cg(d;) = Cr(x;,) and Cg(z,) is
commutative, then Cr(x;,) < Cg(r). Consequently, C'r(r) contains three distinct

CR(Z'i)’S. ]

15



To obtain the following lemma, we can use similar arguments as in the

proof of Lemma 2.2.6.
Lemma 2.2.7. Let {1, x9, -+ ,x;} be the maximal non-commuting set of a
finite ring R. If |Cent(R)| = t + 3 and Cg(r) is non-commutative for some

r € R— Z(R), then Cg(r) contains two distinct Cg(z;)’s.

Proof. In view of Lemma 2.2.3, we have Cg(z;) is commutative for any i €
{1,2,---,t}. Since Cg(r) is non-commutative, then Cg(r) # Cg(z;) for any
i€ {1,2,---,t}. Thus, {R,Cg(r),Cr(z1),Cr(z2), - ,Cr(x)} C Cent(R).
Since |Cent(R)| = t + 3, then Cent(R) = {R,Cg(r),Cgr(z1),Cr(x2),- -,
Cgr(z;),Cr(a)} for some a € R — Z(R). Let {dy,ds,--- ,d,} be the maxi-
mal non-commuting set of Cz(r). By Lemma 1.3.1(d), we have u > 3. For any
i € {1, 2, 3}, since there exists some j € {1,2,3}—{i} suchthatd; & Cr(d;) but
d; € Rand d; € Cg(r), then Cg(d;) # R and Cg(d;) # Cg(r). It follows that
{Cr(d1), Cr(dz), Cr(ds)} € Cent(R) — {R, Cr(r)} = {Cr(z1), Cr(x2),- -,
Cr(zt), Cr(a)}. This implies that {Cr(dk, ), Cr(dk,)} C {Cr(x1), Cr(x2),- -,
Cr(z:)} for two distinct ky, ko € {1,2,3}. This gives that Cr(dy,) = Cr(zy,)
and Cr(dy,) = Cgr(xy,) for two distinct Iy, [y € {1,2,--- ,t}. Forany i € {1,2},
since r € Cr(dy,) = Cr(xy,) and Cg(x;,) is commutative, then Cr(x;,) < Cr(r).

Consequently, C'r(r) contains two distinct Cr(x;)’s. O

Lemma 2.2.8. Let {x1,xs, - - , 2;} be the maximal non-commuting set of a finite
ring R. Let |Cent(R)| = t + 4. Let Cr(ay), Cr(as), Cr(as) be three distinct
proper centralisers of R that are different from Cg(z;) forany i € {1,2,---  t}.

Then the following statements hold.
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(a) If Cr(x;) is non-commutative for some i € {1,2,--- ¢}, then ay, as, a3 €

Cgr(z;) and a1, as, ag do not commute with each other.

(b) At most one Cg(z;)’s is non-commutative.

(c) Let D € {Cg(x;) | i = 1,2,---,t} with D is non-commutative, let ) €
{Cgr(a1),Cg(az), Cr(as)} with @ is non-commutative and let {q;, g, - - - ,
¢} be the maximal non-commuting set of (). Then 3 < v < ¢t — 2 and
{Crq) |i=1,2--- v} C{Cg(x;) | i=1,2,--- ,t}. Moreover, if t = 5,

then D € {Cr(q1), Cr(q2), Cr(gs)}-

Proof. (a)Let{d;,ds, - ,d,} be the maximal non-commuting set of Cg(z;). By
Lemma 1.3.1(d), we have u > 3. For any j € {1, 2, 3}, since there exists some
k e {1,2,3} — {j} such that d;, & Cgr(d;) but d, € R and d; € Cg(x;),
then Cr(d;) # R and Cg(d;) # Cg(z;). Forany j € {1,2,3} and k €
{1,2,--- ,t} — {i}, since z; € Cr(d;) but x; & Cr(zy), then Cr(d;) # Cr(xy).
Therefore, we have {Cr(d1), Cr(dz), Cr(d3)} C Cent(R)—{R, Cg(z1), Cr(z2)
o, Cr(xy)} = {Cgr(a1),Cr(az), Cr(as)}, which gives that {Cr(d; ), Cr(ds),
Cr(ds)} = {Cgr(a1),Cr(az2),Cr(as)}. Without loss of generality, we assume
that Cr(d;) = Cgr(a;) for any j € {1,2,3}. Since x; € Cr(d;) = Cgr(a;)
for any ;7 € {1,2,3}, then we obtain aj,as,a3 € Cr(x;). Next, we sup-
pose that aja, = apa; for two distinct j, & € {1,2,3}. Hence, we have
aj € Cgr(ar) = Cgr(dy) and thus, d, € Cg(a;) = Cg(d;), which is a con-

tradiction. Consequently, ay, as, az do not commute with each other.

(b) Suppose that there have at least two C'r(z;)’s are non-commutative.
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Without any loss, we assume that Cr(z1), Cr(z2) are non-commutative. By
Lemma 2.2.8(a), we have ay, az, ag € Cg(z;) forany ¢ € {1,2} and a4, as, az do
not commute with each other. Now, we consider for Cr(a; + x1). Since ay &
Cgr(a; + z1) but ay € R and ay € Cg(z1), then Cr(a; + x1) # R and Cg(a; +
x1) # Cg(z1). Since 1 € Cg(a; + x1) but x; & Cr(x;) forany i € {2,--- | t},
then Cr(a; + x1) # Cg(x;) for any ¢ € {2,--- ,t}. Since xo & Cgr(a; + 1)
but z, € Cg(a;) for any i € {1,2,3}, then Cg(a; + x1) # Cg(a;) for any
i € {1,2,3}. This gives that { R, Cg(z1), Cr(x2),- -+ ,Cr(x;), Cr(a1), Cr(az),
Cr(as),Cr(a; + 1)} C Cent(R). Consequently, we obtain |Cent(R)| >t + 5,

which leads to a contradiction.

(c) Without loss of generality, we assume that () = Cg(ay). For any
i € {1,2,---,v}, since there exists some j € {1,2,--- v} — {i} such that
¢; ¢ Cr(q;) but ¢; € R and ¢; € Cr(ay), then Cr(q;) # R and Cgr(q;) #
Cr(ay). By Lemma 2.2.8(a), ai, as, a3 do not commute with each other. For any
i€ {1,2,--- v}, since a; € Cgr(q;) but a; & Cgr(az) and a; € Cg(as), then
Cr(q;) # Cgr(az) and Cg(q;) # Cgr(as). Consequently, we obtain {Cg(g;) |
i=1,2,--- v} C Cent(R) — {R,Cr(a1),Cr(az),Cr(az)} = {Cgr(z;) | i =
1,2,--- ,t}. By Lemma 1.3.1(d), we have v > 3. Now, we claim that v < t — 2.
Suppose to the contrary that v > ¢ — 1, then a; € :i Cr(q:) = iﬁ#j Cr(z;) for
some j € {1,2,---,t}. Hence, by Lemma 1.3.1(b), (c) and Lemma 2.2.2, we
obtain a; € Z(R); a contradiction. Thus, we have v < t—2, as claimed. It follows
that 3< v <t—2and {Cr(q) |i=1,2,--- o} C{Cgr(x;) |1 =1,2,--- t}.

Next, we consider ¢ = 5. Thus, we have v = 3 and {Cr(q1), Cr(q2), Cr(gs3)} C
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{CR(ZL‘Z) | 1= 1,2, s ,5} Assume that D ¢ {C’R(ql),C'R(qg),CR(%)}. By
Lemma 2.2.8(a), a; € D. Hence, a; € D N Cgr(q1) N Cr(g2) N Cr(gs). This
5
implies that a; € 107& Cr(z;) forsome j € {1,2,---,5}. Therefore, it follows
1=1,i#£7

from Lemma 1.3.1(b), (c) and Lemma 2.2.2 that a; € Z(R), which is impossible.

]

The following two results can be proved in a manner similar to that used

to prove Lemma 2.2.8.

Lemma 2.2.9. Let {21, s, - ,2;} be the maximal non-commuting set of a
finite ring R. Let |Cent(R)| = t + 5. Let Cg(a1), Cr(az), Cr(as), Cr(as) be
four distinct proper centralisers of R that are different from Cg(z;) for any

i€ {1,2,--- ,t}. Then the following statements hold.

(a) If Cr(x;) is non-commutative for some ¢ € {1,2,--- ¢}, then there exist
three distinct [y, 15,03 € {1,2,3,4} such that a;,,a;,,a;, € Cg(z;) and

ai, , ai,, a;; do not commute with each other.

(b) At most one Cg(z;)’s is non-commutative.

Proof. (a)Let{d;,ds,--- ,d,} be the maximal non-commuting set of Cr(z;). By
Lemma 1.3.1(d), we have u > 3. For any j € {1, 2, 3}, since there exists some
k € {1,2,3} — {j} such that d, ¢ Cg(d;) but d;, € R and d, € Cg(x;),
then Cr(d;) # R and Cg(d;) # Cg(z;). Forany j € {1,2,3} and k €
{1,2,--- ,t} — {i}, since z; € Cr(d;) but z; & Cr(zy), then Cr(d;) # Cr(xy).
Therefore, we have {Cr(d; ), Cr(dy), Cr(ds)} € Cent(R)—{R, Cr(x1), Cr(z2),

-+, Cr(zy)} = {Cgr(a1),Cgr(az),Cr(as),Cr(as)}. This gives that Cr(d;) =
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Cr(ay,),Cr(dy) = Cr(ay,) and Cg(ds) = Cg(a;,) for three distinct [y, s, I3 €
{1,2,3,4}. Since x; € Cg(d;) = Cg(ay) for any j € {1,2,3}, then we
obtain a;,, a;,,a;, € Cgr(7;). Next, we suppose that a;,a;, = a;a;; for two
distinct j, k& € {1,2,3}. Hence, we have a;, € Cg(a;,) = Cg(dy) and thus,
di, € Cr(a;;) = Cr(d;), which is a contradiction. Consequently, a;, , a,, a;, do

not commute with each other.

(b) Suppose that there have at least two C'r(x;)’s are non-commutative.
Without any loss, we assume that Cr(z1), Cr(x2) are non-commutative. By
Lemma 2.2.9(a), there exist three distinct [1, ls, I3 € {1,2,3,4} such that a,, ay,,
a;, € Cr(xy) and a;,, ar,, a;, do not commute with each other. Also, by Lemma
2.2.9(a), there exist three distinct k1, ko, k3 € {1,2,3,4} such that ay, , ax,, ax, €
Cgr(xs). Since |{l1,12,1l3} N {k1, ko, k3}| > 2, then without any loss, we have
ki =1y and ko = l5. Now, we consider for Cr(a;, + 1) and Cr(a;, + x1). Since
a,, ¢ Cgr(a;, + x1) but a;, € R and a;, € Cg(zy), then Cr(a;, + z1) # R
and Cg(a;, + z1) # Cg(z1). Since a;, ¢ Cg(a;, + z1) but @, € R and
a;, € Cg(z1), then Cg(a;, + 1) # R and Cg(ay, + x1) # Cgr(z1). For any
i € {1,2} and j € {2,--- ,t}, since 21 € Cr(a;, + x1) but 1 ¢ Cgr(z;),
then Cr(a;, + ©1) # Cgr(z;). For any i € {1,2}, since zo ¢ Cgrla;, +
x1) but x5 € Cg(ay,) and 25 € Cg(ay,), then Cg(a;, + z1) # Cgr(a;,) and
Cr(a; + 1) # Cgr(a,). For any i € {1,2}, since a;;, ¢ Cr(a;, + x1) but
a, € Cg(ay), then Cr(a;, + 1) # Cg(ay,). Since a;, € Cgrla;, + x1)
but a;, ¢ Cgr(a,, + x1), then Cg(a;, + 1) # Cr(a,, + x1). This yields

that { R, Cr(z1), Cr(x2),- -, Cr(z:), Cr(ay,), Cr(a,), Cr(ay), Crlay, + x1),
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Cr(a;, + 1)} C Cent(R). Consequently, we obtain |Cent(R)| > t + 6, which

leads to a contradiction. O]

Lemma 2.2.10. Let {2, z9,-- ,x;} be the maximal non-commuting set of a
finite ring R. Let |Cent(R)| = ¢t + 6. Let Cg(a1),Cgr(az), - ,Cgr(as) be
five distinct proper centralisers of R that are different from Cg(x;) for any i €

{1,2,--- ,t}. Then the following statements hold.

(a) If Cg(z;) is non-commutative for some ¢ € {1,2,--- ,¢}, then there exist
three distinct Iy, 05, l3 € {1,2,--- 5} such that a;,, a;,,a;, € Cr(x;) and

ai, , ai,, a;; do not commute with each other.

(b) At most one Cg(z;)’s is non-commutative.

Proof. (a)Let{dy,ds,--- ,d,} be the maximal non-commuting set of Cz(z;). By
Lemma 1.3.1(d), we have u > 3. For any j € {1, 2, 3}, since there exists some
k e {1,2,3} — {j} such that d;, & Cgr(d;) but d, € R and d, € Cg(x;),
then Cr(d;) # R and Cg(d;) # Cg(z;). For any j € {1,2,3} and k €
{1,2,--- ,t} — {i}, since z; € Cr(d;) but x; & Cr(xy), then Cr(d;) # Cr(xy).
Therefore, we have {Cr(d;), Cr(dz), Cr(d3)} C Cent(R)—{R, Cr(x1), Cr(z2),

-, Cr(zy)} = {Cgr(a1),Cr(az), - ,Cr(as)}. This gives that Cr(d;) =
Cr(ar,),Cr(d2) = Cgr(ay,) and Cr(d3) = Cg(ay,) for three distinct [1, I, [3 €
{1,2,---,5}. Since z; € Cr(d;) = Cgr(ay;) for any j € {1,2,3}, then we
obtain a;,, a;,,a;; € Cgr(7;). Next, we suppose that a;,a;, = a,a;; for two
distinct j, k& € {1,2,3}. Hence, we have a;, € Cg(a;,) = Cg(dy) and thus,
dy, € Cr(a;;) = Cr(d;), which is a contradiction. Consequently, a;, , a,, a;, do

not commute with each other.
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(b) Suppose that there have at least two C'r(x;)’s are non-commutative.
Without any loss, we assume that Cr(z1), Cg(z2) are non-commutative. By
Lemma 2.2.10(a), there exist three distinct [y, 1,03 € {1,2,---,5} such that
a,, a,, a;, € Cr(xy) and aq,, ay,, a;, do not commute with each other. Also, by
Lemma 2.2.10(a), there exist three distinct ky, ko, k3 € {1,2,---5} such that
Ay Qkyy Ay € Cr(22). Since [{l1, 12,13} N {k1, ko, k3}| = 1, then without any
loss, we have k; = [;. Now, we consider for Cg(a;, + 1), Cr(a;, + 1) and
Cr(ai, + x1). For any i € {1,2, 3}, since there exists some j € {1,2,3} — {i}
such that a;; & Cr(a;,+x1) buta;; € Rand a;; € Cg(x1), then Cr(ay, +x1) # R
and Cg(a;, + z1) # Cg(z1). Forany ¢ € {1,2,3} and j € {2,--- ,t}, since
1 € Cgr(a;, + 1) but 21 ¢ Cg(z;), then Cr(a;, + z1) # Cgr(x;). Since
x9 & Crlay + x1) but 25 € Cr(ay,), then Cg(a;, + 1) # Cgr(ay,). For any
two distinct 4, j € {1,2,3}, since a;; € Cr(a;, + 1) but a;; € Cr(ay,), then
Cr(ay, + 1) # Cr(ay,). Here, we distinguish our proof into the following three

cases.

Case 1: |{lo,l3} N {ka, k3}| = 0. Since x5 ¢ Cr(a;, + 1) but z5 €
Cr(ag,) and x5 € Cr(ax,), then Cg(a;, + x1) # Cr(ax,) and Cr(a;, + 1) #
Cgr(ag,). This gives that {R, Cgr(x1), Cg(z2), -+ ,Cr(x;),Cr(ay,), Cr(ay,),
Cr(a,), Cr(ag,), Crlak,), Cr(a,+z1)} € Cent(R). So, we obtain |Cent(R)| >

t + 7, which is a contradiction.

Case 2: |{l2,l3} N {ka, k3}| = 1. Thus, without any loss, we have ky = [o.

Since 25 € Cgr(ay, + 1) but 25 € Cg(ay,), then Cr(a;, + 1) # Cr(ay,). For
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any i € {1,2}, since xo & Cgr(a;, + z1) but 25 € Cg(a,), then Cr(a;, + 1) #
Cr(ak,). Since a;, & Cr(a;, + x1) but a;, € Cr(ay, + 1), then Cr(a;, + 1) #
Cr(ay,+x1). This gives that { R, Cr(x1), Cr(x2), -+ ,Cr(x¢), Cr(ay), Cr(ay,),
Cr(ay,), Cr(ag,), Cr(a;, + x1),Cr(a, + 1)} € Cent(R). So, we obtain

|Cent(R)| > t + 7, which is a contradiction.

Case 3: [{l2, I3} N {kq, k3}| = 2. Thus, without any loss, we have ky =[5
and k3 = l3. For any i € {2,3}, since xo € Cgr(a;, + x1) but 25 € Cr(ay,),
then Cr(a;, + 71) # Cr(ay,). For any two distinct 4, j € {1,2,3}, since a;; ¢
Cr(ay,+x1) buta;; € Cr(ay,+x1), then Cr(ay, +1) # Cr(ay; +x1). This gives
that { R, Cr(x1), Cr(z2), -+ ,Cgr(x), Cr(ay,), Crlay,), Crlay), Cr(a, + 1),
Cr(ai, + x1),Cr(aj; + 1)} C Cent(R). So, we obtain |Cent(R)| > t + 7,

which is a contradiction. O]

Next, we establish some lemmas that are useful for subsequent results.

Lemma 2.2.11. Let R be a finite ring and let 1,75 € R — Z(R). Then |R :
Z(R)| < |R: Cr(r)||R : Cr(ra)||Cr(r1) N Cr(r2) : Z(R)|. In particular, if

CR<T1) N CR(TQ) = Z(R), then |R . Z(R)| < |R . CR(rl)HR . CR<T2)|.

Proof. Since Cg(r1) + Cgr(re) € R, then |Cg(r1) + Cr(r2)| < |R|. Hence,
we have % < |R|. So, we obtain |R : Z(R)| < |R : Cr(m)||R :

Cgr(r2)||Cr(r1) N Cr(re) : Z(R)|. Furthermore, if Cr(r;) N Cr(rs) = Z(R),

then we obtain |R : Z(R)| < |R: Cr(r1)||R : Cg(r2)| directly. O

Lemma 2.2.12. Let R be a finite ring and let 11,75 € R — Z(R) with ryry #
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rory. If Cr(ry) is commutative with |R : Cr(r1)| = p for some prime p, then

Cr(r1) N Cr(rs) = Z(R) and |R : Z(R)| < p|R : Ca(rs)).

Proof. Leta € Cg(r1) N Cg(ry). Since a € Cg(ry) and Cr(ry) is commutative,
then C'r(r1) < Cg(a). Since o & Cg(r1) butre € Cr(a), then Cr(r1) < Cg(a).
This gives that |Cr(r1)| < |Cg(a)|. Since |Cr(r1)| | |Cr(a)], then we conclude
that |Cr(a)| = |R|. This implies that Cr(a) = R. This yields that a € Z(R),
which follows that Cr(71) NCg(r2) < Z(R). On the other hand, it is obvious that
Z(R) < Cg(r1) N Cg(r2). Consequently, we obtain Cg(r1) N Cr(rs) = Z(R).

Furthermore, by Lemma 2.2.11, we have |R : Z(R)| < p|R : Cr(r2)|. O

The following result follows immediately from Lemma 2.2.3 and Lemma

2.2.12.

Corollary 2.2.13. Let {x1,x2, - ,2;} be the maximal non-commuting set of
a finite ring R. If |Cent(R)| < ¢+ 3 and |R : Cg(z;)| = p for some i €
{1,2,--- ,t} and prime p, then Cg(z;) N Cr(z;) = Z(R) and |R : Z(R)| <

p|R : Cg(z;)| forany j € {1,2,--- ,t} — {i}.

Lemma 2.2.14. Let {2, zs, - ,x;} be the maximal non-commuting set of a
finite ring R. Let |Cent(R)| < t + 3 and |R : Cg(x;)| = 7, where 73 <
72 < oo < . If 99 = 2, then |Cent(R)| = 4. Furthermore, if 72 = 3, then

|Cent(R)| = 5.

Proof. If R/Z(R) is cyclic, then R is commutative; a contradiction. So, we have
R/Z(R) is not cyclic. Suppose that 75 = 2. In view of Corollary 2.2.13, we

have |[R : Z(R)| < 2(2) = 4. Since 2 | [R : Z(R)

,then |R : Z(R)| = 2 or 4.
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If |R: Z(R)| = 2, then R/Z(R) = Z,, which is impossible because R/Z(R)
is not cyclic. Thus, |R : Z(R)| = 4. This gives that R/Z(R) = Zy x Zy as
R/Z(R) is not cyclic. By [A2], we obtain |Cent(R)| = 4. Next, we assume
that v, = 3. Tt follows from Corollary 2.2.13 that |R : Z(R)| < 3(3) = 9.

,then |R : Z(R)| = 3,6 or 9. If |R : Z(R)| = 3 or 6,

Since 72 | |R : Z(R)
then R/Z(R) = Z3 or Zg, which contradicts the fact that R/Z(R) is not cyclic.
Therefore, |R : Z(R)| = 9. This implies that R/Z(R) = Z3 X Z3 as R/Z(R) is

not cyclic. So, we have |Cent(R)| = 5 by [A2]. O

Lemma 2.2.15. Let R be a finite ring. Let r € R — Z(R) with |Cg(r) : Z(R)| =
m. Let M be the set of all non-trivial positive divisors of m. If m is square-free,
or m is not square-free with %* is square-free for any ¢t € M, then Cg(r) is

commutative.

Proof. If m is square-free, then Cg(r)/Z(R) = Z,. Thus, Cr(r)/Z(R) is
cyclic and hence, C'r(r) is commutative. Next, we consider for m is not square-
free. Suppose to the contrary that Cr(r) is non-commutative, then Cr(r) sat-
isfies Z(R) < Z(Cg(r)) < Cg(r). So, we have |Cg(r) : Z(Cg(r))| = % for
some ¢ € M. From the given assumption, % is square-free. This implies that
Cr(r)/Z(Cr(r)) = Zm= and so, Cg(r)/Z(Cr(r)) is cyclic. This yields that

Cr(r) is commutative; a contradiction. O

Lemma 2.2.16. If R is a finite ring with | R : Z(R)| = p®q for some primes p, g,

then C'r(r) is commutative for any r € R — Z(R).

Proof. Since |R : Z(R)| = p?q, then forany r € R — Z(R), |Cr(r) : Z(R)| =
p, q, p* or pq. Therefore, by Lemma 2.2.15, it follows that Cr(r) is commutative

forany r € R — Z(R). N
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Lemma 2.2.17. If R is a finite ring, then |R : Z(R)| # p?q for any two distinct

primes p, q.

Proof. Clearly, the result holds when R is commutative. Now, we consider for
R is non-commutative. Suppose to the contrary that |R : Z(R)| = p?*q for two
distinct primes p, q. Let {x1, zo, - - - , 2;} be the maximal non-commuting set of
R. Without loss of generality, we assume that |R : Cg(z;)| = ~;, where 1 <
72 < -+ < 7. By Lemma 2.2.16 and Lemma 2.2.4, we have |Cent(R)| = ¢ + 1.
Since R/Z(R) is not cyclic, then R/Z(R) == Z, X Z,,. Here, we let | A;| and | A,|
be the total number of elements with order pq in Z,, and R/Z(R), respectively.

It is obvious that |A;| < |As|.

If v, = p* or pq, then ; # pforany i € {2,--- ,t}. If vy = porg,
then by Corollary 2.2.13, we have 7; # p for any i € {2,--- ,t}. Therefore,
|Cr(x;) : Z(R)| # pq forany i € {2,--- ,t}. From Lemma 1.3.1(a), R/Z(R) =
iél[CR(a:i) /Z(R)]. This implies that R/Z(R) has at most |A;| elements of order
pq. This gives that |As| < |A;]; a contradiction. So, we can conclude that

|R: Z(R)| # p*q for any two distinct primes p, q. H

In the following, we give some results regarding the existence of n-

centraliser rings for some n € N.

Proposition 2.2.18. There exists a (p* + 2)-centraliser ring for any prime p and

k € N.

Proof. Let p be a prime and let n € N with n > 2. Let M(ay, a9, ,ay)
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ai as -+ an
be defined by M(aq,as, - ,a,) = [0 0 o 0} for any a1, aq, - ,a, € Z,,
00 - 0

where M(ay,as,- - ,a,) is a square matrix of order n. Consider the ring R =
{M(ay,as, - ,a,) | a1,a2, - ,a, € Zy}. Let M(aq, aq,--- ,a,) € R and let

M(by, by, -+ ,b,) € Cr(M(aq,az,- - ,a,)). Therefore, we have a;b; = bya; for

any i € {2,--- ,n}. Here, we consider the following three cases.

Casel: a3 = ag = -+ = a, = 0. Itisclearthat Cr(M (a1, as, -+ ,a,)) =
R.

Case 2: a; = 0 and a,, # 0 for some u € {2,--- ,n}. Therefore, we

have by = 0 and by, --- ,b, € Z,. So, we obtain Cr(M(a,as, - ,a,)) =

{M(0762a"' 7bn) ’ b27"' 7bn eZp}~

Case 3: a; # 0. Hence, we have b; = aflaibl foranyi € {2,--- ,n} and
by € Z,. Letl; = ayta;foranyi € {2,---  n}. So, we obtain Cr(M (a1, as, - - - ,

an)) = {M<b17l2bla e 7lnbl) | bl - Zp}.

By combining all the cases, we obtain [Cent(R)| = 1+ 1+ p"! =

p"~1 + 2. Consequently, by letting k = n — 1, we obtain the desired result. [

Proposition 2.2.19. There exists a (p* + p + 2)-centraliser ring for any prime p.

Proof. Let p be a prime. Let M (ay, as, az) be defined by M (a1, az, a3) = [a; G |
for any ay, as, ag € Z,. Consider the ring R = {M (a1, as, as) | a1, as, a3 € Zy},
where the multiplication operation of R is defined as M (a1, as, az) M (b1, by, bs) =

M(a1b1 -+ azbg, albg, a3b1) fOI' any M(al, as, ag), M(bl, bQ, bg) - R Let M(al,
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as,as) € R and let M (b1, by, b3) € Cr(M(ay,as,as3)). Therefore, we have
a1bs = bias, a1b3 = bias and asbs = beasz. Here, we consider the following four

cases.

Case 1: a; = ay = a3z = 0. It is clear that Cr(M (aq, as,a3)) = R.

Case 2: a; = 0 and as # 0. Hence, we have by = 0, b3 = a2_1a3b2 and
b2 € Zp. Let! = az_lag. ThUS, we obtain CR(M<CZ1, as, &3)) = {M(O, bg, lbg) ‘

by € Zp}

Case 3: a; = ay = 0 and a3 # 0. So, we have b; = by = 0 and b3 € Z,,.

Therefore, we obtain Cr(M (ay, as, as)) = {M(0,0,b3) | by € Z,}.

Case 4: a; # 0. Hence, we have b, = aj'asb, bs = a]'asb, and
by € Z,. Letly = aj'ay and I3 = a; 'az. Thus, we obtain Cr(M (ay, az,az)) =

{M(by,l2b1,l3by) | by € Zy}.

By combining all the cases, we obtain [Cent(R)| = 1 +p + 1+ p? =

p?+p+2 O

Proposition 2.2.20. There exists a (p* + p + 3)-centraliser ring for any prime p

and &k € N with & > 3.

Proof. Let p be a prime and let n € N with n > 4. Let M (ay, as, ag, aq, - , ayp)
a; az - 0
ag 0 -« 0

be defined by M (ay,as,as,aq, -+ ,a,) = [af; 0 - Q] for any aq, as, as, ay,
Y

-,a, € Z,, where M(ay,as,a3,a4--- ,a,) is a square matrix of order n.
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Consider the ring R = {M(ay, az,a3,a4--- ,ay) | a1,a2,a3,a4--- ,a, € Zy,},
where the multiplication operation of R is defined as M (ay, as,az,aq- - ,ay)
M (by,bg,b3,bs -+ ,b,) = M(a1by + agbs, aibs, agby, asdy,- - ,a,by) for any
M (ay,a9,a3,a4 -+ ,an), M(by,b2,b3,bs--+ ,b,) € R. Let M (ay,as, a3, aq, -
,a,) € Randlet M (by, by, b, by, ,b,) € Cr(M(ay,as,as,a4- - ,ay)). There-
fore, we have asbs = byaz and a1b; = bya; forany ¢ € {2,3,4,--- ,n}. Here, we

consider the following five cases.

Case 1: a1 = a9 = a3 = a4 = --- = a, = 0. Itis clear that

Cr(M(a1, a2, a3, a4, -+ ,a,)) = R.

Case 2: a; = 0, ap # 0. Thus, we have b; = 0, by = a;lagbg and
bo, by, -+ by € Zy. Letl = a; 'as. So, we obtain Cr(M (a1, ag, as, as, - - - ,ay))

= {M(07b27lb27b47”' 7bn) | b27b4"‘ an € Zp}

Case 3: a3 = as = 0 and a3 # 0. Hence, we have by = by = 0
and b3, by, - - - , b, € Z,. Therefore, we obtain Cr(M (ay, as, as,ays, -+ ,a,)) =
{M(O,O,bg,b4,"' abn) ‘ b2ab4"' >bn Ez’p}-

Case 4: a; = asaz = 0 and a,, # 0 for some u € {4,--- ,n}. Hence, we
have by = 0 and by, b3, by, - - - , b, € Zy,. So, we obtain Cr(M (a1, as, ag, aq, - - - ,

a”n)) = {M(O7b27637b47 e 7bn) | b27b3ab4 Tt 7bn S Z’p}

Case 5: a; # 0. So, we have b; = aflaibl forany i € {2,3,--- ,n}
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and by € Z,. Letl; = ay'a; forany i € {2,3,4,--- ,n}. Hence, we obtain

CR(M(a17a27a37a47 e 7an>> = {M(b17l2b17l3blal4b17 o 7lnb1) | bl € Zp}

By combining all the cases, we obtain |[Cent(R)| = 1+p+1+1+p" ! =

p" 14 p+3. Consequently, by letting k& = n — 1, we obtain the desired result. [

Proposition 2.2.21. If R is a finite non-commutative ring with |R : Z(R)| = p?,

then |Cent(R)| = p* + p + 2 or p* + 2.

Proof. Let k = |Cent(R)| — 1. Let Cg(r1),Cg(r2), - ,Cr(ry) be k distinct
proper centralisers of R, where rq,79,--+ ,r, € R — Z(R). By Lemma 2.2.16,
Cr(r) is commutative for any » € R — Z(R). Therefore, by Lemma 1.3.1(h), we

have Cr(r;) N Cr(r;) = Z(R) forany i € {1,2,--- , k}. From Lemma 1.3.1(a),

o

R = Y Cgr(r;). By using the principle of inclusion-exclusion, we get |R| =

1=

3 1Ca(r)| + (1 = BIZ(0)| and so. 1Z(0)| = 3 [Calr)| + (1 = BIZ(R)

=1

~.

We consider two cases in this proof.

Case 1: |R : Cg(r;)| = p? forany i € {1,2,--- ,k}. Then, we have
3 _ . . - 3_1 )
p’|Z(R)| = k(p|Z(R))+ (1 —k)|Z(R)|, which yields that k = E= = p*+p+1.

1

Consequently, we obtain |Cent(R)| = p* + p + 2.

Case 2: |R: Cg(r;)| = pforsome: € {1,2,---  k}. By Lemma 2.2.11,
it follows that |R : Cr(r;)| = p* forany j € {1,2,--- ,k} — {i}. Then, we have

PlZ(R)| = p|Z(R)| + (k — D)(p|Z(R)) + (1 — k)| Z(R)|, which yields that

k= pz:]f + 1 = p? + 1. Consequently, we obtain |Cent(R)| = p* + 2. O
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The following proposition is a particular case of [A2] and Proposition

2.2.21.

Proposition 2.2.22. If R is a non-commutative ring with order p3, then |Cent(R)| =

p+2,p>+p+2o0rp? +2.

Proof. Since Z(R) < R, then |Z(R)| = 1,p or p>. If R/Z(R) is cyclic, then
R is commutative, which is a contradiction. So, we have R/Z(R) is not cyclic.
If |Z(R)| = p? then |R : Z(R)| = p, which follows that R/Z(R) = Z,. This
shows that R/Z(R) is cyclic, which is a contradiction. If |Z(R)| = p, then
|R : Z(R)| = p? which implies that R/Z(R) = Z, X Z, as R/Z(R) is not
cyclic. Therefore, we obtain |Cent(R)| = p + 2 by [A2]. If |Z(R)| = 1, then
|R : Z(R)| = p*. So, by Proposition 2.2.21, we obtain |Cent(R)| = p* + p + 2

or p? + 2. Consequently, we have |Cent(R)| =p+2,p> + p+2o0rp®> +2. [

We conclude this section by giving a preliminary characterisation for all

n-centraliser finite rings with n > 6.

Theorem 2.2.23. If R is an n-centraliser finite ring with n > 6, then R/Z(R) =
Lo X Lo X Zs, or |R : Z(R)| > 16 with |R : Z(R)| is not square-free and
|R : Z(R)| # p*q for any two distinct primes p,q. Furthermore, if n # 6
and 8, then R/Z(R) % Zo X Zy X Zo. Moreover, if n — 2 is not prime, then

|R : Z(R)| # p? for any prime p.

Proof. If |R : Z(R)| is square-free, then R/Z(R) = Zip.zm). It follows
that R/Z(R) is cyclic, which is impossible because R/Z(R) is not cyclic. If

|R: Z(R)| =4or9,then R/Z(R) = Zy X Zy or Z3 x Z3 as R/Z(R) is not
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cyclic. By [A2], we obtain |Cent(R)| = 4 or 5, which leads to a contradiction.
Let {x1,x9, - ,2;} be the maximal non-commuting set of R. Without loss of
generality, we suppose that |R : Cr(x;)| = v, where 73 < 7o < -+- < . If
|R:Z(R)| = 8,then R/Z(R) = Zo X 7Ly or Ly X Ly X 7y as R/ Z(R) is not cyclic.

By Lemma 2.2.16 and Lemma 2.2.4,

Cent(R)| = t + 1. Hence, by Lemma
2.2.14, 75 = 4. Therefore, |Cr(x1) : Z(R)| < 4 and |Cr(x;) : Z(R)| = 2 for
anyi € {2,--- ,¢}. By Lemma 1.3.1(a), R/Z(R) = iél[CR(xi) /7(R)]. Hence,
R/Z(R) has at most 2 elements of order 4. Since Zs X Z4 has 4 elements of
order 4, then R/Z(R) % Zy x Z4. Consequently, by Lemma 2.2.17, we have
R/Z(R) = Zy X Ly X Ly, or |R : Z(R)| > 16 with |R : Z(R)| is not square-free
and |R : Z(R)| # p®q for any two distinct primes p, g. By [A7], it follows that
R/Z(R) % ZyxZyx 7y whenn # 6 and 8. We next assume that |R : Z(R)| = p?
for some prime p. Thus, R/Z(R) = 7Z, x Z, as R/Z(R) is not cyclic. Therefore,
we obtain |Cent(R)| = p + 2 by [A2] and so, n — 2 = p, a contradiction is

reached. O]

2.3  6-Centraliser Finite Rings

In this section, we classify the structure for all 6-centraliser finite rings and

compute their commuting probabilities.

Theorem 2.3.1. Let R be a 6-centraliser finite ring. Let X1, Xs,--- , X5 be the
5 distinct proper centralisers of R with |R : X;| < |R: X3 < --- < |R: Xj;|.
Then the cardinality of the maximal non-commuting set of R is 5. Furthermore,

R satisfies one of the following structures:
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(@) |R:X:| =2

R:X;| =4dforanyi € {2,3,4,5Y%, R/Z(R) 2 Ty x Ty X Zs

and Prob(R) = L.

16

(b) |R: X;| =4foranyic {1,2,3,4,5}, R/Z(R) = Ty x Ty x Ty X T and

Prob(R) = 2

64"

Proof. Let {xy,xs, - ,z;} be the maximal non-commuting set of R. Without
loss of generality, we assume that |R : Cr(z;)| = i, where 73 < 72 < -+ < 9.
By Lemma 1.3.1(a), we have R = 191 Cr(z;). From Lemma 1.3.1(d)-(g), we
obtain t = 5. By Corollary 2.2.5, we have Cr(z;) N Cr(z;) = Z(R) for any
two distinct 4,5 € {1,2,3,4,5}. By Lemma 2.2.14, 75 > 4. So, we obtain
Yo = 73 = Y4 = 75 = 4 by Lemma 2.2.1. By using the principle of inclusion-
exclusion, we get |R| = 25:1|C’R(:ci)\ — 4|Z(R)|. Thus, we have 7 = @.
By Lemma 2.2.11, it follows that |R : Z(R)| < 4(4) = 16. Therefore, we have
R/Z(R) = Zy X Zo X Zs or |R : Z(R)| = 16 by Theorem 2.2.23. Suppose that
R/Z(R) = Zy X Zo X Zs, then v; = 2. By Corollary 2.2.5, it follows that for
any r1,7y € R — Z(R), either Cr(r;) = Cg(r2) or Cr(r1) N Cr(re) = Z(R).

Consequently, by (1.3), we obtain

Y. |Cr(r)]
Prob(R) = |Z’§%}T)| + TER—Z(|}Z‘2
_Ly (15— 1) (150) +a (-2 (1)
° AP
7
p— E.

Next, we assume that |R : Z(R)| = 16. Thus, R/Z(R) = Zy X Zg, Ly X
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Lo X Loy, Uog X Do X Uiy X Zig OF Ly X Ly as R/ Z(R) is not cyclic. Also, we have v, =
4. Therefore, |Cr(x;) : Z(R)| = 4 for any i € {1,2,3,4,5}. This shows that
R/Z(R) has at least 5 elements of order 2. Since Zy x Zg and Z, X Z, have exactly
3 elements of order 2, then R/Z(R) % 7 X Zs and Z4 x Z,. Here, we suppose that
R/Z(R) = Zy X Zy x Z4. To simplify writing, we let 7 = r+ Z(R) for any r € R.
Since Z4 x Zo X Z4 has 7 elements of order 2 and 8 elements of order 4, then
Cr(xj)/Z(R) = Zy x Zy forsome j € {1,2,3,4,5} and Cr(z;)/Z(R) = Z4 for
any i € {1,2,3,4,5}—{j}. Hence, we have Cg(zk,)/Z(R) = Cg(z1,)/Z(R) =
Z4 for two distinct ky, ko € {1,2,3,4,5} — {j}. Thus, there exist some a €
Cr(zy,) — Z(R),b € Cr(z,) — Z(R) such that Cr(xy,)/Z(R) = {0,a, 2a, 3a}
and Cg(21,)/Z(R) = {0,b,2b,3b}. This implies that R/Z(R) = {ma + nb |
m,n € Zs} = Zy X Zy4, which is a contradiction. Consequently, R/Z(R) =

Ly X Ly X Ly X Zs. Lastly, from (1.3), we obtain

> |Cr(r)|
|Z(R)| | rer-z(R)
Prob(R) = 7 Ve
R R
o (m=5R) ()
16 EE
19
64° O

From [A7], we know that the converse of structure (a) in Theorem 2.3.1
is not necessarily true. Apart from this, the converse of structure (b) in Theo-
rem 2.3.1 is also not necessarily true. For example, R = {[2§]|a,b € Zy} x
{[&8]|a,b € Zsy} is a 16-centraliser finite ring with R/Z(R) = Zy X Zo X Zy X Zs.

In the following, we provide an example of a 6-centraliser finite ring, which is
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appeared in the proof of Proposition 2.2.18.

|

Example 2.3.2. R = { [8

a,b,c e Zg} is a 6-centraliser finite ring with

oo

c
0
0

—_ —
I
Q
=y
—~

oy
I
Q
=y
VRS
| —
coco
coco
coco

| I—

010 001 011
X1—0R<[000} [OOOD:CR([OOOD
000 000 000
000 010 001 011
=4ql000]|,|000|,[000]|,|000]¢,
000 000 000 000
[100] (0007 [100]
X2:CR<000>:{000 , 1000 },
1000 [000] 71000
(1107 (0007 [110]
X3:CR<000):{000 , 1000 },
1000 ] 1000] 71000
(10117 (0007 [101]
X4:C’R<000>:{000 , 1000 },
L000] [000] 1000
(11117 (0007 [111]
X5:C’R<000>:{000 , 1000 }
1000 ] [000] 1000

We note that { [8 0 8} , [(1) 0 8] , [(1) 0 8} , [(1) 0 (1)} , [(1) ) (1)] } is a non-commuting
000 000 000 000 000

set of R with cardinality 5. Also, we note that there does not exist a non-

commuting set of R with cardinality 6. Thus, the cardinality of the maximal non-

commuting set of R is 5. Besides that, we have |R : X;| = 2, |R : X;| = 4 for any

i € {2,3,4,5}. Since Z(R) = { [g 0 §] } then we have R/Z(R) 22 Zy x 7 x Zo.

Lastly, from (1.3), we obtain

>, |Cr(r)|
_|Z(R)]  rer—z(R)
Prob(R) = 7 Ve
1 3(4) +4(2)
°

16
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2.4  7-Centraliser Finite Rings

In this section, we characterise all 7-centraliser finite rings and compute their

commuting probabilities.

Theorem 2.4.1. Let R be a T-centraliser finite ring. Then the cardinality of

the maximal non-commuting set of R is 6. Moreover, R/Z(R) = Zs x Zs and

Prob(R) = 2

125°

Proof. Let {xq,xs, - ,x;} be the maximal non-commuting set of R. Without
loss of generality, we suppose that |R : Cr(x;)| = ~;, where 71 < 72 < -+ < 7.
By Lemma 1.3.1(a), we have R = iL:tJl Cgr(z;). In view of Lemma 1.3.1(d)-(g), we
have t = 5 or 6. By Lemma 2.2.14, we have v, > 4. From Theorem 2.2.23, we
have |R: Z(R)| > 16 with |R : Z(R)| is not square-free and |R : Z(R)| # p%q

for any two distinct primes p, g.

For ¢t = 5, by Lemma 2.2.1, it follows that v5 = v3 = 74, = 75 = 4. In
view of Lemma 2.2.4, there exists some € R — Z(R) such that Cg(r) is non-
commutative. By Lemma 2.2.6, Cr(r) contains Cg(zy,), Cr(x,), Cr(z,) for
three distinct [y, Iy, [3 € {1,2,3,4,5}. Thus, we have R = Cg(r)U (igA C’R(a:i)>

for some A C {1,2,3,4,5} with |A| < 2. Obviously,

Al #0.If |A] = 1, then
by Lemma 2.2.1, it follows that 7; = 1 for some ¢ € A, which is impossible.
Therefore, |A| = 2. From Lemma 2.2.1, it follows that v; = 2 for some i € A.
Since 72 = 4, then i = 1. By Corollary 2.2.13, it follows that |R : Z(R)| <

2(4) = 8, which leads to a contradiction. Consequently, we obtain ¢ = 6.
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By Corollary 2.2.5, we have Cr(z;) N Cr(z;) = Z(R) for any two
distinct 4,j € {1,2,---,6}. By Lemma 2.2.1, we obtain 75 < 5. Suppose
that 2 = 4, then |R : Z(R)| < 4(4) = 16 by Lemma 2.2.11. This yields

that |R : Z(R)| = 16. By using the principle of inclusion-exclusion, we have

6 6
|R| = > |Cgr(z;)| — 5|Z(R)|, which yields that > % = 21. This contradicts
i=1 i=1 "

6
with the fact that ) 1—? is even. So, we have v, = 5. By Lemma 2.2.11, it follows

=1

that |R : Z(R)| < 5(5) = 25, which implies that |R : Z(R)| = 25. Consequently,

R/Z(R) = Zs x Zs as R/Z(R) is not cyclic. Lastly, by (1.3), we obtain

2R et
Prob(R) = R Ve
L (Im-8) (9
% [RP
29
) .

As an immediate consequence of Theorem 2.4.1 and [A2], we obtain a

complete characterisation for all 7-centraliser finite rings.

Theorem 2.4.2. For any finite ring R, R is a T-centraliser finite ring if and only

if R/Z(R) = Zs x Zs.

In the following, we provide an example of a 7-centraliser finite ring,

which is appeared in the proof of Proposition 2.2.18.

Example 2.4.3. R = {[¢5]|a,b € Zs} is a T-centraliser finite ring with



Cr([56]) = {661z € Zs},

Cr[5%]) ={[§E])x € Zs}

for any a € Zs with a # 0 and | € Zs. We note that {[J ¢],[59],[848],[83],
[88],[4 8]} is a non-commuting set of R with cardinality 6. Also, we note that
there does not exist a non-commuting set of R with cardinality 7. Thus, the
cardinality of the maximal non-commuting set of R is 6. Since Z(R) = {[J 3]},

then we have R/Z(R) = Z; X Zs. Lastly, from (1.3), we obtain

|Z(R)| TGR—ZZ(R)lc’R(r)‘
Prob(R) = 7 Ve
1 24(5)
25 252
29
=T

2.5  8-Centraliser Finite Rings

In this section, we investigate the structure for all 8-centraliser finite rings and

compute their commuting probabilities.

Theorem 2.5.1. Let R be an 8-centraliser finite ring. Then the cardinality of

the maximal non-commuting set of R is 7. Further,

R : Cg(r)| = 4 for any

r€ R—Z(R), R/Z(R) = Zy x Zy x Zy and Prob(R) = .
Proof. Let {x1,xs, - ,x;} be the maximal non-commuting set of R. Without

loss of generality, we assume that |R : Cr(z;)| = v, where 73 < 72 < -+ < .

By Lemma 1.3.1(a), we have R = 4@1 Cgr(z;). In view of Lemma 1.3.1(d)-(g), we
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have t = 5,6 or 7. By Lemma 2.2.14, we have v, > 4. By Theorem 2.2.23, we
have R/Z(R) = Zy X Zy X Zs, or |R : Z(R)| > 16 with |R : Z(R)| is not square-
free, |R : Z(R)| # p*q for any two distinct primes p, ¢, and |R : Z(R)| # p? for

any prime p.

First, we suppose that t = 5 (respectively, ¢ = 6). By Lemma 2.2.4, there
exists some r € R — Z(R) such that C'r(r) is non-commutative. By Lemma 2.2.7
(respectively, Lemma 2.2.6), C'r(r) contains Cr(xy, ), Cr(z1,) for two distinct
li,lo € {1,2,---,5} (respectively, Cr(xzy, ), Cr(z1,), Cr(z1,) for three distinct
l1,l5,l3 € {1,2,--- 6}). Therefore, we have R = Cr(r) U (igA CR(xi)) for
some A C {1,2,---,5} (respectively, A C {1,2,---,6}) with |A| < 3. Clearly,
|A| # 0. If |A| = 1, then by Lemma 2.2.1, it follows that 7; = 1 for some i € A,
which is impossible. So, |A| = 2 or 3. In view of Lemma 2.2.1, 7; = 2 or 3 for
some i € A. Since v, > 4, then i = 1. Hence, we obtain |R : Z(R)| < 37, by
Corollary 2.2.13. From Lemma 2.2.1, 7, < 5. So, |R : Z(R)| < 15. This yields

that |R : Z(R)| = 8, which contradicts with Lemma 2.2.16. Consequently, we

obtaint = 7.

By Corollary 2.2.5, we have Cr(z;) N Cr(x;) = Z(R) for any two
distinct 4,7 € {1,2,---,7}. By Lemma 2.2.11, we have |R : Z(R)| < 73
and |Cg(z1) : Z(R)| < 7. By Lemma 2.2.1, we obtain 7, < 6. Now, we
assume that 7o = 6. Then, |R : Z(R)| < 36. If |R : Z(R)| = 24, then
R/Z(R) = Zs X Zis or Zy X Zsy x Zg as R/Z(R) is not cyclic. Therefore,

|Cr(x1) : Z(R)| < 6 and |Cg(z;) : Z(R)| < 4forany i € {2,3,---,7}. This
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implies that R/Z(R) has at most 2 elements of order 6. Also, there does not
exist any element of order 12 in R/Z(R). We have reached a contradiction as
Zo X 79 X Z has 14 elements of order 6 and Zs X Z15 has an element of order
12. If |R : Z(R)| = 36, then R/Z(R) = Zy X Zyg,Z3 X Zy3 or ZLg X Zg as

R/Z(R) is not cyclic. Hence,

Cgr(x;) : Z(R)| < 6foranyi € {1,2,---,7}.
This shows that R/Z(R) has at most 14 elements of order 6. Also, there does not
exist any element of order 12 and order 18 in R/Z(R). This contradicts with the
fact that Zg X Zg has 24 elements of order 6, Z3 X Z15 has an element of order 12
and Zy X Zqg has an element of order 18. Next, we suppose that 7, = 5. Thus,
|R : Z(R)| < 25, which is a contradiction. Consequently, v, = 4. Therefore,
|R : Z(R)| < 16. By using the principle of inclusion-exclusion, we obtain
|R| = é |Cr(z;)| — 6|Z(R)|, which gives that é 20— |R: Z(R)| +6.1f
|R: Z(R)| = 16, then R/Z(R) = Zy X Zg, Ly X Ly X Ly, Lo X Ly X Ly X Lo
or Zs X Zy as R/Z(R) is not cyclic. By Lemma 2.2.11, we obtain 7, = 4.
Since é% = 14, then it can be easily seen that 73 = v, = 4 and 5, =
v = 7 = 8. Therefore, |Cr(x;) : Z(R)| = 4 for any i € {1,2,3,4} and
|Cr(x;) : Z(R)| = 2 for any i € {5,6,7}. This shows that R/Z(R) has at
least 7 elements of order 2. Since Zy X Zg and Z,4 x Z4 have exactly 3 elements
of order 2, then R/Z(R) % Zo x Zg and Z4 x Z,. For the sake of simplicity,
we let™ = r + Z(R) for any r € R. Suppose that R/Z(R) = Zs X Zy X Z.
Since Zy X Zo X 74 has 7 elements of order 2 and 8 elements of order 4, then
Cr(z;)/Z(R) = Z4 for any i € {1,2,3,4} and Cg(x;)/Z(R) = Z, for any
j € {5,6,7}. Thus, there exist some a € Cg(z1) — Z(R),b € Cg(z2) — Z(R)

such that Cg(x,)/Z(R) = {0,a,2a,3a} and Cg(x3)/Z(R) = {0,b,2b,3b}.



This implies that R/Z(R) = {ma+nb | m,n € Z4} = Zy x Z4, which is
a contradiction. Consequently, R/Z(R) = Zq X Zs X Zo X Zs. Here, we let
A ={Cg(z;)/Z(R) |i=1,2,---,7}. Without loss of generality, Cr(z1)/Z(R)
and Cg(x2)/Z(R) can be written as B; = Cg(x1)/Z(R) = {0,71,a,7, + a}
and By = Cg(72)/Z(R) = {0,735, b, 25 + b} for some a € Cr(x;) — Z(R),b €

Cr(z9) — Z(R). Hence, we note that there have 6 possibilities for A, that is,

Ay ={By, By, {0, 7, + ¥3,a+ b, 2y + x5 +a + b}, {0, 2, + b, x9 + a + b,
x +$2+a},{6,l’1 +x2—|—b},{6,x2+a},{6,x1+a+b}},

Ay = {By,By,{0, 21 + 23 + b, 75 + a,z1 + a + b}, {0,277 + x9,a + b,

Ty + 29 +a+b}, {0,z + b}, {0,220 + a+ b}, {0, 71 + 22 + a}},

Az ={By,By,{0, 21 + x5+ b, 25 + a,21 +a + b}, {0, 21 + b, x5 +a + b,

T + 22 + a},{0,71 + 22}, {0,a + b}, {0, 21 + 29 + a + b}},

Ay ={By, By, {0, 7, + 73,29 + a+ b,x1 + a + b},{0, 2, + b, 75 + a,

551—f-l'g+a+b},{6,l’1+$2—f—b},{ﬁ,a—f-b},{ﬁ,l'l—f—l‘g+a}},

A5 :{BI,BQ,{G,x1+x2+b,a—|—b,x1—|—x2+a},{6,x1—i—xg,xg—i—a—i—b,

z1 +a+0b},{0,21 +b},{0, 22 + a}, {0,z + x9 + a + b}},

Ag ={B1,B2,{0, 21 + x5+ b,a+ b,z + x5 + a},{0, 21 + b, 75 + a,

Ty + 22 +a+b}, {0,717 + 22}, {0,220 + a+ b}, {0, 21 + a + b}}.

By Corollary 2.2.5, it follows that for any r;, 7, € R — Z(R), either Cr(r;) =
Cr(r2) or Cr(r1) N Cr(r2) = Z(R). Therefore, it can be easily seen that for any
u € Cr(z;)) —Z(R),v € Cr(z;)— Z(R),ifi,j € {1,2,---,7} with i # j, then

uv # vu. On the other hand, by Lemma 2.2.4, we have Cg(z;) is commutative
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forany: € {1,2,---,7}. If A= A, or A, then

(.CEl + b)(iE1 + xo + (Z) = (371 + X9 +(Z)(£L’1 + b)

= (z129 — xom1) + (bxy — 210) + (ba — ab) = 0. (2.1)

Simultaneously, when A = A; (respectively, A = A3), we have

(x1 + x2)(a+b) = (a+b)(x1 + x2)

= (x1b — bxy) + (x20 — axy) =0 (2.2)

and
(1'1 + 9 + b)(ZEQ + a) 7& (IQ + a)(ml + 2o + b)
= (1129 — Taw1) + (220 — axy) + (ba — ab) # 0 (2.3)
(respectively,
(1 4+ x2)(a +b) # (a+ b)(z1 + 2)
= (210 — bxy) + (x20 — axy) # 0 (2.4)
and

(1‘1 + Ty + b)(l’g + a) = (IQ + CL)(:L’l + ZTo + b)

= (T129 — Ta1) + (x20 — axy) + (ba — ab) = 0). (2.5)

By taking (2.1) 4 (2.2) — (2.3) (respectively, (2.1) + (2.4) — (2.5)), it shows that
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0 # 0; a contradiction. If A = A,, then

(x2o+a)(z1 +a+0b)=(xr;1+a+b)(xa+a)

= (z9w1 — x129) + (220 — axg) + (ab — ba) = 0, (2.6)

(x1 4+ 2z2)(a+b) = (a+b)(z1 + x2)

= (210 — bxy) + (r20 — axy) =0 2.7

and

(x1+0)(z2+a+0b) # (xo+a+b)(x; +b)

= (r122 — X2w1) + (210 — bxy) + (ba — ab) # 0. (2.8)

By taking (2.6) — (2.7) + (2.8), it shows that 0 # 0; a contradiction. If A = Ay

or As, then

(1 +x9)(x1 +a+b) = (x1 +a+b)(x; + x2)

= (SL’lb — bxl) + (Q?QIl — SL’1$2) + (LUQCL — CLJJQ) =0. (29)

Simultaneously, when A = A, (respectively, A = As), we have

(1’1 + b)(.IQ + CL) = (1’2 + CL)(JIl + b)

= (r129 — x221) + (ba — ab) =0 (2.10)
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and

(x1 +xo+b)(a+0b) # (a+b) (1 +22+0)

= (210 — bx1) + (220 — axy) + (ba — ab) # 0 (2.11)

(respectively,

(z1 4+ 0)(x2 + a) # (v2 + a)(z1 + )

= (r129 — x9x1) + (ba — ab) # 0 (2.12)

and

(x1+ 22+ b)(a+b) = (a+b)(x;+ 22+ 0b)

= (210 — bxy) + (X900 — axs) + (ba — ab) = 0). (2.13)

By taking (2.9) + (2.10) — (2.11) (respectively, (2.9) + (2.12) — (2.13)), it shows

that 0 # 0; a contradiction. If A = Ag, then

($1 +x2+b)(a+b) = (CZ—Fb)(ﬂfl +£B2—|—b)

= (210 — bx1) + (z9a — axs) + (ba — ab) = 0, (2.14)

(1’1 + b)(.IQ + CL) = (1’2 + CL)(JIl + b)

= (r129 — x221) + (ba — ab) =0 (2.15)
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and

(Z’l +l’2)(331 +a-+ b) 7é (331 +a+ b)(a:l + $2)

= (210 — bz1) + (2271 — T122) + (220 — axs) # 0. (2.16)

By taking (2.14) — (2.15) — (2.16), it shows that 0 # 0; a contradiction. So,
we can conclude that R/Z(R) = Zq X Zy X Zs. Thus, we have ; = 4 for any

i€{2,3,---,7}. Also, we have 7; = 4. Lastly, by (1.3), we obtain

Prob(R) = 1Z(R)] reng(R) Crlr)
| R| |RI?
L (im0 ()
8 IRP
11
32
This completes the proof. [

Note that [A7] has shown that the converse of Theorem 2.5.1 is not
necessarily true. In the following, we provide an example of an 8-centraliser finite

ring, which is appeared in the proof of Proposition 2.2.19.

Example 2.5.2. Consider thering R = {[2 }]| a, b, ¢ € Zy}, where the multiplica-

tion operation of R is defined as [2 5] [2 §] = [*f** W] forany [24],[% 4] € R.

cx 0

By the proof of Proposition 2.2.19, R is an 8-centraliser finite ring with



We notice that {[4 8] [84), 1281, [4 4], (18], [ 4], [ 4]} is a maximal non-
commuting set of R. Thus, the cardinality of the maximal non-commuting set
of R is 7. Besides that, we have |R : Cr(r)| = 4 forany r € R — Z(R). Since
Z(R) ={[33]}, then we have R/Z(R) = Zy X Zy X Zs. Lastly, from (1.3), we

obtain

>, |Cr(r)]
Z(R reR—Z(R)
Prob(R) = | ‘%’” WIE
1 7(2)
=37 &
11
32

2.6  9-Centraliser Finite Rings

In this section, we characterise all 9-centraliser finite rings and compute their
commuting probabilities. To this end, we apply similar techniques as in Qu and

Chen (2010) to construct the main results in this section.

Lemma 2.6.1. Let {z, 25, - , x5} be the maximal non-commuting set of R.
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Let |R : Cr(x;)| = 7, where 71 < 9 < -+ < . If |[R : Z(R)| = 16 and

v = 4, then |Cent(R)| # 9,10 and 11.

Proof. Suppose to the contrary that |Cent(R)| = 9,10 or 11. By Lemma
1.3.1(a), we have R = ¢L=5J1 Cg(z;). By Lemma 2.2.1, we obtain 7, = 73 =
v = 5 = 4. Since R/Z(R) = iél[CR(xi)/Z(R)]’ then it can be easily
seen that Cr(z;)/Z(R) N Cr(z;)/Z(R) = {Z(R)} for any two distinct ¢, j €
{1,2,---,5}. From Lemma 2.2.15, we have Cg(z;) is commutative for any
i€{1,2,---,5}. For the sake of simplicity, we let 7 = r + Z(R) for any r € R

and let S = S/Z(R) for any S < R.

By Lemma 2.2.4, there exists some a; € R — Z(R) such that Cr(a,) is

non-commutative with |Cr(a1)| = 8. Without loss of generality, we let a; €

Cgr(z1) and let A = Cg(ay) — Cg(z1) = {az, a3, as, a5 }, where as, as, ay, as €

R — Z(R). Now, we claim that |Cg(z;) N A| = 1 forany i € {2,3,4,5}. Sup-

pose to the contrary that |Cg(z;) N A| > 2 for some i € {2,3,4,5}. Without

loss of generality, we let az,a; € Cg(z;). If |Cr(az) N Cr(as)| = 4]Z(R)

]

then a; € Cr(x1) N Cr(ay) N Cr(asz) = Cg(z1) N Cr(z;) = Z(R), which is
a contradiction. If |Cg(az2) N Cr(as)| = 8|Z(R)|, then Cr(az) = Cr(as) with
|Cr(as)| = 8. Since Cr(ay) is non-commutative and 0,az,a3 € Z(Cr(ay)),
then |Z(Cr(as))| = 4. It follows that |Cr(as) : Z(Cr(az))| = 2, which
gives that C'r(as)/Z(Cgr(az)) is cyclic. This leads to C'r(az) is commutative;
a contradiction. So, |Cr(z;) N A| = 1 for any i € {2,3,4,5}, as claimed.

Without loss of generality, we let a;, € Cg(x;) for any i € {2,3,4,5}. Re-

call that, Cr(z1) < Cg(a;). For any i € {2,3,4,5}, since a; ¢ Cg(z;) but
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a; € Cr(a;), then Cg(x;) < Cg(a;). For any two distinct 7,5 € {1,2,--- ,5},
since z; € Cg(a;) but z; € Cgr(a;), then Cgr(a;) # Cgr(a;). Consequently,
we obtain [Cent(R)| > 1+ 5 + 5 = 11, which gives that |[Cent(R)| = 11.
We claim that Cg(z; + a;) = Cgr(x;) for any i € {3,4,5}. Leti € {3,4,5}.
Since x; + a; € Cg(z;), then Cr(z;) < Cg(z; + a;). Thus, Cr(z; + a;) #
Cr(zj),Cr(a;) forany j € {1,2,---,5} — {i}. Since a; & Cr(z; + a;) but
a; € R,Cg(a;), then Cr(x; + a;) # R, Cg(a;). Since |Cent(R)| = 11, then we
obtain Cr(z; + a;) = Cg(x;), as claimed. This shows that ay & Cg(z; + a;)
for any i € {3,4,5}. So, we have C(ay) = {0, 73, az, T2 + az, a1, a3, 4z, G5 }.

This gives that |Cr(a1) N Cgr(as)| = 6, which contradicts the fact that |Cr(a;) N

Cr(ay)| is divide |R|. Consequently, |[Cent(R)| # 9,10 and 11. O

Lemma 2.6.2. Let ¢ be the cardinality of the maximal non-commuting set of a

finite ring R. If R is a 9-centraliser finite ring, then ¢ # 5.

Proof. Assume thatt = 5. Let {z1, xo, 3, 24, 5 } be the maximal non-commuting

set of R. Without loss of generality, we assume that |R : Cgr(z;)| = v,

N

where 11 < 7 < 3 Y4 < 75. By Lemma 1.3.1(b) and (c), we have
{Cgr(z;) | 1=1,2,3,4,5} is an irredundant cover of R with intersection Z(R).
Thus, |R : Z(R)| < f(5) = 16 and therefore, by Theorem 2.2.23, we obtain
|R: Z(R)| = 16. By Lemma 2.2.1, we have 72 < 4. In view of Lemma 2.6.1,
it follows that v; = 2. If Cg(x1) is commutative, then by Lemma 2.2.12, we
obtain |R : Z(R)| < 2(4) = 8, which is impossible. Consequently, C'r(x) is
non-commutative. Let Cr(ay), Cr(az2), Cr(as) be three distinct proper centralis-

ers of R that are different from Cr(x;) for any i € {1,2,3,4,5}. Assume that

72 = 2. From Lemma 2.2.8(b), Cg(z2) is commutative. Therefore, by Lemma
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2.2.12, we obtain |R : Z(R)| < 2(2) = 4; a contradiction. So, v, = 4. Hence, it
follows from Lemma 2.2.1 that 75, = v3 = v4 = 5 = 4. From Lemma 2.2.15,
we have Cr(z;) is commutative for any ¢ € {2,3,4,5}. We continue the proof

by considering three cases.

Case 1: Cg(ay1),Cgr(az2), Cr(as) are commutative. Now, we claim that
Cr(z1) N Cgr(z2) = Z(R). If w € Cg(z1) N Cr(xs), then 1,29 € Cr(w).
Obviously, Cr(w) # Cg(x;) forany i € {1,2,3,4,5}. If Cr(w) = Cg(a;) for
some i € {1,2,3}, then x5 = x2x; as Cg(a;) is commutative; a contradiction.
Hence, Cr(w) = R and it follows that w € Z(R). This leads to Cr(x;) N
Cr(z2) < Z(R). On the other hand, it is clear that Z(R) < Cg(z1) N Cr(z2).
It follows that C'r(z1) N Cr(z2) = Z(R). Hence, |R : Z(R)| < 2(4) = 8 by

Lemma 2.2.11, which is a contradiction.

Case 2: Some of the C'r(a;), Cr(az), Cr(a3) are commutative but not all
of them. Without loss of generality, we let P, Q) € {Cg(a1),Cr(as), Cr(as)}
with P is commutative and () is non-commutative. By Lemma 2.2.8(c), Cr(z;) €
{Cr(q1),Cr(a2),Crlgs)} € {Cr(z;) [ i =1,2,3,4,5}, where {q1,¢2, g3} is a
maximal non-commuting set of ). Thus, there exists some j € {2,3,4,5} such
that Cr(z;) € {Cgr(x;) | i = 1,2,3,4,5} — {Cr(q1), Cr(q2), Cr(gs)}. Here,
we claim that Cr(z1) N Cr(z;) = Z(R). f w € Cg(z1) N Cr(x;), then 21,2, €
Cgr(w). Clearly, Cr(w) # Cg(z;) for any i € {1,2,3,4,5}. If Cgr(w) = P,
then xy2; = z;z; as P is commutative; a contradiction. If Cr(w) = (@, then

ap € Cr(q1) N Cr(g2) N Cr(gs) N Cr(z;) for some k € {1,2,3} and hence,
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ai € i:ﬁi# Cgr(z;) for some | € {2,3,4,5} — {j}. It follows by Lemma 2.2.2
that a;, € Z(R), which is a contradiction. So, Cr(w) = R, which yields that
w € Z(R). This shows that Cr(z1) N Cr(x;) < Z(R). On the other hand, it is
clear that Z(R) < Cr(z1) N Cg(z;). Therefore, Cr(z1) N Cr(x;) = Z(R). By

Lemma 2.2.11, it follows that |R : Z(R)| < 2(4) = 8, which is a contradiction.

Case 3: Cr(a1), Cr(as), Cr(ag) are non-commutative. By Lemma 2.2.8(c),
forany i € {1,2,3},Cr(21) € A; = {Cr(w;,), Cr(ui,), Cr(uiy)} € {Cr(z;) |
j=1,2,3,4,5}, where {u;,, u;,, u;, } is a maximal non-commuting set of C'r(a; ).
Thus, there exists some k& € {2,3,4,5} such that Cr(zy) € A; N A; for two
distinct 7, j € {1, 2, 3}. This implies that a;, a; € Cg(xy). Since Cr(zy) is com-
mutative, then a;a; = a;a,;, which contradicts with Lemma 2.2.8(a). Therefore,

t # 5. This completes the proof. [

Lemma 2.6.3. Let ¢ be the cardinality of the maximal non-commuting set of a

finite ring R. If R is a 9-centraliser finite ring, then ¢ # 6.

Proof. Assume that ¢ = 6. Let {x, 29, -+ , ¢} be the maximal non-commuting
set of R. Without loss of generality, we assume that |R : Cg(z;)| = i, where
71 < 72 < - < 6. By Lemma 1.3.1(c), we have {Cg(z;) | 1 = 1,2,--- ,6}
is an irredundant cover of R. By Lemma 2.2.3, C'z(x;) is commutative for any
i€ {1,2,---,6} and there exist some a,b € R — Z(R) such that Cr(a) and

Cr(b) are two distinct non-commutative proper centralisers of R.

By Lemma 2.2.7, Cg(a) contains Cg(zy, ), Cr(x),) for two distinct I, [y €

{1,2,---,6}. Therefore, {Cgr(a)} U (EA{C’R(:UZ-)}> is an irredundant cover of
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R for some A C {1,2,---,6} with |A| < 4. Obviously, |A| # 0. If |A| = 1,
then by Lemma 2.2.1, it follows that 7; = 1 for some 7 € A, which is impossible.
Thus, |A| = 2,3 or 4. Now, we assume that |A| = 2 or 3. This implies that
v; = 2 or 3 for some ¢ € A by Lemma 2.2.1. In view of Lemma 2.2.14, v, > 4.
Therefore, i = 1. By Corollary 2.2.13, it follows that |R : Z(R)| < 37. By
Lemma 2.2.1, 75 < 5. It follows that |R : Z(R)| < 15, which contradicts
with Theorem 2.2.23. Hence, |A| = 4. Let {ay,as, - ,a,} be the maximal
non-commuting set of Cg(a). For any i € {1,2,--- ,u}, since there exists
some j € {1,2,--- ,u} — {i} such that a; & Cr(c;) but a; € R, Cg(a), then
Cr(a;) # R,Cg(a). Therefore, we have {Cr(ay),Cr(a2), -+ ,Cr(au)} C
Cent(R) —{R,Cr(a)} = {Cgr(x1),Cg(22), - ,Cr(xg), Cr(b)}. Hence, there
have at least v — 1 distinct centralisers in {Cg(ay), Cr(ag), -+ ,Cr(ay)} are
commutative. If Cr(«;) is commutative for some i € {1,2,---,u}, then
Cr(a;) < Cg(a) as a € Cr(e;). This implies that there have at least u — 1 dis-
tinct commutative proper centralisers of R are contained in C'r(a). Since |A| = 4,
then there have exactly two distinct centralisers in {Cg(z;) | ¢ = 1,2,---,6}
are contained in Cg(a). Hence, there have exactly two distinct commutative
proper centralisers of R are contained in C'z(a). Thus, we have 2 > u — 1,
and hence, © < 3. So, we get u = 3 by Lemma 1.3.1(d). Without loss of
generality, we let Cr(a ), Cr(c) be the two distinct commutative proper cen-
tralisers of R which contains in Cr(a). Let {51, s, -+, 5,} be the maximal
non-commuting set of C'r(b). By using similar arguments, we have v = 3 and
Cr(/1), Cr(B2) are the two distinct commutative proper centralisers of R which

contains in Cr(b). Hence, Cr(as) = Cg(b) and Cr(f;) = Cgr(a). Now, we
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claim that Cr(«;) # Cr(f;) for any i, j € {1,2}. Assume to the contrary that
Cr(cy) = Cg(B;) for some 4,5 € {1,2}. Since a; € Cr(a) = Cr(fs3), then
Bs € Cr(a;) = Cgr(B;). This yields that 838; = [;/5, which is a contradic-
tion. Therefore, our claim is true. So, we have {Cr(x;, ), Cr(zi,), Cr(a), Cr(b)}
is an irredundant cover of R for two distinct 41,35 € {1,2,---,6}. Next, we
claim that Cg(z;,) N Cg(x;,) = Z(R). Let w € Cr(xy) N Cr(xy,). Since
Cgr(z;,), Cr(z;,) are commutative, then Cr(z;, ), Cr(z;,) < Cr(w). Obviously,
Cr(w) # Cg(x;) for any i € {1,2,---,6}. If Cr(w) = Cg(a) or Cg(b),
then Cg(z;,), Cr(zi,) < Cr(a) or Cr(b), which contradicts the definition of
irredundant cover of R. So, Cr(w) = R, which yields that w € Z(R). Con-
sequently, Cg(z;,) N Cr(z;,) < Z(R). On the other hand, it is obvious that
Z(R) < Cgr(x;;) N Cgr(zy,). Therefore, Cr(x;,) N Cr(zy,) = Z(R), as de-
sired. So, we have Cr(z;,) N Cr(z4,) N Cr(a) N Cr(b) = Z(R). 1t follows that
|R: Z(R)| < f(4) =9, which contradicts with Theorem 2.2.23. Consequently,

t 46 O

Lemma 2.6.4. Let ¢ be the cardinality of the maximal non-commuting set of a

finite ring R. If R is a 9-centraliser finite ring, then ¢ # 7.

Proof. Assume thatt = 7. Let {x, 29, - - - , z7} be the maximal non-commuting
set of R. Without loss of generality, we assume that |R : Cg(z;)| = i, where
7 < 72 < -+ < y7. By Lemma 1.3.1(c), we have {Cg(z;) | 1 = 1,2,--- |7}
is an irredundant cover of R. By Lemma 2.2.3, C'z(x;) is commutative for any
i € {1,2,---,7} and there exists some a € R — Z(R) such that Cg(a) is a

non-commutative proper centraliser of R.
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In view of Lemma 2.2.6, Cg(a) contains Cr(x;, ), Cr(z1,), Cr(x,) for

three distinct [y, lo, [3 € {1,2,--- ,7}. Therefore, {Cr(a)} U (‘UA{CR@Z')}) is
1€

an irredundant cover of R for some A C {1,2,---,7} with |A| < 4. Clearly,

|A| # 0. If |[A| = 1, then by Lemma 2.2.1, it follows that 7; = 1 for some ¢ € A,

which is impossible. Hence, |A| = 2,3 or 4. Now, we claim that if Cr(z;) £
Cr(a) for some i € {1,2,---,7}, then Cr(z;) N Cr(a) = Z(R). Letw €
Cgr(z;) N Cg(a). Since Cg(x;) is commutative, then Cg(z;) < Cr(w). Clearly,
Cr(w) # Cg(a), Cr(xj) forany j € {1,2--- 7} — {i}. If Cr(w) = Cgr(x;),
then Cr(w) is commutative. This implies that Cr(w) < Cg(a). Therefore,
Cgr(z;) < Cg(a), which is a contradiction. So, Cr(w) = R and it follows that
w € Z(R). Hence, we obtain Cr(z;) N Cr(a) < Z(R). On the other hand, it
is clear that Z(R) < Cg(z;) N Cgr(a). Consequently, Cr(x;) N Cr(a) = Z(R),
as desired. Since Cr(z;) & Cg(a) for any i € A, then 0 Cr(z;) N Cg(a) =
Z(R). Thus, we obtain |R : Z(R)| < max{f(3), f(4), f(5)} = 16. Therefore,
by Theorem 2.2.23, it follows that |R : Z(R)| = 16. Since Cg(a) is non-
commutative, then by Lemma 2.2.15, we have |R : Cr(a)| = 2. Since Cr(z;) &
Cgr(a) for any ¢ € A, then Cr(x;) N Cr(a) = Z(R) for any i € A and hence, by
Lemma 2.2.11, we get |R : Cr(xz;)| = 8 for any i € A, which contradicts with

Lemma 2.2.1. So, t # 7. O

Theorem 2.6.5. Let R be a 9-centraliser finite ring. Then the cardinality of

the maximal non-commuting set of R is 8. Moreover, R/Z(R) = 77 X Z7 and

Prob(R) = 22.
Proof. Let {xy,xs,- - ,x;} be the maximal non-commuting set of R. Without
loss of generality, we assume that |R : Cg(z;)| = 7, where 73 < 72 < -+ <
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v. By Lemma 1.3.1(d)-(g) and Lemmas 2.6.2-2.6.4, we obtain t = 8. By
Lemma 1.3.1(a), we have R = ¢L=8J1 Cgr(z;). By Corollary 2.2.5, we have C'r(x;) N
Cr(zj) = Z(R) for any two distinct 7, j € {1,2,---,8}. By Theorem 2.2.23,
we obtain |R : Z(R)| > 16 with |R : Z(R)| is not square-free, |R : Z(R)| # p*q

for any two distinct primes p, ¢, and |R : Z(R)| # p? for any prime p with p # 7.

From Lemma 2.2.11, we have |R : Z(R)| < 73 and |Cg(z;) : Z(R)| <
9. In view of Lemma 2.2.1 and Lemma 2.2.14, it follows that 4 < v, < 7.
Now, we suppose that v = 4. Then, |R : Z(R)| < 16, which implies that
|R : Z(R)| = 16. By using the principle of inclusion-exclusion, we obtain
|R| = ile(xi)l — 7|Z(R)|. Thus, we get i% = 23, which is impossible

8 ~
because 1—‘; is even. Next, we assume that yo = 5. Thus, |R : Z(R)| < 25, a

i=1

contradiction is reached. Here, we assume that 5 = 6. Hence, |R : Z(R)| < 36.
If R : Z(R)| = 24, then R/Z(R) = Zy x Zys or Ly x Zn x Zg as R/Z(R) is
not cyclic. Therefore, |Cg(z1) : Z(R)| < 6 and |Cgr(z;) : Z(R)| < 4 for any
i€{2,3,---,8}. Consequently, R/Z(R) has at most 2 elements of order 6. Also,
there does not exist any element of order 12 in R/Z(R). This contradicts with the
fact that Zy X Zo X Zg has 14 elements of order 6 and Zy X Z15 has an element
of order 12. If |R : Z(R)| = 36, then R/Z(R) = Zy X Zys, L3 X Zya ot Zg X Zg
as R/Z(R) is not cyclic. Thus, |Cg(x;) : Z(R)| < 6 forany i € {1,2,---,8}.
This implies that R/Z(R) has at most 16 elements of order 6. Also, there does
not exist any element of order 12 and order 18 in R/Z(R). We have reached a

contradiction as Zg X Zg has 24 elements of order 6, Z3 X Z15 has an element of

order 12 and Zs X Zqs has an element of order 18. So, v, = 7. Consequently, we
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have |R : Z(R)| < 49, which follows that |R : Z(R)| = 49. Finally, we obtain

R/Z(R) = Z7 x Z7 as R/Z(R) is not cyclic. Lastly, by (1.3), we obtain

>, |Cg(r)]
[Z(R)| | rer-z®)
Prob(R) =
R |R[?
IR\ (L&l
(R 5) (7)
49 |R|?
_ 5
343
This completes the proof. ]

As an immediate consequence of Theorem 2.6.5 and [A2], we obtain a

complete characterisation for all 9-centraliser finite rings.

Theorem 2.6.6. For any finite ring R, R is a 9-centraliser finite ring if and only

lfR/Z(R) = Z7 X Z7.

In the following, we provide an example of a 9-centraliser finite ring,

which is appeared in the proof of Proposition 2.2.18.

Example 2.6.7. R = {[¢}5]|a,b € Z;} is a 9-centraliser finite ring with

for any a € Z; witha # 0 and [ € Z7. We note that {[J§],[$8],[84],183],
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[88],[88],188],[4 8]} is a non-commuting set of R with cardinality 8. Also,
we note that there does not exist a non-commuting set of R with cardinality
9. Thus, the cardinality of the maximal non-commuting set of R is 8. Since

Z(R) ={[3 3]}, then we have R/Z(R) = Z7 x Z;. Lastly, from (1.3), we obtain

>, |Cgr(7)]
|Z(R)| | rer-zw)
Prob(R) = 7] GE
1 48()
49 492
_ 5
343

2.7  10-Centraliser Finite Rings

In this section, we determine the structure for all 10-centraliser finite rings and

compute their commuting probabilities.

Lemma 2.7.1. Let ¢ be the cardinality of the maximal non-commuting set of a

finite ring R. If R is an n-centraliser finite ring with n € {10, 11}, then ¢ # 5.

Proof. Assume that t = 5. Let {21, 2, - - - , x5} be the maximal non-commuting
set of R. Without loss of generality, we suppose that |R : Cg(z;)| = ~;, where
7 < 72 < -+ < 5. By Lemma 1.3.1(b) and (c), we have {Cg(z;) | i =
1,2,--- 5} is an irredundant cover of R with intersection Z(R). Hence, we have
|R: Z(R)| < f(5) = 16 and so, by Theorem 2.2.23, we obtain |R : Z(R)| = 16.
By Lemma 2.2.1, we have v, < 4. From Lemma 2.6.1, we have y; = 2. For the
sake of simplicity, we write 7 = r + Z(R) for any r € Rand S = S/Z(R) for

any S < R.
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If Cr(x1) is commutative, then by Lemma 2.2.12, we obtain | R| < 2(4) =
8; a contradiction. So, we have C'r(x1) is non-commutative. By Lemma 2.2.9(b)
and Lemma 2.2.10(b), we have Cg(x;) is commutative for any i € {2,3,4,5}.
If 45 < 3, then by Lemma 2.2.12, we obtain |R| < 3(2) = 6; a contradiction.

Therefore, v, = 4. In view of Lemma 2.2.1, we obtain v, = 73 = y4 = 75 = 4.

r9,T3,74,75 € R— Cgr(z1). By Lemma 2.2.11, we obtain |Cr(x;) NCg(z1)| = 2
for any i € {2,3,4,5}. Likewise, we obtain |Cr(z;) N (R — Cr(z,))| = 2 for

any ¢ € {2,3,4,5}. Without loss of generality, we have

CR(xQ) = {Ga 27x_27r_2}7

for some da, d3, dy, ds € Cr(z1).

Assume that d; # d_] for any two distinct 7, j € {2,3,4,5}. Then, we have

Cr(dy) D {0,ds, 73,73, 71} with |Cg(dy)| = 8,

OR(d?)) D) {67 d_?n T?n T_g, '1:_1} with |CR(d3)| = 87

Cr(dy) D {0, dy, 71,71, 71} with |Cr(dy)| = 8,

OR(d5> D) {67 d_57 .T_5, 7"_57ZL'_1} with |OR(d5)| = 8.
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Z(R). Forany i € {1,2} and j € {2,3,4,5}, since z; ¢ Cr(h;) but z; €
R, CR(ZL‘]‘), CR(dj), then CR(hz) 7é R, CR(l'j), CR(dJ) We claim that OR(hz) 7é
Cg(zy) for any i € {1,2}. Suppose that Cr(h;) = Cr(x;) for some i € {1,2}.

It follows that 0,77, h; € Z(Cg(x1)) and thus, |Z(Cg(x;))| = 4. This leads

to |Cr(z1) : Z(Cr(x1))| = 2 and so, Cr(x1)/Z(Cg(x1)) is cyclic. This yields
that Cr(x;) is commutative, which is a contradiction. So, Cg(h;) # Cr(x1)

for any ¢ € {1,2}. This gives that |[Cent(R)| > 11 and so,

Cent(R)| = 11.

Since |Cent(R)| = 11, then Cg(hy) = Cg(hs). Since |Cr(ds) N Cr(z1)] = 3,

then we have |Cr(dy) N Cr(z1)| = 4. If h; € Cg(dy) for some i € {1,2},

then 0,77, hy, ho,dy € Cgr(hy). This implies |Cr(z1) N Cr(h1)| = 5 and it
follows that Cr(z1) = Cg(h1); a contradiction. So, d; € Cg(dy) for some

k € {3,4,5}. Without loss of generality, we assume that & = 3. By Lemma

2.2.11, we have |Cr(d;) N Cr(zy)| = 2 for any i € {2,3}. Since dy,d3 ¢

Cr(z4), then 77 € Cr(dy), Cr(ds). If dy € Cg(d;) for some i € {2,3}, then

|Cr(d;) N Cr(z1)| = 5 and it follows that Cr(d;) = Cg(z1), which is a contra-

diction. Thus, dy ¢ Cr(ds), Cr(ds) and therefore, 75 € Cr(ds), Cr(ds). So, we

have

Cr(ds) D {0,ds, d3, 771,731, T2, T2 } with |Cg(ds)| = 8,

CR(d3) D) {67 d_27 d_37 x_lv ﬁ? .11_3, 70—3} with |CR(d3)| = 3.

This shows that |Cr(d2) N Cr(ds)| = 5 or 6. We have reached a contradiction as

|Cr(d2) N Cr(ds)] is divide |R).
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Consequently, d; = d; for two distinct 4,7 € {2,3,4,5}. Without loss

of generality, we assume that ¢ = 2 and j = 3. Then, we have Cg(dy) D

|Cr(dy) N Cr(x1)| = 4 and so, |Cr(dy) N (R — Cg(z1))| = 4. This shows that

T, Tk € Cr(dg) for any k € {4,5}. This implies that |Cg(ds) N Cr(zx)| < 2 for

any k € {4,5}. Therefore, by Lemma 2.2.11, we obtain |Cr(ds) N Cg(xy)| = 2
for any k € {4,5}. So, we have d;, € Cg(ds) for any k € {4,5}. If d;, = d; for
some k € {4,5}, then Ty, 7, € Cr(dy); a contradiction. Hence, dj, # d, for any

k € {4,5}. Since |Cg(dy)| = 8, then d; = ds. Therefore, we have Cr(z;) =

{h1, hi, xo, T3, x4, 5} is not a non-commuting set of R for any i € {2, 3,4}, then

hih; = h;hy forany i € {2,3,4}. It follows that Cr(hy) D {0, hy, h, hs, hy, 71}

with |Cr(hy)| = 8. This gives that |Cr(z1) N Cr(h1)| = 6. Consequently, we

obtain Cr(z;) = Cr(hy). This contradicts with the fact that dy & Cr(hy). O

Lemma 2.7.2. Let {x, 25, -+, 26} be the maximal non-commuting set of a
finite ring R. If R is an n-centraliser finite ring with n € {10, 11}, then |R :
Z(R)| = 16,24, 32 or 36. Furthermore, if |R : Cr(z1)| < |R: Cr(z2)] < -+ <

|R . CR(.CE6)|, then |R . CR($2)| =4,

Proof. From Lemma 1.3.1(b) and (c), we have {Cgr(z;) | i =1,2,--- ,6} is an
irredundant cover of R with intersection Z(R). Thus, we have |R : Z(R)| <
f(6) = 36. Therefore, by Theorem 2.2.23, we obtain |R : Z(R)| = 16,24, 27, 32
or 36. If |R : Z(R)| = 27, then by Lemma 2.2.16 and Lemma 2.2.4, we obtain

|Cent(R)| = 7, which is a contradiction. So, |R : Z(R)| = 16,24, 32 or 36.

59



By Lemma 2.2.1, it follows that |R : Cg(z2)| < 5 and hence, |R :
Cr(z2)| < 4. Assume that |R : Cr(x2)| < 3. If Cr(x3) is commutative, then
by Lemma 2.2.12, we obtain |R : Z(R)| < 3(3) = 9, which is a contradiction.
If Cr(x2) is non-commutative, then by Lemma 2.2.8(b) and Lemma 2.2.9(b),
Cr(z1) is commutative. Thus, it follows from Lemma 2.2.12 that |R : Z(R)| <
3(3) = 9, which is a contradiction again. Consequently, |R : Cg(x2)| = 4, as

desired. O]

The following lemma is required before we proceed further.

Lemma 2.7.3. Let Hy, Hy, - - - , H; be the proper subgroups of a group (G, +)
with |G . H1| < ‘G : H2| < < |G : Ht| If G = HIUH2U~-UHt,then
t
|G| < > |H;|. Moreover, the equality attains if and only if H; + H, = G for any
i=2

re€{2,---,t}and H, N Hy C H, for any two distinct r, s € {1,2,--- ,t}.

Proof. See Theorem 1 in Cohn (1994). ]

Lemma 2.7.4. Let {x1, 25, , 26} be the maximal non-commuting set of a
finite ring R. If R is a 10-centraliser finite ring with |R : Z(R)| = 16, then
|R: Cr(z;)| =4foranyi e {1,2,--- ,6},and R/Z(R) = Zo X Zg X Lo X Lo

or Z4 X Z4.

Proof. Without loss of generality, we suppose that |R : Cr(x;)| = ~;, where
1 < 72 < - < 6. From Lemma 1.3.1(a), we have R = ig Cr(x;). By
Lemma 2.7.2, we have 75 = 4. If 74 # 4, then by Lemma 2.7.3, we obtain
IR < 2(Ey + 3(1& = £|R|, which is impossible. So, we have 3 = 74 = 4.

4 8
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For the sake of simplicity, we write 7 = r + Z(R) for any » € R and let

S = S/Z(R) for any S < R.

We claim that «; = 4. Suppose to the contrary that 7; = 2. By Lemma

2.2.11, we obtain |Cg(z1) N Cr(z2)| = 2. Hence, Cr(x1) NCr(xs) = {0,a} for

some @ € R — Z(R). So, we have

|
Sl

=l

03(171)

{0,

8

1, W, ,a+b,$1+a,$1+b,l’1+a+b},

Cr(zy) = {0,73,a, 75 + a}

for some b € R — Z(R). If ab = ba, then C(z;) is commutative. Therefore,
by Lemma 2.2.12, it follows that |R| < 2(4) = 8; a contradiction. So, ab # ba.

Thus, we have

Cr(a+b) 2{0,Z1,a + b,z +a + b},

CR(l'l + CL) Q {67 _17 avrl + a}-

It can be easily checked that R, Cr(x1), Cr(z2), -, Cr(xs), Cr(a), Cr(b), Cr(
a+b),Cg(x1 + a) are 11 distinct centralisers of R. We have reached a contradic-

tion. Consequently, v; = 4.

By Lemma 2.2.15, we have C'r(z;) is commutative for any i € {1,2,--- |

6}. Next, we claim that v5 = v = 4. If 75 = 8, then 74 = 8 and so,
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J— 6 —_—
|R| < > |Cgr(x;)] —5 = 15, which is impossible. So, 75 = 4. Assume
i=1

that v = 8. Thus, |Cr(z6)| = 2 and hence, Cr(x;) N Cr(zs) = Z(R) for

any ¢ € {1,2,---,5}. If Cr(x;) N Cgr(x;) = Z(R) for any two distinct 7, j €

— 6
{1,2,---,5}, then |R| = > |Cgr(x;)| — 5 = 17, which is impossible. Therefore,
=1

Cr(z;) N Cr(xj) # Z(R) for two distinct i, j € {1,2,---,5}. So, there exists

some w € (Cg(z;) N Cgr(x;)) — Z(R), which gives that Cr(z;) U Cr(z;) C
Cgr(w). This shows that R = Cg(w) U ( ¥ CR(yck)>. Therefore, from

k=1,k#i,j

Lemma 2.2.1, we obtain 74 = 4, which is a contradiction. Consequently, v = 4.

Since |R| = 16, then R = Zy X Zg, Ly X Ly X Loy, Ty X Ly X Ly X Ly OF
Z, x 74 as R is not cyclic. Since |Cg(z;)| = 4 forany i € {1,2,--- ,6}, then
there does not exist any element of order 8 in R and consequently, R % Z, x Zsg.
Assume that R =2 7y X Zs X Z4. Since Zo X Zy X 74 has 8 elements of order 4,

then there exist four distinct Iy, l5, I3, € {1,2,--- ,6} such that Cr(x;) = Z4

forany i € {1,2,3,4}. Without loss of generality, we assume that [; = 1, =

2,13 = 3,1y = 4. If Cr(z1) N Cgr(z;) # Z(R) for any i € {2, 3,4}, then there

exists some w; € (Cr(z1)NCr(x;))—Z(R) forany i € {2,3,4}. This gives that

0,771, Wy, w3, ws € Cr(xy). Since w; # 0,7 for any i € {2, 3,4}, then w; = w;
for two distinct 7, j € {2,3,4}. So, we obtain w; € Cg(x1) N Cr(z;) N Cr(z;)
and therefore, Cr(z1) U Cg(z;) U Cr(z;) € Cr(w;). It follows that R =
Cr(w;) U <k22§#’j CR(:ck)). In view of Lemma 2.2.1, we obtain -y, < 3 for

some k € {2,---,6} — {i,7}, which leads to a contradiction. Consequently,

Cr(z1) N Cr(z;) = Z(R) for some i € {2,3,4}. Since Cr(x;) = Z, and

Cr(z;) = Zy4, then there exist some a € Cr(x1) — Z(R),b € Cr(x;) — Z(R)
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such that Cr(x,) = {0,@, 2a,3a} and Cr(z;) = {0, b, 2b, 3b}. This implies that
R = {ma+nb|m,n € Zy} = Z, x Zy, which is a contradiction. Therefore,

RgZQXZQXZQXZQOI'Z4XZ4. OJ

Lemma 2.7.5. Let {z, x9,- - -, x¢} be the maximal non-commuting set of a finite
ring R. If R is an n-centraliser finite ring with n € {10, 11}, then |R : Z(R)| #

24 and 36.

Proof. Assume that |[R : Z(R)| = 24 or 36. Without loss of generality, we
suppose that |R : Cg(z;)| = ~;, where 71 < 72 < -+ < 5. From Lemma
1.3.1(a), we have R/Z(R) = ¢§1[CR(xi)/Z<R)]' By Lemma 2.7.2, we have
72 = 4. Let ,,| G| denote the total number of elements with order m in an additive
group G. For the sake of simplicity, we write 7 = r + Z(R) for any r € R and

S = S/Z(R) for any S < R.

If |[R| = 24, then R =2 7y X Zo o1 Zy X Zy X Zg as R is not cyclic. Thus,
|Cr(x1)|] < 12 and |Cg(x;)| < 6 for any i € {2,3,--- ,6}. This yields that R
has at most 15|Z15| elements of order 12. Since 15|Z12| < 12|Z2 X Z12|, then

R % 7o x 7o and 50, R = Zy x Zy X Zg. If |Cg(x1)| = 8, then R has at most

5(¢|Z¢|) = 10 elements of order 6, which contradicts the fact that Zs X Zs X Zg

has 14 elements of order 6. Therefore, |Cg(z1)] = 6 or 12. Tt follows that
m > Zg or Zo X Zg. Here, we claim that v5 # 4. Assume that 75 = 4,
then Cr(x;) = Zg for any i € {2,3,4,5}. This gives that Cr(z;) has exactly
2 elements of order 3 for any ¢ € {1,2,--- ,5}. By the fact that Zy X Zy X Zg

has exactly 2 elements of order 3, then there exists some @ € R — Z(R) with

s
order 3 such thata € '01 Cg(z;). So, by Lemma 1.3.1(b), (c) and Lemma 2.2.2,
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we obtain @ € Z(R), which leads to a contradiction. Consequently, 5 # 4
and so, |Cr(x;)] < 4 for any i € {5,6}. This implies that R has at most
6|Zo x Zg| + 3(6|Z¢|) = 12 elements of order 6. We have reached a contradiction

as Zip X 75 X Zg has 14 elements of order 6.

If |[R| = 36, then R = Zy X Zg, Zs X Zyy ot Zg X Zg as R is not cyclic.
Hence, |Cr(z1)| < 18, |Cr(z2)| = 9 and |Cg(z;)| < 9forany i € {3,4,5,6}.
This leads to R has at most 15|Z15| elements of order 12 and 15|Z;s| elements

of order 18. Since 12|Z12| < 12|Zg X Zlg| and 18|218| < 18’22 X Zlg|, then

R/Z(R) % 7y x Zyg and Zg X Zq,. It follows that R = Zg x Zg. Therefore, we

have |Cr(z1)| = 9,Cr(x1) = Zy X Zg or Cr(z1) = Zs X Zg. This implies that
R has at most ¢|Z3 X Zg| + 4(5/Zs|) = 16 elements of order 6. This contradicts

with the fact that Zg x Zg has 24 elements of order 6. [

Lemma 2.7.6. Let {z1, 5, - , 26} be the maximal non-commuting set of a

finite ring R. If R is a 10-centraliser finite ring, then |R : Z(R)| # 32.

Proof. Assume that |R : Z(R)| = 32. Without loss of generality, we suppose that
|R : Cg(x;)| = i, where v < 72 < -+ < 76. From Lemma 1.3.1(a), we have
R = ZQI Cr(z;). By Lemma 2.7.2, we have v, = 4. If 74 # 4, then by Lemma
2.7.3, we obtain |R| < 2('%) + 3(‘8&') = Z|R|, which is impossible. So, we have
v3 = 74 = 4. For the sake of simplicity, we write 7 = r + Z(R) forany r € R

and S = S/Z(R) for any S < R. Here, we break the proof into the following

two cases.

Case 1: v, = 2. If Cg(z;) is commutative, then by Lemma 2.2.12, we
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obtain |R| < 2(4) = 8; a contradiction. Therefore, Cr(z;) is non-commutative.

By Lemma 2.2.8(b), we have Cr(z;) is commutative for any i € {2,3,---,6}.
Since |CR(J;1)| == 16’ then E - CR<J;1) - {TQa l'_37 $_47 *I_E)v m_ﬁa r_ly E? e 7r_ll} for
some 11,72, -+ ,r11 € R—Cr(x1). We claim that 7; € Cg(z;) N Cg(xy) for any

ie{l,2,--- 11} and j,k € {2,3,--- ,6} with j # k. If 7; € Cr(z;) N Cr(xy)
forsomei € {1,2,---,11} and j,k € {2,3,--- ,6} with j # k, then Cr(x;) U
Cgr(zy) C Cg(r;). Itis clear that Cg(r;) # R, Cg(x;) forany [ € {1,2,--- ,6}.

Therefore, by Lemma 2.2.8(a), we obtain r; € Cg(x;); a contradiction. So,

our claim is true. By Lemma 2.2.11, we have |Cg(z;) N Cg(z1)| = 4 for

any i € {2,3,4}. Likewise, we have |Cr(z;) N (R — Cg(x1))| = 4 for any

i €{2,3,4}. By applying Lemma 2.2.11 again, we have |Cr(z;) N Cr(z;)| > 2

for any two distinct 4, j € {2,3,4}. If |Cr(z2) N Cr(z3) N Cr(xy4)| = 2, then

without loss of generality, we have

CR(I2> D {67 d_17 x_27 T_la T_2) T_3},

S

(1'3) ) {67 d_b I_g, T_47 T_5, T_ﬁ}a

Q

R<x4> D {67 d_b x_47 7"_7, 70—87 r_9}

for some d; € Cr(z,) — Z(R). It follows that C(z) U Cr(z3) U Cr(zy) C

Cr(dy). This shows that T3, T3, Ty, 71, T2, - - - , 79 € Cr(dy) and hence, |Cr(d;)| =

16. Therefore, we have |Cr(d;) N Cr(x1)| < 4. Hence, by Lemma 2.2.11, we

obtain |R| < 2(2)(4) = 16, which is a contradiction. Consequently, |Cr(x2) N

Cr(z3) N Cr(z4)| = 1. So, without loss of generality, we have

CR('IQ) = {67 17d_27d_47m_27 r_17r_27 T_3}7
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CR(QU:;) = {67 d_17 d37d_57 'T_37 T_4, T_57 T_6}7

CR(ZL'4) = {67 d_27 d37d_67 37_4, T_77 r_Sa T_Q}

for some dy, dy, -+ ,dg € Cr(x1) — Z(R). It follows that Cr(z5) U Cg(x3) C
CR<d1),CR(ZE2) U CR($4) g CR(dQ) and CR(ZE;),) U C’R(x4) g OR(dg) It is

obvious that Cg(d;) # R,Cg(z;) forany i € {1,2,3} and [ € {1,2,---,6}.

Since |Cr(z2) N Cr(xs) N Cr(xy)| = 1, then Cr(d;) # Cgr(d;) for any two
distinct 7,7 € {1,2,3}. Therefore, by Lemma 2.2.8(a), we have d;, dy, d3 do
not commute with each other. Now, we consider for Cr(d; + x1). Since dy &
Cgr(dy 4+ x1) but dy € R,Cr(x1), then Cr(d; + x1) # R,Cg(z;). For any
i€{2,3,---,6},since z1 € Cr(dy + x1) but 1 € Cr(x;), then Cr(dy + 1) #
Cr(z;). Since 9 & Cr(dy + x1) but 9 € Cg(dy), then Cr(dy + 1) # Cr(dy).
Since do,ds ¢ Cr(dy + x1) but dy € Cg(dy) and d3 € Cr(ds), then Cr(d; +
x1) # Cgr(dy), Cr(ds). Consequently, we obtain |Cent(R)| > 11, which is a

contradiction.

Case 2: vy = 4. Now, we want to show that 75 = 75 = 4. By
Lemma 2.2.8(b), we have Cg(x;), Cr(x;) are commutative for two distinct
i,j € {1,2,3,4}. By Lemma 2.2.11, it follows that Cr(z;) N Cr(x;) # Z(R)
and hence, there exists some r € (Cg(z;) N Cr(x;)) — Z(R), which gives that
Crl@i) U Cr(z;) © Cr(r). This yields that R = Cp(r) U (kﬂ’@m C’R(xk)).
Therefore, by Lemma 2.2.1, we obtain 75 = 75 = 4, as desired. By Lemma

2.2.8(b), there exist five distinct ky, ko, - -+ , ks € {1,2,--- 6} such that Cr(xy,)

is commutative for any ¢ € {1,2,---,5}. Without loss of generality, we as-
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sume that k; = 1,ky = 2,--- k5 = 5. Let k € {2,3,4,5}. By Lemma

2.2.11, we have Cg(x1) N Cg(zx) # Z(R). Thus, there exists some wy €

(Cr(z1) N Cgr(zr)) — Z(R), which gives that Cr(z1) U Cr(zr) € Cr(wy).

Clearly, Cg(wy) # R,Cgr(z;) forany i € {1,2,---,6}. Since |Cent(R)| = 10,

then we have Cr(w,) = Cg(w,) for two distinct u,v € {2,3,4,5}. It fol-

lows that Cr(z1) U Cg(z,) U Cgr(x,) € Cgr(w,). This implies that R =
i=2,iAu,

6
Cr(w,) U < U C’R(:ci)). Consequently, by Lemma 2.2.1, we obtain ; < 3

for some i € {2,3,---,6} — {u, v}, which leads to a contradiction. O

Lemma 2.7.7. Let ¢ be the cardinality of the maximal non-commuting set of a

finite ring R. If R is a 10-centraliser finite ring, then ¢ # 7.

Proof. Assume thatt = 7. Let {xy, 29, -+ , x7} be the maximal non-commuting
set of R. Without loss of generality, we suppose that |R : Cr(z;)| = 7;, where
M < 72 < -+ < 7. From Lemma 1.3.1(a), we have R = ¢£J1 Cgr(z;). By
Lemma 2.2.3, we have Cg(z;) is commutative for any i € {1,2,---,7}, and
Cr(a), Cr(b) are two distinct non-commutative proper centralisers of R for some
a,b € R—Z(R). By Theorem 2.2.23, we have |R : Z(R)| > 16 with |R : Z(R)|

is not square-free, |R : Z(R)| # p?q for any two distinct primes p, g, and

|R : Z(R)| # p? for any prime p.

First, we claim that v; > 4 forany i € {1,2,--- ,7}. Assume that y; < 3,
then by Corollary 2.2.13, we obtain |R : Z(R)| < 37,. By Lemma 2.2.1, we have
72 < 6. If v < 5, then |R : Z(R)| < 15, which is a contradiction. If v, = 6,
then |R : Z(R)| < 18, which is a contradiction again. Therefore, 7; > 4 and so,

v; = 4 forany i € {1,2,--- 7}, as claimed.
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Next, we want to show that C'r(a) contains exactly two distinct Cr(z;)’s.
From Lemma 2.2.7, we have R = Cg(a) U <¢BA C’R(:cl-)) for some A C
{1,2,---,7} with |A| < 5. Obviously, |A| # 0. Suppose that |A4] < 3,
then by Lemma 2.2.1, it follows that v; < |A| < 3 for some ¢ € A. This
contradicts with the fact that 7; > 4. Assume that |A| = 4. Thus, we have
R = Cg(a) U (iél CR(xki)) for four distinct ki, ko, k3, ky € {1,2,--- 7}
By Lemma 2.2.1, we obtain v, = Yk, = Vs = Yk, = 4. Here, we claim
that Cg(zg,) N Cr(xy,) # Z(R). Suppose to the contrary that Cr(xy,) N
Cr(zr,) = Z(R). By Lemma 2.2.11, we obtain |R : Z(R)| < 16. There-
fore, we have |R : Z(R)| = 16. Since Cg(a) is non-commutative, then by
Lemma 2.2.15, we obtain |R : Cg(a)| = 2. Thus, by Lemma 2.2.11, we have
Cgr(a) N Cgr(zk,) # Z(R) for any i € {1,2,3,4}. Leti € {1,2,3,4}. Then,
there exists some w; € (Cr(a) N Cr(zy,)) — Z(R). Since Cg(xy,) is com-
mutative, then Cg(xy,) < Cg(w;). Obviously, Cr(w;) # R,Cg(z;) for any
jge{1,2,--- 7} —{ki}. If Cr(w;) = Cg(a), then Cg(zx,) < Cgr(a). On
the other hand, if Cr(w;) = Cg(xy,), then Cr(w;) is commutative and hence,
Cr(w;) < Cg(a) and so, Cg(zg,) < Cr(a). In both situations, we obtain
a contradiction because Cg(zy,) £ Cg(a). So, we obtain Cr(w;) = Cg(b)
and therefore, Cr(xy,) < Cg(b). It follows that R = Cg(a) U Cg(b). So,
by Lemma 2.2.1, we obtain |R : Cr(b)| = 1, which is a contradiction. Con-
sequently, Cr(zx,) N Cr(xk,) # Z(R), as claimed. Thus, there exists some
r € (Cr(zg,) N Cr(zk,)) — Z(R), which implies that Cg(zx,) U Cr(xy,) C
Cg(r). Obviously, Cg(r) # R,Cg(z;) for any i € {1,2,--- 7}. Since

Cr(2k,), Cr(zk,) & Cgr(a), then Cg(r) # Cr(a). So, we obtain Cg(r) =
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Cgr(b). This gives that R = Cg(a) U Cr(b) U Cgr(xg,) U Cr(zk,). Since
|Cr(b)] > |Cgr(zg,)|, then |R : Cg(b)] < 3. So, by Lemma 2.2.11, we
have Cr(b) N Cr(xy,) # Z(R) for any i € {3,4}. Leti € {3,4}. Then,
there exists some w; € (Cgr(b) N Cgr(xy,)) — Z(R). Since Cr(xy,) is com-
mutative, then Cg(zy,) < Cg(w;). Clearly, Cr(w;) # R,Cgr(z;) for any
j e {1,2,---,7} — {k;}. Since Cr(zy,) £ Cr(a), then Cr(w;) # Cr(a).
So, we can conclude that Cr(w;) = Cr(b) or Cg(xy,). If Cr(w;) = Cg(b), then
Cr(zg,) < Cg(b). On the other hand, if Cr(w;) = Cg(xy,), then Cr(w;) is
commutative and hence, Cr(w;) < Cg(b) and so, Cr(xy,) < Cr(b). In both
situations, we have R = Cr(a) U Cg(b). Therefore, by Lemma 2.2.1, we obtain
|R : Cr(b)| = 1, which is a contradiction. Consequently, |A| # 4 and so, |A| = 5.
It follows that C'z(a) contains exactly two distinct C'r(x;)’s, as claimed. By using
a manner entirely similar to that used to prove C'z(a) contains exactly two distinct

Cr(x;)’s, we will obtain C'r(b) is also contains exactly two distinct Cg(x;)’s.

In view of Lemma 1.3.1(c), we have {Cg(a), Cr(zk,), Cr(2ky), -,
Cr(zk, )} is an irredundant cover of R for five distinct ky, ko, - -+ , ks € {1,2,--- |
7} with ky < ko < --+ < k;. Here, we claim that |R : Z(R)| = 16. We distin-

guish our proof into the following two cases.

Case 1: Cr(xy,) N Cr(zk,) = Z(R). By Lemma 2.7.3, we have |R| <

@ + 4‘CR($1€2)

, which gives that v;,, < 5. Therefore, it follows from Lemma
2211 that |R : Z(R)| < 77, If v, = 5, then |R : Z(R)| < 25, which leads

to a contradiction. Therefore, v, = 4. It follows that |R : Z(R)| < 16 and
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consequently, |R : Z(R)| = 16.

Case 2: Cr(zx,) N Cr(xy,) # Z(R). This implies that there exists some
r € (Cr(xk,)NCr(zk,))—Z(R), which follows that C'r(zx, JUCR(zk,) C Cg(T).
Clearly, Cr(r) # R,Cg(z;) for any ¢ € {1,2,---,7}. If Cr(r) = Cg(a),
then Cr(zg,) U Cr(zk,) € Cr(a), which contradicts the definition of irredun-
dant cover of R. So, we obtain Cr(r) = Cg(b), which gives that Cg(z,) U
Cr(zk,) C Cr(b). Since Cr(b) contains exactly two distinct Cr(z;)’s, then we
have {Cr(a), Cr(b), Cr(zk,), Cr(xk,), Cr(zk,)} is an irredundant cover of R.
We claim that Cg(xy,) N Cr(xy,) = Z(R). Let w € Cgr(zg,) N Cr(zg, ). Thus,
we have Cr(zy,)UCR(zk,) € Cr(w). Itis obvious that Cr(w) # Cg(z;) for any
i€{l,2,---,7}. If Cr(w) = Cg(a) or Cr(b), then Cr(xy, )UCR(xk,) C Cr(a)
or Cr(b), which contradicts the definition of irredundant cover of R. So, we obtain
Cr(w) = R, which implies that w € Z(R). This gives that Cr(zx,) NCr(zg,) <
Z(R). On the other hand, it is clear that Z(R) < Cr(xy,) N Cg(zk,). Hence,
Cgr(zr,) N Cr(xy,) = Z(R), as claimed. So, we have |R : Z(R)| < f(5) = 16

and consequently, |R : Z(R)| = 16.

By these two cases, we obtain |R : Z(R)| = 16, as desired. Since Cg(a)

is non-commutative, then by Lemma 2.2.15, we have |R : Cg(a)| = 2. If y, # 4,

then by Lemma 2.7.3, we have |R| < 2(%) —|—3(%) = Z|RJ, which is impossible.
So, we have vy, = Y, = Yky = 4. Leti € {1,2,3}. By Lemma 2.2.11, it follows
that Cr(a) N Cr(xy,) # Z(R). So, there exists some w; € (Cr(a) N Cr(zk,)) —

Z(R). Since Cg(xy,) is commutative, then Cr(xy,) < Cgr(w;). It is obvious
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that Cr(w;) # R, Cg(z;) forany j € {1,2,--- , 7} — {k;}. If Cr(w;) = Cg(a),
then Cr(z,) < Cg(a). On the other hand, if Cr(w;) = Cg(zx,), then Cr(w;) is
commutative and hence, C'r(w;) < Cg(a) and therefore, Cr(zx,) < Cgr(a). In
both situations, we have reached a contradiction as Cr(xy,) £ Cr(a). So, we
obtain Cr(w;) = Cg(b), which gives that Cr(zx,) < Cg(b). This implies that
Cr(b) contains three distinct Cg(x;)’s. This contradicts with the fact that C'r(b)

contains exactly two distinct Cr(x;)’s. Consequently, t # 7. O

Lemma 2.7.8. Let ¢ be the cardinality of the maximal non-commuting set of a

finite ring R. If R is a 10-centraliser finite ring, then ¢ # 8.

Proof. Assume that ¢t = 8. Let {x, 29, -+ , xs} be the maximal non-commuting
set of R. Without loss of generality, we suppose that |R : Cg(z;)| = i, where
71 <72 < -+ < 9g. From Lemma 1.3.1(c), we have {Cg(z;) | i =1,2,---,8}
is an irredundant cover of R. By Lemma 2.2.3, we have C'r(x;) is commutative

foranyi € {1,2,---,8}, and C(a) is non-commutative for some a € R— Z(R).

By Lemma 2.2.6, we have {Cg(a)} U (UA{CR(J:Z-)}> is an irredundant
1€

cover of R for some A C {1,2,---,8} with |4| < 5. Clearly,

Al #0. If
|A| = 1, then by Lemma 2.2.1, it follows that 7; = 1 for some i € A, which
is a contradiction. Therefore, |A| = 2,3,4 or 5. Now, we claim that if 1 € A,
then Cg(z;) N Cr(a) = Z(R). This claim can be proved by using a manner
entirely similar to that used to prove Lemma 2.6.4. Thus, we have |R : Z(R)| <
max{ f(3), f(4), f(5), f(6)} = 36. Therefore, by Theorem 2.2.23, we obtain
|R: Z(R)| = 16,24,27,32 or 36. If |R : Z(R)| = 27, then by Lemma 2.2.16

and Lemma 2.2.4, we obtain |Cent(R)| = 9, which is a contradiction. So,
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|R: Z(R)| = 16,24, 32 or 36. Since Cr(a) is non-commutative, then by Lemma

2.2.15, we have

(

—2 if|R: Z(R)| = 16,

[R:Cr(a)]{ <3 if|R: Z(R)| = 24 or 36,

<4 if|R: Z(R)| = 32.

\

Since Cg(x;) N Cr(a) = Z(R) for any i € A, then by Lemma 2.2.11, we obtain
v; = 8 forany i € A. But, by Lemma 2.2.1, we have 7; < |A| < 5 for some

© € A. We have reached a contradiction. Consequently, ¢ # 8. [l

Lemma 2.7.9. Let {z1, 5, -+ , 29} be the maximal non-commuting set of a
finite ring R. Let |R : Cr(x1)| < |R: Cr(xs)| < -+ < |R: Cr(xg)|. f Risa

10-centraliser finite ring, then R satisfies one of the following structures:

(@ |R : Cg(z;)| = 4 for any i € {1,2,3},

R : Cg(z;)] = 8 forany i €

{4,5,---,9}and R/Z(R) = Zy X Ly X Lo X Lo.

(®) |R : Cgr(xy)| = 273, |R : Cg(x;)| = 8 forany i € {2,3,---,9} and

R/Z(R) = ZY for some 1 € {4,5,6}.

Proof. From Lemma 1.3.1(a), we have R = i§1 Cgr(z;). By Corollary 2.2.5, we
have Cg(z;) N Cr(z;) = Z(R) for any two distinct 4, j € {1,2,---,9}. Let
|R : Cg(z;)| = v forany i € {1,2,---,9}. By Lemma 2.2.11, we have |R :
Z(R)| € 72. In view of Lemma 2.2.1 and Lemma 2.2.14, we have 4 < v, < 8.
By Theorem 2.2.23, we have |R : Z(R)| > 16 with |R : Z(R)| is not square-free,

|R : Z(R)| # p?q for any two distinct primes p, ¢, and |R : Z(R)| # p? for any
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prime p. For the sake of simplicity, we write 7 = r + Z(R) for any r € R and

S = S/Z(R) for any S < R.

If v, = 5, then |R| < 25, which is a contradiction. If 75 = 7, then
|R| < 49, which is a contradiction again. Assume that 7, = 6. Therefore,
|R| < 36. By Lemma 2.2.11, we have |Cr(z;)| < 6. If |[R| = 24, then

R 2 Zy X Zyy or Zy X Zy X Zg as R is not cyclic. Thus, |Cr(z;)

< 6 and
|Cr(z;)| < 4foranyi e {2,3,---,9}. This leads to R has at most 2 elements of
order 6. Also, there does not exist any element of order 12 in R. We have reached
a contradiction as Zy X Zo X Zg has 14 elements of order 6 and Z, X Z15 has an
element of order 12. If | R| = 36, then R & Zy x Zg, Z X Zy5 or Zg X Zg as R is
not cyclic. Thus, |Cx(x;)| < 6 forany i € {1,2,---,9}. This shows that R has
at most 18 elements of order 6. Also, there does not exist any element of order
12 and order 18 in R. This leads to a contradiction as Zg x Zg has 24 elements
of order 6, Zs3 x Z12 has an element of order 12 and Zy X Zig has an element of

order 18.

Here, we consider for |R| = 16. It follows that R = Z, x Zg, Zo X
Ty X Ty, Ty X Ty X Ty X Ty OF Zy % Zy as R is not cyclic. Since |m| is
even forany i € {1,2,--- 9}, then R has at least 9 elements of order 2. Since
Ly X Lg, Ty X Ly X Ly and Z4 X 74 does not have 9 elements of order 2, then

E % ZQ X Z87Z2 X ZQ X Z4 and Z4 X Z4. Therefore, E = ZQ X ZQ X ZQ X Zg.

If v = 4, then |R| < 16, which gives that |[R| = 16. So, we have
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R = Zy X 7y X Ty X Zy. By Lemma 2.2.11, we have v, = 4. Since |R| =

9 9
> |Cr(z;)| — 8, then we have > _ |
=1 =3

Cgr(z;)| = 16. Thus, it can be easily seen that

V=4 == =7 =28

If 7o = 8, then |R| < 64. In view of Lemma 2.2.1, we have 7, = 73 =
<. =9 = 8. Since |R| = iil |Cr(x;)| — 8, then we have v, = ;};'. If |[R| = 16,
then we have R = Zy X Zy X Zy X Zy. If |R| = 24, then R = Zy x Zy5 or
Zy x Ty % Lg as R is not cyclic. It follows that |Cr(21)| = 8 and |Cg(z;)| = 3
for any ¢ € {2,3,---,9}. This shows that there does not exist any element of
order 6 and order 12 in R. This contradicts with the fact that Z, x Z, x Zg has
an element of order 6 and Zs X Z,, has an element of order 12. Here, we let
|G| denote the total number of elements with order m in an additive group G.
If |[R| = 32, then R =2 7o X Zg, Ly X g X Lg, Ty X Loy X Ly X Ty, Loy X Ty X

Loy, Ty X Ly X Ly X Ty X Ly OF Zy X Zg as R is not cyclic. Thus, |Cr(x1)] = 8

and |Cg(z;)| = 4 for any i € {2,3,---,9}. Consequently, R has at least 9
elements of order 2 and R has at most g|Zg| elements of order 8. Also, R does
not have any element of order 16. Since Zy X Z, X Z4 does not have 9 elements
of order 2, then R % Zy X Zy x Zy. Since g|Zg| < §|Zy x Zy x Zg| and

8|Z8| < 8|Z4 X Zg 5 then}_% % ZQ X ZQ X Zg and Z4 X Zg. Since ZQ X Zlﬁ has an

element of order 16, then R ¥ Zo X Z16. Suppose that R>7o X 7o X Zo X Zy.

Since Zy X Zo X Zo X 74 has 16 elements of order 4, then there exist two

distinct [y, 1y € {2,3,---,9} such that Cg(z;,) = Cg(x;,) = Zy. It follows that

Cr(zy,) = (@) = {0,a,2a,3a} and Cg(z;,) = (b) = {0,b,2b,3b} for some

@ € Cr(xy,) — Z(R) and b € Cg(x1,) — Z(R). Thus, we have Cr(2a + b) 2
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(2a+b) = {0,2a + b,2b, 2a + 3b}. Since Cr(2a + b) N Cr(x1,) # Z(R), then

by Corollary 2.2.5, we obtain C(2a + b) = Cg(zy,). This gives that 2a +b = b
or 3b. So, we obtain 2a = 0 or 2b, which is a contradiction. Consequently,

we have R = Zy X Zo X Zg X Ly X Zy. If |R| = 40, then R = Zy X Zgy or

Cr(z1)| = 8 and [Cr(z;)| = 5

Zo X 7o X Zqo as R is not cyclic. Therefore,
for any ¢« € {2,3,---,9}. This leads to there does not exist any element of
order 10 and order 20 in R, which contradicts the fact that Zy x Zy X Z;o has an
element of order 10 and Z, x Zy, has an element of order 20. If | R| = 48, then
R =7y X Los, Ty X Ly X Lio, Ly X Ly X Loy X L ot Ly % 75 as R is not cyclic.
Thus, |Cg ()| = 8 and |Cr(z;)| = 6 forany i € {2,3,---,9}. It follows that R
has at most 16 elements of order 6. Also, there does not exist any element of order
12 and order 24 in R. We have reached a contradiction as Zy X Zs X Zo X Zg
has 30 elements of order 6, Zo X Zo X Zi9,Z4 X Z15 have an element of order
12 and Zy x Zoy has an element of order 24. If |R| = 56, then R = Zy X Zgg
or Zy X Zy x 74 as R is not cyclic. Hence, |Cr(z1)| = 8 and |Cg ()| = 7 for
any i € {2,3,---,9}. It follows that there does not exist any element of order
14 and order 28 in R, which leads to a contradiction as Zy X Zq X Z14 has an
element of order 14 and Z, x Zyg has an element of order 28. If | R| = 64, then
R Lig X iga, iy X Uiy X Loy, Lug X Lig X Ly X Tag, Dig X Ui X Tag X Ly, Zioy X oo X L X
Do X Doy, Dig X Uog X Wiy X Hag X Wiy X Doy, Dy X g X 1, Uiy X Wi, Loy X Uagy X Loy, OF Log X Zig

as R is not cyclic. Thus, |Cr(x;)| = 8 foranyi € {1,2,---,9}. This implies that

R has at least 9 elements of order 2 and R has at most 9(4|Zy x Z4|) = 36 elements
of order 4. Also, there does not exist any element of order 16 and order 32 in R.

Since Zio X Ziy X Zig, g X 7y X 7.4 and Zg X Zg does not have 9 elements of order

75



2, then R X Lo X g X L, Loy X Ly X Ly and Zg X Zg. Since Zg X ZLig X Loy X Ly
has 48 elements of order 4, then R X Lo X Lig X Ly X Ly. Since Zg X Ly X Lng
and Z, x Z¢ have an element of order 16, then R X Zo X Ly X L and Zy X Ze.
Since Z, x Zg» has an element of order 32, then R 2 Zy x Zs,. Suppose that
R = 7oy X Ty X Ty X Zg. Since Zy X Zy X Zs X Zs has 32 elements of order

8, then there exist two distinct [y, ls € {1,2,--- ,9} such that Cg(z;,) = Zg and

Cr(x1,) = Zs. Thus, there exist some @ € Cr(z,) — Z(R),b € Cr(x1,) — Z(R)
such that C(z;,) = {0,a,2a,--- ,7a} and Cg(z;,) = {0,b,2b,--- ,7b}. This
implies that R = {ma +nb | m,n € Zg} = Zs x Zg, which is a contradiction.
Assume that R 22 Zy X Zo X Ty X Zo X Zy. Since Zo X Ty X Ty X Zs X 74 has
32 elements of order 4, then there exist two distinct [1,l, € {1,2,---,9} such

that Cr(xy,) = Zy X Zy and Cg(x;,) = Zs X Zy. Since |Cr(x;,) + Cr(xy,)| =

|ICr(21))||CR(21,)]
|CRr(z1; )NCr(21,)]

= 64, then we have R = Cg(z;,) + Cgr(z;,). It can be easily

checked that if @ € Cg(2;,),b € Cg(z;,) with order of @ is 4 or order of b is
4 but not both, then the order of a + b is 4. This implies that R has at least 32

elements of order 4. Since Zy X Zgy X Zo X Lo X 74 has exactly 32 elements of

order 4, then there exist some u € Cg(zy,),v € Cg(x,) with order of @ and ¥
are 4 such that the order of u + v is not 4. Thus, the order of v + v is 1 or 2. It

follows that mu + mv = 0 for some m € {1,2}, which gives that mu = —muv.

Since mu € CR(Z’II), —muv € CR<£IZ'12>, then mu € CR<£IZ'11) N CR<£IZ'12) = Z(R)
This yields that the order of w is 1 or 2, which is a contradiction. Consequently,

wehaveE%ngngZQXngZg><Z2. ]

Theorem 2.7.10. Let R be a 10-centraliser finite ring. Let X1, Xs,--- , Xg be the

9 distinct proper centralisers of R with |R : X;| < |R: Xo| < --- < |R: Xo|.
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Let t be the cardinality of the maximal non-commuting set of R. Then R satisfies

one of the following structures:

(a) t = 6,

R : X;| = 2 foranyi € {1,2,3},

R : X;| = 4 foranyi €

{4,5,---,9}, R/Z(R) = Zy X Ly X Ly X iy 0r Ly X Ly, and Prob(R) = &

(b) t =9,

R : X;| = 4 foranyi € {1,2,3},

R : X;| = 8 foranyi €

{4,5,---,9}, R/Z(R) = Zy X Ly X Zy X Zy and Prob(R) = 1.

(c) t=9|R: Xi| =23 |R: X;| =8foranyi € {2,3,---,9}, R/Z(R) =

7% and Prob(R) = § + 55— for some p € {4,5,6}.

Proof. In view of Lemma 1.3.1(d)-(g), Lemma 2.7.1, Lemma 2.7.7 and Lemma
2.7.8, we have t = 6 or 9. First, we consider for t = 6. Let {xy, 23, -+ , ¢} be the
maximal non-commuting set of 2. By Lemma 2.7.2 and Lemmas 2.7.4-2.7.6, we
have |R : Cgr(z;)| =4foranyi € {1,2,---,6},and R/Z(R) = Zo X Zy X Zig X
Zo or 7.y X Z.y. From Lemma 1.3.1(a), we have R = iQJl Cgr(z;). By Lemma 2.2.15,
we have Cg(z;) is commutative forany ¢ € {1,2,--- ,6}. We claim that C'r(z;)N
Cr(z;) N Cr(zg) = Z(R) for any three distinct i, j,k € {1,2,---,6}. If not,
then there exists some r € (Cr(x;) NCr(x;) NCr(xy)) — Z(R) for three distinct
i,j,k € {1,2,---,6}, which follows that C'r(z;) U Cr(z;) U Cr(zx) C Cg(r).
Therefore, R = Cg(r) U (l:l,l@éi,j,k CR<£IZ'1)>. By Lemma 2.2.1, it follows that
v < 3forsomel € {1,2,---,6} — {i, 7, k}, which leads to a contradiction. So,

our claim is true. For the sake of simplicity, we write 7 = r+ Z(R) forany r € R

and S = S/Z(R) forany S < R. If Cr(z;)NCr(z;) = Z(R) for any two distinct

— 6.
i,7€{1,2,--- 6}, then |R| = 2:1 |Cr(x;)| — 5 = 19, which is impossible. So,

Cr(zy,) N Cr(xy,) # Z(R) for two distinct ky, ke € {1,2,--- ,6}. Without loss
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of generality, we assume that k; = 1, k; = 4. It follows that there exists some

by € (Cgr(x1)NCr(z4)) — Z(R), which implies that C(z1) UCg(x4) € Cr(by).
Since |Cr(b1)| > |Cr(z1)], then |R : Cg(b1)| = 2. Therefore, by Lemma 2.2.11,

we have Cr(by) N Cr(x,) # Z(R) forany u € {2,3,5,6}. Letu € {2,3,5,6}.

Thus, there exists some b, € (Cr(b;) N Cr(x,)) — Z(R). Since Cg(z,) is
commutative, then Cr(z,) < Cg(b,). Clearly, Cg(b,) # R,Cr(x;) for any
i€ {1,2,---,6} — {u}. If Cr(b,) = Cg(b1), then Cgr(x,) < Cg(b;). On
the other hand, if Cg(b,) = Cg(x,), then Cg(b,) is commutative and hence,
Cgr(b,) < Cr(by) and so, Cr(z,) < Cgr(b1). In both situations, we obtain
by € Cg(z1) N Cr(zy) N Cr(x,) = Z(R), which is a contradiction. Since
|Cent(R)| = 10, then Cr(b;,) = Cr(by,) for two distinct 4, > € {2,3,5,6}. If
Cgr(by,) = Cr(by) for some I3 € {2,3,5,6} — {l1,[2}, then we obtain b, €
Cgr(zy) N Cr(x,) N Cr(z,) = Z(R), which is a contradiction. Thus, we
have Cr(by,) = Cr(b,) # Cr(by,), Cr(by,), where I3, 1, € {2,3,5,6} — {l1,12}
with I3 # l4. Since |Cent(R)| = 10, then C(b,) = Cr(b;,). Without loss

of generality, we assume that [y = 2, [, = 5,l3 = 3,l; = 6. Thus, we have

by € Cr(zs) N Cr(ws) and by € Cr(x3) N Cr(xe). This gives that

CR(wl) - {67 x_la b_17$1 + b1}7

CR(':EQ) = {67 x_Qa b_27 X2 + b?}a

OR(’I?)) = {67 13_3, b_37 X3 + bB}a
OR(‘T4> = {67 $_47 b_l) T4+ b1}7

Cr(ws) = {0,775, by, 25 + ba},

CR('TGS) = {67 x_ﬁu b_37 Te + b3}7
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CR(bl) ) {67 x_la Ea r1 + bl7x_47 T4+ bl} with |CR(b1>| = 87

Cr(b2) D {0,732, by, ¥3 + by, T5, x5 + by} with |Cr(by)| = 8,

CR(bg) D {6, xs3, E, T3 + bg,x_ﬁ, T + bg} with ’CR(bg)’ =&

Here, we claim that Cg(z;+b;) = Cg(z;) forany i € {j,7+3}and j € {1,2,3}.
Leti € {j,7+3}and j € {1,2,3}. Since Cg(z;) is commutative, then Cr(z;) <
Cr(z;+0b;). Obviously, Cr(z;+b;) # R, Cr(xy) forany k € {1,2,--- ,6}—{i}.
Since z;, x5 € Cr(b;) but x; & Cr(z;43 + b;) and x5 & Cr(z; + b;), then
Cr(x; + b;) # Cr(bj). If Cr(z; + b;) = Cr(b,) for some u € {1,2,3} — {j},
then z; + b; € Cr(x;) N Cr(zy,) N Cr(zy43) = Z(R), which is a contradiction.
This implies that Cr(z; + b;) = Cgr(x;). Forany r € R— Z(R), since r = a+ z
for some a € {x1, xo, 3, T4, T5, g, b1, bo, b3, 1 +b1, xo+bo, x3+ b3, x4 +b1, T5+
ba, ¢ + b3} and z € Z(R), then we have Cr(r) = Cg(a). Consequently, by

(1.3), we obtain

>, |Cg(r)]
Prob(R) = |Z|g‘|3)| reRZ(|2|2

1 BlZ(R)) ('%’) +(121Z(R))) (@)
6 Kk
o, G () - (5) (%)
T 7P

11
- =

Next, for t = 9, by Lemma 2.7.9, it follows that R satisfies one of the

following structures:
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(i) |[R:X;|=4foranyi € {1,2,3}, |R: X;| =8foranyi € {4,5,---,9}

and R/Z(R) = ZQ X Z2 X ZQ X ZQ.

() |R: X =23 |R: X;| =8foranyi € {2,3,---,9} and R/Z(R) =

7% for some p € {4,5,6}.

By Corollary 2.2.5, it follows that for any r,7, € R — Z(R), either
Cgr(r1) = Cg(rg) or Cg(r1) N Cr(re) = Z(R). Consequently, by (1.3), the

Prob(R) of structures (i) and (ii) are

> |Cr(r)]
_NZ(R)| | rer—z(m)
Prob(R) = 7 RE

(28 (£) o (2-8)(2)

6" RP

1
4

and

> |Cr(r)|
_|Z(R)| | rer—zw)
Prob(R) = 7] VoE

(- 2) () (2 8) ()

T R|?

8 2

respectively. This completes the proof. [

We obtain a partial converse of Theorem 2.7.10, as follows:
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Theorem 2.7.11. If R is a finite ring with R/Z(R) = 74 X Z4, then |Cent(R)| =

10.

Proof. Let {xy,xs,-- ,x;} be the maximal non-commuting set of R. Without

N

loss of generality, we suppose that |R : Cr(x;)| = 7;, where 11 < 72 - < Y
By Lemma 1.3.1(a), we have R = '91 Cr(z;). For the sake of simplicity, we

write 7 = 7 + Z(R) forany r € Rand S = S/Z(R) forany S < R.

By the fact that Z, x Z, has exactly 12 elements of order 4 and 3 elements
of order 2, then R has exactly 6 cyclic subgroups of order 4 and 3 cyclic subgroups
of order 2. Since every cyclic subgroup of order 4 contains an element of order 2,
then for any cyclic subgroup of order 2, there exists some cyclic subgroup of order
4 such that the cyclic subgroup of order 2 is contained in the cyclic subgroup of
order 4. Since every group is a union of cyclic subgroups, then R is a union of
exactly 6 cyclic subgroups of order 4. This shows that there does not exist any 7
distinct elements in R such that they do not commute with each other. Therefore,
we have ¢ < 6. In view of Lemma 1.3.1(d), (f), (g), [A3] and [A4], we obtain
t=>5orb6.

First, we claim that if 7; = 2 for some i € {1,2,--- ,t}, then Cg(z;) =
Zo X Ly If v; = 2 for some ¢ € {1,2,---,t}, then |M| = 8. Therefore,
Cr(;) &2 Ly X Ly X Ly, Ly X g 01 L. If Cp(;) = 7oy X Ty X Ly OF Lg, then R has
at least 7 elements of order 2 or R has an element of order 8, which contradicts the

fact that Z, x Z4 has exactly 3 elements of order 2 and Z, x Z, does not exist any

element of order 8. We now claim that v; < 4 forany i € {1,2,--- ,¢}. Assume
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that o, = 8 for some i € {1,2,--- ,t}. Thus, |Cg(z;)| = 2 and so, the order
of 7; is 2. If ; = 2 for some j € {1,2,--- ,t} — {i}, then Cr(z;) = Zy x Z4
and it follows that m has exactly 3 elements of order 2. Since Z, X Z4 has
exactly 3 elements of order 2, then &; € m, which is impossible. Therefore,
v; = 4 forany j € {1,2,---,t} — {i}. Hence, we have |Cx(z;)| < 4 for any
j€{1,2,---,t} — {i}. This shows that R has at most (¢ — 1)(2) = 2t —2 < 10

elements of order 4, which leads to a contradiction as Z, x Z,4 has 12 elements

of order 4. Next, we claim that if v; = 2 for some ¢ € {1,2,--- ,t}, then

the order of 7; is 2. Assume that the order of 7; is 4 or 8. Since Cg(z;) =
Zs X Z4, then the order of 7; is 4. It follows that 0, 7;, 2z;, 3z; € m
and hence, | Z(Cg(z;))| > 4. This implies that |Cr(z;) : Z(Cr(z;))| < 2. If
|Cr(x;) : Z(Cr(x;))| = 1, then Cgr(z;) is commutative. On the other hand, if
|Cr(x;) : Z(Cgr(x;))| = 2, then Cr(x;)/Z(Cr(x;)) is cyclic, which follows that
Cr(z;) is commutative. In both situations, we obtain C'r(z;) is commutative.
Therefore, by Lemma 2.2.12, we obtain |R| < 2(4) = 8, which is a contradiction.
Here, we claim that ;, = 4 forany i € {1,2,--- ,t}. We first assume that ; =

v; = 2 for two distinct 4,5 € {1,2,--- ,¢}. Thus, we have Cr(x;) = Zy X Zy.

This shows that m has exactly 3 elements of order 2. Note that, the order
of z; is 2. Since Z, X Z4 has exactly 3 elements of order 2, it follows that
T; € m, which is impossible. Next, we assume that v, = 2 and ; = 4 for
any i € {2,3,---,t}. Hence, we have Cr(21) = Zy X Z4 and |Cr(z;)| = 4
forany i € {2,3, - ,t}. Let wy, we, w3 be three distinct elements of order 4 in

Cr(z1). If for any j € {1,2,3}, w; € Cg(x;) for some i € {2,3,--- ,t}, then

R has at most [4 + (t — 1)(2)] — 3 = 2t — 1 < 11 elements of order 4, which
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contradicts the fact that Z, x Z4 has 12 elements of order 4. Therefore, there exists

some j € {1,2,3} such that w; & Cg(x;) forany i € {2,3,--- ,t}. Note that,

the orders of Z7 and w; are 2 and 4, respectively. Thus, Cz(z;) can be written as

Cr(z1) = {0,771, w5, 2wj, 3wj, 1 + wy, 11 + 2w, 21 + 3w, }. If 2wy = wja,
then Cr(z1) is commutative. Therefore, in view of Lemma 2.2.12, we obtain
|R| < 2(4) = 8, which leads to a contradiction. Therefore, ryw; # w;xy. This
gives that {w;, x1, s, - - - , 2, } is a non-commuting set of R with cardinality ¢+ 1,
which contradicts the fact that the cardinality of the maximal non-commuting set

of Ris t. Consequently, v; = 4 forany i € {1,2,--- ,t}, as claimed.

If t = 5, then |Cg(z;)| = 4 forany i € {1,2,---,5}. This leads to R
has at most 10 elements of order 4. This contradicts with the fact that Z, x Z,
has 12 elements of order 4. So, ¢+ = 6. Since R has 12 elements of order 4,
then Cp(z;) = Z4 for any i € {1,2,---,6}. Since Cx(z;) is cyclic for any
i€{1,2,---,6}, then Cg(z;) is commutative for any ¢ € {1,2,--- ,6}. Let
by, by, bs be three distinct elements of order 2 in R. We claim that C(z;) N

Cr(zj) N Cr(x) = Z(R) for any three distinct ¢, j,k € {1,2,---,6}. This

claim can be proved in a manner entirely similar to that used to prove Theorem

2.7.10. Thus, without loss of generality, we have by € Cr(x1) N Cr(z4),bs €

CR(ZL‘Q) N OR($5),6_3 < CR([E;;) N CR(.TG). Hence, we have

CR('TI) = {67 _17 b_lwrl + bl}a

CR('IQ) {67 I'_Q, b_27 ) + bZ}a

CR(ZL':),) {67 $_37 b_37 X3 + b3}7
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CR('T4) = {67 I_47 b_17 Ty + bl}?

Cr(xs) = {0,T5, by, w5 + by},

Q

R(-TG = {67 T, b_37 Te + b3}7

Cr(b1) D {ﬁ,x_l, E, Ty + b1, Ty, x4 + b1 } with |Cr(b1)| = 8,

Cr(b2) D {0,732, by, w3 + ba, T3, 25 + ba } with |Cr(b2)| = 8,

r(b3) D {0,735, bs, v3 + by, Tg, 76 + b3} with [Cr(bs)| = 8.

Q

By using a manner entirely similar to that used to prove Theorem 2.7.10, we will
obtain Cr(x; + b;) = Cg(x;) forany i € {j,j7 + 3} and j € {1,2,3}. For any
r € R—Z(R),since r = a+ z for some a € {x1, x9, x3, T4, Ts5, T¢, b1, ba, b3, 1 +
b1,y + bo, 23 + b3, x4 + by, x5 + by, 16 + b3} and z € Z(R), then we have

Cgr(r) = Cg(a). Consequently, we obtain |Cent(R)| = 10, as required. O

In general, the converse of Theorem 2.7.10 is not necessarily true. For

000000

Ry = 000000 a,b,c,dye, f € Zy p is a 34-centraliser finite ring with
000000
000000

an example of a 10-centraliser finite ring, which is appeared in the proof of

Proposition 2.2.18.

Example 2.7.12. Let M (a, b, ¢, d) be defined by M (a, b, c,d) = {

oo/

} for any

oooR
oOOoOoOS
[eleren)e)

a,b,c,d € Zs. Thering R = {M(a,b,c,d) | a,b,c,d € Zsy} is a 10-centraliser
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finite ring with

R = Cr(M(0,0,0,0)),

X; =Cr(M(0,1,0,0)) = Cr(M(0,0,1,0)) = Cr(M(0,0,0,1))
= Cgr(M(0,1,1,0)) = Cr(M(0,1,0,1)) = Cr(M(0,0,1,1))
= Cgr(M(0,1,1,1))
= {M(0,0,0,0),(0,1,0,0)), M(0,0,1,0), M(0,0,0,1),

M(0,1,1,0), M(0,1,0,1), M(0,0,1,1), M(0,1,1,1)},

Xy = Cr(M(1,0,0,0)) = {M(0,0,0,0), M(1,0,0,0)},

X3 =Cr(M(1,1,0,0)) = {M(0,0,0,0), M(1,1,0,0)},

X4 = Cgr(M(1,0,1,0)) = {M(0,0,0,0), M(1,0,1,0)},

X5 = Cgr(M(1,0,0,1)) = {M(0,0,0,0), M(1,0,0,1)},

X =Cgr(M(1,1,1,0)) = {M(0,0,0,0), M(1,1,1,0)},

X7 =Cr(M(1,1,0,1)) = {M(0,0,0,0), M(1,1,0,1)},

Xs = Cr(M(1,0,1,1)) = {M(0,0,0,0), M(1,0,1,1)},

Xo = Cr(M(1,1,1,1)) = {M(0,0,0,0), M(1,1,1,1)}.

We note that {(0,1,0,0), M(1,0,0,0), M(1,1,0,0), M(1,0,1,0), M(1,0,0,
1),M(1,1,1,0), M(1,1,0,1), M(1,0,1,1), M(1,1,1,1)} is a non-commuting
set of R with cardinality 9. Also, we note that there does not exist a non-
commuting set of R with cardinality 10. Thus, the cardinality of the max-
imal non-commuting set of R is 9. Besides that, we have |R : X;| = 2,

|R: X;| =8foranyi € {2,3,---,9}. Since Z(R) = {M(0,0,0,0)}, then we
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have R/Z(R) = 7y X Zo X Zy X Zs. Lastly, from (1.3), we obtain

> |Ck(r)
Z(R reR—Z(R)
Prob(R) = | ‘%’)‘ P
B i+ 7(8) + 8(2)
16 162
_u
327

2.8  11-Centraliser Finite Rings

In this section, we investigate the structure for all 11-centraliser finite rings and

compute their commuting probabilities.

Lemma 2.8.1. Let {x, 25, , 26} be the maximal non-commuting set of a

finite ring R. If R is an 11-centraliser finite ring, then |R : Z(R)| # 16.

Proof. Without loss of generality, we suppose that |R : Cg(z;)| = ~;, where

N

6

v < Y2 - < 6. From Lemma 1.3.1(a), we have R = Y Cgr(z;). By
Lemma 2.7.2, we have v = 4. If 74 # 4, then by Lemma 2.7.3, we obtain
|R| < 2(%) + 3(%) = %, which is impossible. So, we have v3 = 74 = 4. For

the sake of simplicity, we write 7 = r + Z(R) and S = S/Z(R) for any S < R.

We claim that «y; = 4. Suppose to the contrary that 7, = 2. By Lemma

2.2.11, we obtain |Cg(z;) N Cr(z2)| = 2. Hence, Cr(x1) NCr(xs) = {0,a} for

some @ € R — Z(R). So, we have

Cr(z,) = {0,71,@,b,a + b,71 + a, 2, + b, 1 +a+ b},
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for some b € R — Z(R). If ab = ba, then C(x) is commutative. Therefore,
by Lemma 2.2.12, it follows that |R| < 2(4) = 8; a contradiction. So, ab # ba.

Thus, we have

CR(:EI + b) 2 {Ga _17[_)7 T + b}v

Cr(a+b) 2{0,71,a + b, x1 +a+ b},

Cr(z14+a+b) 2{0,71,a + b,x; +a + b}.

It can be easily checked that R, Cr(z1), Cr(z2), - ,Cr(zs), Cr(a), Cr(xy +
a), A, B are 11 distinct centralisers of R for any A € {Cr(b), Cr(z1 + b)} and
B € {Cgr(a 4+ b),Cgr(x1 + a + b)}. Since |Cent(R)| = 11, then we obtain
Cgr(b) = Cg(z1 +b) and Cr(a + b) = Cg(z1 + a + b). Assume that Cr(u) is

non-commutative for some u € {b,a + b}. By Lemma 2.2.15, |R : Cr(u)| = 2.

Therefore, by Lemma 2.2.11, it follows that |Cr(u) N Cg(z2)] = 2. Since

u & Cr(x2), then T3 € Cr(u). Since @ ¢ Cr(u), then we have zo + a € Cgr(u).

This gives that

, Lo + a,u}.

]
3
Q

CR(I'2+CL) 2 { 5 L2y
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It can be easily checked that R, Cr(x1), Cgr(xz2),- -+ ,Cr(xg), Cr(a), Cr(z; +
a),Cr(b),Cr(a +b),Cr(xy + a) are 12 distinct centralisers of R. We have
reached a contradiction. Consequently, C'r(b), Cr(a + b) are commutative. In
view of Lemma 2.2.15, we have Cg(z;) is commutative for any i € {2,3,--- ,6}.
Suppose that uz; = x;u for some v € {b,a + b} and i € {2,3,---,6}. Since
Cr(u) and Cg(z;) are commutative, then Cr(u) < Cg(x;) and Cgr(z;) <
Cgr(u). This yields that Cgr(u) = Cg(z;), which is a contradiction. There-
fore, ux; # x;u forany u € {b,a + b} andi € {2,3,--- ,6}. This implies that
{xg, 23, -+ ,x6,b,a + b} is a non-commuting set of R with cardinality 7, which

leads to a contradiction. Consequently, we obtain v; = 4, as claimed.

By Lemma 2.2.15, we have C'r(z;) is commutative for any i € {1,2,-- -,
6}. We claim that 5 = 75 = 4. This claim can be proved by using a manner
entirely similar to that used to prove Lemma 2.7.4. Now, we claim that C'r(x;) N
Cr(z;) N Cr(zg) = Z(R) for any three distinct i, j,k € {1,2,---,6}. If not,
then there exists some r € (Cgr(z;) N Cr(z;) N Cr(xy)) — Z(R) for three
distinct 4, j, k € {1,2,---,6} such that Cr(z;) U Cr(x;) U Cr(xr) € Cg(r).

6
Therefore, R = Cg(r) U ( U CR<£IZ'1)>. By Lemma 2.2.1, it follows that

I=1,1%i,j,k
v < 3forsomel € {1,2,---,6} — {i, 7, k}, which leads to a contradiction. So,

our claim is true. Let Cg(a1), Cr(az), Cr(as), Cr(as) be four distinct proper

centralisers of R that are different from Cg(z;) forany i € {1,2,---,6}. We

next claim that there exists some u € {1, 2, 3,4} such that @, & Cr(z;) NCgr(xy)

for any two distinct j, k € {1,2,--- ,6}. Suppose to the contrary that for any

ue {1,2,3,4},a, € Cr(xy,) N Cr(xy,) for two distinct &y, 1, € {1,2,---,6},
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— [ —
then |R| < > |Cgr(z;)| — 5 — 4 = 15, which is impossible. Consequently, there
=1

exists some u € {1,2,3,4} such that @, ¢ Cr(x;) N Cr(z) for any two distinct

J.k € {1,2,---,6}. Without loss of generality, we assume that u = 1 and

leta; € Cg(xy). Leti € {2,3,---,6}. In view of Lemma 2.2.11, we obtain

|Cr(a;) NCr(x;)| = 2. Thus, there exists exactly one w; € (Cr(a;) NCr(x;)) —
Z(R). Since Cr(z;) is commutative, then Cg(x;) < Cr(w;). Clearly, Cr(w;) #
R,Cg(xj) forany j € {1,2,--- ,6} — {i}. If Cr(w;) = Cr(a1), then Cr(x;) <
Cr(a1). On the other hand, if Cr(w;) = Cg(z;), then Cr(w;) is commutative and
hence, Cr(w;) < Cr(ay) and so, Cr(z;) < Cg(ay). In both situations, we obtain
a; € Cg(x;), which is a contradiction. If Cr(w;,) = Cg(w,) = Cr(wy,) for
three distinct [y, I, l3 € {2, 3, -+ ,6}, then we obtain w;, € Cr(z;,) N Cgr(x,) N
Cgr(z,) = Z(R), which is a contradiction. Therefore, Cr(w;,) = Cgr(wy,) =
Cr(wy,) does not exist for any Iy, s, 3 € {2,3,---,6}. Since |Cent(R)| = 11,

then without any loss, we have Cr(w2) = Cr(ws) and Cr(w,) = Cr(ws) with

Cr(wy) # Cgr(wy) # Cgr(wg). Thus, we have wy € Cg(x2) N Cr(x3) and

Wy € Cr(xy) N Cr(zs). So, we obtain Cr(a;) = Cr(a)) N R = Cgr(a1) N

6 6 _ - .

(U Cr(:)) = U (Crla) N Crlas)) = {0,771, a1, 21 + a1, Wa, Wy, We }, which
contradicts the fact that |C'r(ay)| is divide |R). O
Lemma 2.8.2. Let {x, 75, -+, 2} be the maximal non-commuting set of a

finite ring R. If R is an 11-centraliser finite ring, then |R : Z(R)| # 32.

Proof. Assume that |R : Z(R)| = 32. Without loss of generality, we suppose that
|R : Cg(x;)| = i, where 7 < 72 < -+ < 6. From Lemma 1.3.1(a), we have
R = iél Cgr(z;). By Lemma 2.7.2, we have v, = 4. If 74 # 4, then by Lemma
2.7.3, we obtain | R| < 2(2) 4 3('8ly = 1B \which is impossible. So, we have

T s)= 8
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73 = 74 = 4. For the sake of simplicity, we write 7 = r + Z(R) for any r € R

and S = S/Z(R) for any S < R. We consider two cases in this proof.

Case 1: 7 = 2. If Cr(x1) is commutative, then by Lemma 2.2.12, we
obtain |R| < 2(4) = 8; a contradiction. Therefore, Cz(z;) is non-commutative.
By Lemma 2.2.9(b), we have Cr(z;) is commutative for any i € {2,3,---,6}.

We claim that Cr(z9) N Cr(z3) N Cr(zs) # Z(R). Suppose that Cr(xs) N

Cr(z3) N Cgr(xs) = Z(R). By Lemma 2.2.11, we have |Cr(x;) N Cg(z;)| > 2

for any two distinct i, j € {2,3,4}. So, we have

CR(:L‘Z) ) {Oa w_17 w_Q}v

CR(I3> D) {07 w_17 w_3}7

Cr(x4) D {0,7,ws}
for some Wy, Wy, W3 € R — Z(R). It follows that Cr(x3) U Cr(z3) € Cr(wy),
Cr(z2) U Cr(zy4) € Cgr(wy) and Cg(x3) U Cr(xy) € Cgr(ws). Obviously,

Cr(w;) # R, Cgr(x;) foranyi € {1,2,3}andj € {1,2,---,6}. Since Cr(z1)N

Cr(x2) N Cr(z3) = Z(R), then Cr(w;) # Cr(w;) for any two distinct ¢, j €
{1,2,3}. In view of Lemma 2.2.9(a), it follows that w;w; # w;w; for two distinct
i,j € {1,2,3}. This contradicts with the fact that C'r(z},) is commutative for any
k€ {2,3,4}. So, Cr(x2) N Cr(x3) N Cr(z4) # Z(R). Therefore, there exists
some r € (Cr(xe) N Cr(x3) N Cr(z4)) — Z(R) such that Cr(zs) U Cr(z3) U
Cr(z4) C Cg(r). Thus, we have R = Cr(r)UCg(x1)UCR(x5) UCR(x¢). Since

|CRr(r)| > |Cr(z2)], then |R : Cr(r)| = 2. If 4 # 4, then by Lemma 2.7.3, we
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obtain |R| < |Cr(z1)| + |Crlws)| + |Crlae)| < B B4 M — T8 which is
impossible. So, we have 75 = 75 = 4. Since |Cr(z;)| = 16, then R — Cg(z;) =

{902751337$4,9057$6,7“1,7’27"' ,7”11} for some 1,79, ,r11 € R—CR($1)- By

Lemma 2.2.11, we have |Cr(r)NCg(z1)| = 8 and |Cr(z;)NCg(z1)| = 4 for any

i € {4,5,6}. We claim that 7; & Cr(z;)NCg(xy) foranyi € {1,2,---,11} and

J. k€ {4,5,6} with j # k. If 7; € Cg(z;) NCr(xy) for somei € {1,2,--- ,11}

and j,k € {4,5,6} with j # k, then we obtain |[R — Cgr(x1)| < |Cr(r) —

Cr(z1)| + |Cr(xs) — Cr(x1)| + |Cr(z6) — Cr(z1)] — 1 = 15, which is a

contradiction. So, our claim is true. If |Cr(z4) N Cr(x5) N Cr(xg)| > 2, then

without loss of generality, we have

CR('I4> D {67 d_17 I_47 T_la T_Q, T_3}7

CR<x5> D) {67 d_b .’L'_57 7”_4, 7,'_L"’H 7,,_6}7

CR(I'(;) D {67 d_la x_(i? T_7, T_87 r_9}

for some d; € Cr(z,) — Z(R). It follows that Cr(z,4) U Cgr(zs5) U Cr(z¢) C

Cr(di)| =

16. Therefore, we have |Cr(d;) N Cr(z1)| < 4. Hence, by Lemma 2.2.11,

we obtain |R : Z(R)| < 2(2)(4) = 16, which is a contradiction. Conse-

quently, |Cr(z4) N Cr(xs) N Cr(ze)| = 1. By Lemma 2.2.11, it follows that

|Cr(z;) N Cr(x;)| > 2 for any two distinct 4, j € {4,5,6}. So, we have

CR(xll) D) {67 w_b w_2}7

CR(:L‘B) D {Ga w_b w_3}7
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CR(xfi) 0 {67 U)_Q, ’U)_g}

for some wr, Wy, w3 € R — Z(R). Hence, by using similar arguments as in above,
we will obtain w;w; # w;w; for two distinct 4, j € {1,2,3}. This contradicts

with the fact that C'r(xy) is commutative for any k& € {4,5,6}.

Case 2: 74 = 4. Now, we want to show that 75 = 75 = 4. By
Lemma 2.2.9(b), we have Cg(x;), Cr(z;) are commutative for two distinct
i,j € {1,2,3,4}. By Lemma 2.2.11, it follows that Cr(z;) N Cgr(x;) #
Z(R) and hence, there exists some € (Cr(z;) N Cr(x;)) — Z(R) such that
Cr(z:) U Cr(z;) C Cr(r). This yields that R = Cp(r) U (k:g#j CR(xk)).
Therefore, by Lemma 2.2.1, we obtain 75 = 75 = 4, as desired. By Lemma
2.2.9(b), there have at least five Cr(z;)’s are commutative. Without loss of gen-
erality, we assume that C'r(z;) is commutative for any ¢ € {1,2,--- ,5}. Let
k€ {2,3,---,6} with Cr(zx) is commutative. By Lemma 2.2.11, we have
Cr(z1) N Cr(xg) # Z(R). Thus, there exists some wy, € (Cr(x1) N Cr(zg)) —
Z(R) such that Cg(x1) U Cg(zx) C Cr(wy). Clearly, Cr(wy) # R, Cr(x;) for
any i € {1,2,--- ,6}. We claim that if Cg(z,), Cr(z,) are commutative for two
distinct u,v € {2,3,---,6}, then Cr(w,) # Cgr(w,). Suppose that Cr(w,) =
Cr(w,). It follows that Cr(z1) U Cr(x,) U Cr(x,) € Cgr(w,). This implies
that R = Cr(w,) U (iZQQéM C’R(xi)). Consequently, by Lemma 2.2.1, we
obtain ; < 3 forsome i € {2,3,---,6} — {u, v}, which leads to a contradiction.

Hence, our claim is proved. If C'r(z) is commutative, then since |Cent(R)| =

11, it follows that Cr(w,) = Cgr(w,) for two distinct u,v € {2,3,---,6},
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which leads to a contradiction. So, Cr(xs) is non-commutative. In view of
Lemma 2.2.9(a), we have x4 € Cg(wy, ), Cr(wy,), Cr(wy,) and wy,, wy,, wy, do
not commute with each other for three distinct ly,105,l3 € {2,3,4,5}. Now,
we consider for Cr(w;, + x¢) and Cr(w;, + x¢). For any ¢ € {1,2}, since
wy, € Cgr(w, + xg) but wy, € R,Cg(xg), Cr(wy), then Cr(w,, + xg) #
R, Cr(xg),Cr(wy,). For any i € {1,2} and j € {1,2,---,5}, since 25 €
Cr(wy, + x6) but 26 ¢ Cg(x;), then Cr(w;, + x¢) # Cgr(x;). For any two
distinct 7, j € {1,2}, since w;, & Cr(w;, + x6) but w;, € Cg(wy,), then
Cr(wy, + x6) # Cr(wy;). Forany i € {1,2}, since 2;, ¢ Cr(w;, + x¢) but
x, € Cg(wy), then Cr(wy, + xg) # Cr(wy,). Since w, € Cgr(w, + w6)
but w;, ¢ Cgr(w, + x¢), then Cr(w;, + x¢) # Cr(wy, + x¢). This gives that
{R,Cgr(z1),Cr(x2), - ,Cgr(ws), Cr(wy ), Cr(wy,), Cr(wy), Cr(wy,+xg), Cr
(wy, + z6)} C Cent(R). Consequently, we obtain |Cent(R)| > 12, which leads

to a contradiction. O

Lemma 2.8.3. Let {xy, x5, - - - , 27} be the maximal non-commuting set of a finite
ring R. If R is an 11-centraliser finite ring, then |R : Z(R)| = 16, 24, 32, 36, 40,
48,54, 56,60, 64, 72 or 80. Furthermore, if |R : Cr(x1)| < |R : Cr(zs)] <

e |R . C’R(a:7)],then4 < |R . CR(.CEQ)| < 6.

Proof. From Lemma 1.3.1(b) and (c), we have {Cgr(z;) | ¢ = 1,2,---,7}
is an irredundant cover of R with intersection Z(R). Thus, we have |R :
Z(R)| < f(7) = 81. Therefore, by Theorem 2.2.23, we obtain |R : Z(R)| =
16,24, 27, 32, 36, 40, 48, 54, 56, 60, 64, 72,80 or 81. If |R : Z(R)| = 27, then it

follows from Lemma 2.2.16 and Lemma 2.2.4 that |Cent(R)| = 8, which is a

contradiction. Hence, |R : Z(R)| = 16,24, 32, 36, 40, 48, 54, 56, 60, 64, 72, 80 or

93



81.

By Lemma 2.2.1, we have |R : Cr(z3)| < 6. Assume that |R : Cr(z2)| <
3. If Cr(x9) is commutative, then by Lemma 2.2.12, we obtain |R : Z(R)| <
3(3) = 9, which is a contradiction. If Cr(x2) is non-commutative, then by
Lemma 2.2.8(b), Cr(z) is commutative. It follows from Lemma 2.2.12 that
|R: Z(R)| < 3(3) =9, which is a contradiction again. Consequently, 4 < |R :

Cr(z2)| < 6. Since |R : Cr(z2)| is not divide 81, then |R : Z(R)| # 81. O

Lemma 2.8.4. Let {z1, 5, -+, 27} be the maximal non-commuting set of a

finite ring R. If R is an 11-centraliser finite ring, then |R : Z(R)| # 16.

Proof. Assume that |R : Z(R)| = 16. Without loss of generality, we suppose
that |R : Cr(x;)| = 7, where 73 < 79 < -+ < 77. From Lemma 1.3.1(a), we
have R/Z(R) = U [Ci(r:)/Z(R)]. By Lemma 2.8.3, we have 75 = 4. 175 # 4,
then by Lemma 2.7.3, we obtain |R| < @ + 5('%‘) = @, which is impossible.
So, we have 3 = 4. For the sake of simplicity, we write 7 = r + Z(R) for any

r € Rand S = S/Z(R) forany S < R.

We claim that «; = 4. Suppose to the contrary that 7, = 2. By Lemma

2.2.11, we obtain |Cr(z;) N Cr(z2)| = 2. Hence, Cr(x1) N Cr(xs) = {0,a} for

some @ € R — Z(R). So, we have




for some b € R — Z(R). If ab = ba, then C(x,) is commutative. Therefore,
by Lemma 2.2.12, it follows that |R| < 2(4) = 8; a contradiction. So, ab # ba.

Thus, we have

Cr(a+b) 2{0,Z1,a + b,z +a+ b}.

It can be easily checked that R, Cg(z1), Cr(x2), - ,Cg(z7), Cr(a), Cr(x1 +

a),Cr(b), Cr(a + b) are 12 distinct centralisers of R. We have reached a con-

tradiction. Thus, 7; = 4. By Lemma 2.2.15, we have Cg(z;) is commutative

for any i € {1,2,---,7}. If 74 = 8, then by Lemma 2.7.3, it follows that
7

Y5 = V6 = 77 = 8. Hence, we obtain |R| < Y |Cr(z;)| — 6 = 14, which is

=1

impossible. So, v, = 4.

Next, we want to show that 75 = 8. Suppose to the contrary that v = 4.

7
Thus, > |Cr(x;)] — 6 > 20. Therefore, there exist 4 distinct 71,73, 73,74 €
=1

)

R—Z(R) such thatforany i € {1,2,3,4},7 € Cgr(zy,)NCr(x;,) for two distinct
ki, l; € {1,2,--- 7} Ttis clear that forany i € {1,2,3,4}and j € {1,2,--- , 7},

Cr(ri) # R,Cg(z;). Since |Cent(R)| = 11, then Cg(r;) = Cg(r;) for two

distinct 7, j € {1,2,3,4}. Thus, we have 0,7;,7; € Cr(zy,) N Cr(xy,). This

shows that |Cr(zx,) N Cr(x;,)| = 3, which follows that |Cr(xy,) N Cr(z;,)| = 4.

Hence, we obtain C'r(zy,) = Cg(xy,), which is a contradiction. So, v = 8.
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Let Cr(ay), Cr(az), Cr(as3) be three distinct proper centralisers of R that

are different from Cr(x;) for any i € {1,2,--- ,7}. We claim that there exists

some u € {1,2,3} such that @, ¢ Cr(x;) N Cr(xy) for any two distinct j, k €

{1,2,---,7}. Suppose to the contrary that for any v € {1,2,3},a, € Cr(xg,)N

[ _ S

Cg(zy,) for two distinct ky, [, € {1,2,--- , 7}, then |R| < > |Cr(x;)|—6—3 =
i=1

15, which is impossible. Consequently, there exists some u € {1,2,3} such that

@y, & Cr(z;) N Cr(xy) for any two distinct j, k € {1,2,---,7}. Without loss of
generality, we assume that u = 1. Hence, @1 € Cg(z;) forsomei € {1,2,---,7}
with |Cg(z;)| = 4. Without any loss, we assume that a; € Cg(x;). If Cr(ay)

is commutative, then Cg(a;) = Cg(z1), which is a contradiction. Thus, Cr(a,)

is non-commutative. Since Cr(z1) < Cg(ay), we have |R : Cr(ay)| = 2. Let

i € {2,3,4}. In view of Lemma 2.2.11, we obtain |Cg(a;) N Cr(z;)| = 2.

Thus, there exists exactly one w; € (Cg(a1) N Cr(x;)) — Z(R). Since Cgr(z;)
is commutative, then Cr(x;) < Cg(w;). Clearly, Cr(w;) # R, Cg(x;) for any
g e {1,2,--- .7} = {i}. If Cr(w;) = Cgr(ay), then Cg(z;) < Cr(ay). On
the other hand, if Cr(w;) = Cg(z;), then Cr(w;) is commutative and hence,
Cr(w;) < Cgr(ay) and so, Cr(x;) < Cg(ay). In both situations, we obtain

a; € Cg(x;), which is a contradiction. Since |Cent(R)| = 11, then without any

loss, we have C'r(ws) = Cr(ws). Thus, we have W € Cg(x2) N Cr(x3). So, we

obtain Cry(ar) = Cr(a) "R = Clan) N (U Crl)) = U (Crlan) NCrln).

Since Cr(a;)NCr(z;) = {0} foranyi € {6, 7}, we have Cr(a;) = .L_?JI(C'R(al)ﬂ

Cr(z;)) 2{0,771,a1, 21 + a1, Wy, Wy }. This shows that |Cr(a;)| = 6 or 7, which

contradicts the fact that |Cr(ay)| is divide |R). O

Lemma 2.8.5. Let {z1, 5, -+ , 27} be the maximal non-commuting set of a
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finite ring R. If R is an 11-centraliser finite ring, then |R : Z(R)| # 24,40 and

56 .

Proof. Assume that |R : Z(R)| = 24,40 or 56. Thus, we have |R : Z(R)| = 8p
for some prime p € {3,5,7}. Without loss of generality, we suppose that
|R : Cgr(z;)| = 7, where 73 < 79 < -+ < 7. From Lemma 1.3.1(a), we
have R/Z(R) = iél[CR(xi)/Z(R)]. By Lemma 2.8.3, we have 4 < 72 < 6. Let
|G| denote the total number of elements with order m in an additive group G.
For the sake of simplicity, we write 7 = r+ Z(R) forany r € Rand S = S/Z(R)

forany S < R.

Since R is not cyclic, then R X 7y X Lay, OF Ly X Ly X L. Thus,

|Cr(x1)| < 4p and |Cgr(z;)| < 2p forany ¢ € {2,3,---,7}. This yields that

R has at most 4p|Z4y| elements of order 4p. Since 4| Zay| < 4p|Zg X Zyy|, then

R % Zy X Zyy and 50, R = Zy X Ly X ZLs,. We now claim that |Cr(z;)| = 2p or
4p. If |R| = 24 with |Cr(x1)| = 4, then |Cr(x;)| < 4 forany i € {2,3,---,7}.
This implies that there does not exist any element of order 6 in R. We have

reached a contradiction as Z, x Zo X Zg has an element of order 6. If | R| = 24

with |Cg(z1)| = 8, then |Cg(z;)| < 8 forany ¢ € {2,3,---,7}. Therefore,

R has at most 6(5|Zs|) = 12 elements of order 6, which contradicts the fact

that Zy x Zo X Zg has 14 elements of order 6. If |R| = 40 with |Cr(z1)| = 8,

then |Cgr(z;)| < 8 forany i € {2,3,---,7}. This leads to there does not exist
any element of order 10 in R, which contradicts the fact that Zy x Zy x Zqg

has an element of order 10. Therefore, |Cr(z1)| = 2p or 4p. It follows that

Cr(z1) = Zgy or Zy X Zg,. Here, we claim that v # 4. Assume that v = 4,
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then Cr(x;) = Zy, forany i € {2,3,--- ,6}. This gives that Cr(z;) has exactly
p— 1 elements of order p forany i € {1,2,--- ,6}. By the fact that Zy X Zy X Zy,
has exactly p — 1 elements of order p, then there exists some @ € R — W with
order p such thata € ﬁl m. So, by Lemma 1.3.1(b), (c) and Lemma 2.2.2,

we obtain @ € Z(R), which leads to a contradiction. Consequently, 76 # 4 and so,
|Cr(z:)| < 2pforany i € {6,7}. Since Zy x Zs X Zg has 14 elements of order 6,
Zo X g X 21 has 28 elements of order 10, and Zs X Zq X Z14 has 42 elements
of order 14, then it follows that m = Zo X Ly, and m = Zso, for any
i €4{2,3,4,5}. Since Zy X Zy X Zs, has exactly p — 1 elements of order p, then
there exists some @ € R — W with order p such thata € ii m. For any
i € {2,3,4,5}, since Cg(x;) is cyclic, then C'r(z;) is commutative. Therefore,

we have U Cp(r;) € Cr(a). This gives that R = Cp(a) U Cr(a1) U Cr() U

Cr(x7). By Lemma 2.7.3, we have |R| < |Cr(x1)| 4+ |Cr(z6)| + |Cr(z7)|. So,

|B|

we obtain |R| < %‘ + 2(*3) = | R|, which is a contradiction. O

Lemma 2.8.6. Let {xy, x5, - - - , 27} be the maximal non-commuting set of a finite
ring R. Let |Cent(R)| = 11. Let |R : Cr(x;)| = 7, where 73 < 72 < -+ - < 7.

If |R: Z(R)| = 32 or 64, then 7, = 2.

Proof. Assume that v; # 2. By Lemma 2.8.3, we have v, = 4. Hence, 7; = 4.
From Lemma 1.3.1(a), we have R/Z(R) = z‘L:7J1[(]R(xz-)/Z(R)]. If 73 # 4, then
by Lemma 2.7.3, we obtain |R| < % + 5(%) = @, which is impossible. So,
we have v3 = 4. Now, we want to show that v = 4. Suppose that 75 > 8.
By Lemma 2.2.8(b), we have Cr(x;), Cr(z;) are commutative for two distinct

i,j € {1,2,3}. By Lemma 2.2.11, it follows that Cr(x;) N Cg(z;) # Z(R)

and hence, there exists some r € (Cr(x;) N Cr(z;)) — Z(R), which gives that
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C’R(xz) U C’R(xj) - CR(T’). This y1€ldS that R = CR(’/’) U CR(JIk)) .

#i,J

Therefore, by Lemma 2.7.3, we obtain |R| < 2(%) + 3(%) = @, which
is a contradiction. Thus, 75 = 4. Next, we want to prove that v; = 4. By
Lemma 2.2.8(b), we have Cg(z,), Cr(x1,), Cr(x1,), Cr(x;,) are commutative
for four distinct [y, 15,103,ly € {1,2,---,5}. Without loss of generality, we
assume that [y = 1,1y = 2,13 = 3,14 = 4. Leti,j € {1,2,3,4} with i # j.
By Lemma 2.2.11, it follows that Cr(z;) N Cr(z;) # Z(R) and hence, there
exists some w;; € (Cr(z;) N Cgr(z;)) — Z(R), which gives that Cr(z;) U
Cr(zj) C Cgr(w; ;). Clearly, Cr(w; ;) # R, Cgr(xy) forany k € {1,2,---,7}.
Now, we choosing w o, ws 3, w1 4, Wa 3. Since |Cent(R)| = 11, then there exist
two distinct by, by € {wy 2, w1 3, Wy 4, we 3} such that Cr(by) = Cr(be). Thus,
R = Cr(b1) U Cgr(zr) U Cgr(z5) U Cr(x6) U Cg(x7) for some k € {1,2,3,4}.
If v; > 8, then by Lemma 2.7.3, we have |R| < 3(%) + % = %, which is

impossible. So, v; = 4.

Here, we claim that Cr(x;,) N Cr(xy,) N Cr(xy,) N Cr(xy,) = Z(R)
for any four distinct [y, o, l3,l, € {1,2,---,7}. If not, then there exists some
r € (Cr(zy,)NCr(x,)NCr(x,)NCr(xy,)) — Z(R), which gives that Cr(x;, )U
Cr(zy,) U Cr(x,) U Cr(z,) € Cg(r). Therefore, we have R = Cg(r) U
Cr(x1,)UCR (11, )UCR(xy,) for three distinct I5, lg, Iz € {1,2,--- , 7} —{l1, 12, 3,
l4}. So, we obtain |R| < @ by Lemma 2.7.3, which is impossible. Therefore,
our claim is true. In view of Lemma 2.2.8(b), there have at least six C'r(z;)’s are
commutative. Without loss of generality, we assume that C'g(z;) is commutative

foranyi € {1,2,---,6}. Leti,j € {1,2,--- ,6} withi # j. By Lemma 2.2.11,
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it follows that Cr(x;) N Cr(z;) # Z(R) and hence, there exists some w; ; €
(Cr(z;) N Cr(z;)) — Z(R), which gives that Cr(z;) U Cr(x;) C Cr(w; ;). Itis
obvious that Cr(w; ;) # R, Cr(zy) forany k € {1,2,---,7}. Now, we choos-
ing wy 2, w1 3, Wy 5, Wya6, wse. Since |Cent(R)| = 11 and Cr(xy,) N Cr(xy,) N
Cr(z1;) N Cr(xy,) = Z(R) for any four distinct Iy, I3, 3,14 € {1,2,---, 7}, then
we have Cr(wi2) = Cr(wis), Cr(b1) = Cgr(b2) and Cr(bs) # Cr(wi2) #
Cr(by) for three distinct by, bo, by € {wy 5, w4, ws6}. Therefore, R = Cr(w; 2)U
Cr(b1) UCg(z7). In view of Lemma 2.7.3, we obtain |R| < %' + % = #. We
have reached a contradiction. [

Lemma 2.8.7. Let {z, 2, - , 27} be the maximal non-commuting set of a

finite ring R. If R is an 11-centraliser finite ring, then |R : Z(R)| # 32.

Proof. Assume that |R : Z(R)| = 32. Without loss of generality, we suppose

that |R : Cg(z;)| = 7, where y; < 72 < --+ < 7. From Lemma 1.3.1(a),

|I C~

we have R/Z(R) = [C’R(xz)/Z( )]. By Lemma 2.8.3 and Lemma 2.8.6,

we have 4 = 2 and v, = 4. If 73 # 4, then by Lemma 2.7.3, we obtain

R
)=

|R| < |4£‘ + 5(% which is impossible. So, we have 3 = 4. If v, > 16,

then by Lemma 2.7.3, we obtain |R| < (%) +4( |R‘) 3‘R| , which is impossible.
So, we have ~, < 8. For the sake of simplicity, we write 7 = r + Z(R) for any

r € Rand S = S/Z(R) forany S < R.

If Cr(z1) is commutative, then by Lemma 2.2.12, we obtain |R| <
2(4) = 8; a contradiction. Therefore, C'z(x;) is non-commutative. By Lemma
2.2.8(b), we have Cr(x;) is commutative for any i € {2,3,---,7}. Since

|CR<:C1)‘ - 16 then R CR(.Tl) - {CEQ,Z’:),,.7;4,.%5,376,1'7,7"1,7"2, ' 77”_10} for
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some 1,79, ,79 € R — Cr(z1). We claim that 7, ¢ Cr(z;) N Cr(xy)

for any i € {1,2,---,10} and j,k € {2,3,---,7} with j # k. If 7} €

Cr(zj) N Cg(xy) for some i € {1,2,---,10} and j, k € {2,3,---,7} with
J # k, then Cg(x;) U Cr(zy) € Cgr(r;). Itis clear that Cr(r;) # R, Cr(x;) for
any [ € {1,2,---,7}. Therefore, by Lemma 2.2.8(a), we obtain r; € Cr(z1); a

contradiction. So, our claim is true. By Lemma 2.2.11, we have

4 if~y =4,
|Cr(x:) N Cr(a1)| =
92 ify, =8,
where i € {1,2,---,7}. Likewise, we have
B 4 ify, =4,
|Cr(z;) N (R — Cr(z1))] =

where i € {1,2,---,7}. If |Cr(z2) N Cr(x3) N Cr(z4)| > 2, then without loss

of generality, we have

CR(£2> D) {67 d_la x_27r_17 7"_2,7'_3},
CR(Z'?,) D) {67 d_la ZU_3,T_4, T_57r_6}7

CR(:L‘ZL) 2 {6; d_la ﬁL'_4, 7"—7}

for some d; € Cr(z,) — Z(R). It follows that Cr(z5) U Cr(z3) U Cr(z4) C

Cr(dy). This shows that T3, T3, Ty, 71,72, - - - , 77 € Cr(dy) and hence, |Cr(d;)| =

16. Therefore, we have |Cr(d;) N Cg(z1)| < 4. Hence, by Lemma 2.2.11, we
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obtain |R| < 2(2)(4) = 16, which is a contradiction. Consequently, |Cr(z2) N

Cr(z3) N Cr(xy)| = 1. If 44 = 4, then by using a manner entirely similar to
that used to prove Lemma 2.7.6, we will obtain |Cent(R)| > 12, which leads

to a contradiction. Therefore, 74 = 8. In view of Lemma 2.7.3, it follows

v5 = Y6 = 77 = 8. By Lemma 2.2.11, we have |Cr(z3) N Cgr(x3)| = 2 or 4.

Thus, without any loss, we have

CR('IQ) = {67 d_17 TQv 7"—1, T_Qa T_g, d_27 d_3}7

CR(IB) = {67 d_17 T37 T_47 T_5a 7"_67 d_47 d_5}

{dy, ds}| = 0. Hence, we have

Cr(d1) D Cr(z) U Cgr(zs) U {71},

Cr(dy) D Cr(r2) U{Z1},

Cr(ds) D Cr(x2) U {71},

Cr(ds) D Cr(x3) U {71},

CR(d5) D CR<1’3) U {ZL'_I}

Since |Cr(dy) N Cr(d;)| = 9 forany i € {2,3,4,5}, then |Cr(dy) N Cr(d;)| =

16 for any ¢ € {2,3,4,5}. This yields that Cr(dy) = Cg(d2) = Cg(ds) =

that |Z(Cr(dy))| = 8. If |Cr(dy) : Z(Cg(dy))| = 1, then Cg(d;) is commutative.

On the other hand, if |Cr(d;) : Z(Cgr(dy))| = 2, then Cg(dy)/Z(Cr(dy)) is
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cyclic, which follows that Cr(d;) is commutative. In both situations, we obtain
Cgr(d;) is commutative. This leads to z129 = x9xq, wWhich is a contradiction. So,

we have

CR(dl) D) {07'r_27 x_37 r_lv EJ T_37 T_47 T_57 r_fi? '/I"_17 d17 d27 d3}

Next, without loss of generality, we have

CR($4> - {67 .T_4, 71_77 U)_4},

CR(':CE)) = {67 33_5, %7 w_5}7

CR('IB) = {67 3:_67 Ea w_6}7

OR(Q:'?) = {67 3:_77 ma w_7}

for some wy, W, ws, w7 € Cgr(zr1) — Z(R). If Cr(dy) = Cg(w;) for some

i €{4,5,6,7}, then T; € Cr(d;). This leads to |Cr(d;) N Cgr(x1)| < 8. Hence,

it follows from Lemma 2.2.11 that |R| < 2(2)(8) = 32; a contradiction. So,
Cr(dy) # Cr(w;) forany ¢ € {4,5,6,7}. We claim that w,, # w, for two distinct
u,v € {4,5,6,7}. Suppose that w, = w, for any two distinct u,v € {4,5,6,7},

then we have

Since |R : Cr(dy)| = |R : Cr(wy)| = 2, then by Lemma 2.2.11, it follows that
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|Cr(dy) N Cr(wy)| = 8. Thus, we have d; € Cr(wy). It is obvious that Cz(d)
and Cr(wy) are not equal to R, Cr(x;) for any ¢ € {1,2,---,7}. Therefore,
from Lemma 2.2.8(a), we obtain dw, # w4d;, which is a contradiction. So, we
have w, # w, for two distinct u,v € {4,5, 6, 7}. Without loss of generality, we

assume that u = 4 and v = 5. Thus, we have

CR(U}4) ) {67 I_47 7"_77 ’LU_4, x_l}a

Since x4, € Cpg(wy) but x4 & Cr(ws), then Cr(ws) # Cr(ws). Clearly,
Cr(dy), Cr(wy) and Cr(ws) are notequal to R, Cg(z;) foranyi € {1,2,--- ,7}.

Hence, we have Cent(R) = {R, Cg(z1), Cr(x2),- -+ ,Cr(z7), Cr(dy), Cr(wy),

Cr(ws)}. Note that, there exist at least 8 distinct Ay, hg, - - - , hg € Cr(21)—Z(R)
such that for any i € {1,2,---,8}, h; ¢ Cg(x;) forany j € {2,3,---,7}.
So, we are forced to conclude that Cr(hy) = Cr(hs) = -+ = Cgr(hs) =
Cg(z,). This implies that 0,77, hy, he,--- ,hg € m, which gives
that |Z(Cr(z1))| > 10 and it follows that |Z(Cg(z))| = 16. So, we obtain
|Cr(x1) : Z(Cgr(x1))| = 1, which yields that Cg(z;) is commutative. We have

reached a contradiction. ]

Lemma 2.8.8. Let {x, 25, , 27} be the maximal non-commuting set of a
finite ring R. If R is an 11-centraliser finite ring, then |R : Z(R)| # 36, 54 and

60.

Proof. Assume that |R : Z(R)| = 36,54 or 60. Without loss of generality, we

suppose that |R : Cg(z;)| = ~;, where 71 < 72 < -+ < 7. From Lemma
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7
1.3.1(a), we have R/Z(R) = 491[CR($i)/Z(R)]. By Lemma 2.8.3, we have
4 < 75 < 6. Let ,,,|G| denote the total number of elements with order m in an
additive group G. For the sake of simplicity, we write 7 = r + Z(R) for any

r € Rand S = S/Z(R) forany S < R.

If |R| = 36, then R = Zy x Zyg,Zs X Zg or Zg X Zg as R is not
cyclic. Hence, |Cr(x1)] < 18 and |Cxr(x;)| < 9 for any i € {2,3,---,7}.
This leads to R has at most 15|Z15| elements of order 12 and 15|Z;s| elements
of order 18. Since 13|Z1s| < 12|Z3 X Z1o| and 18|Z1s| < 18|Za X Zys|, then
R/Z(R) % Zy x Zyg and Zs X Zio. It follows that R & Zg x Zg. Therefore,
wehavem%’ Zs, |M| = 9,%’5 Lo X T orm% Zs X L.

This implies that R has at most 4|Z3 x Zg| + 6(g|Zg|) = 20 elements of order 6.

This contradicts with the fact that Zg x Zg has 24 elements of order 6.

If |R| = 54, then R = 73 x Zyg, Zs X Zs X Zg as R is not cyclic. Since
Y2 = 6, then by Lemma 2.2.1, we obtain 7, = 3 = --- = 77y = 6. Therefore,
|Cr(z1)| < 27 and |Cr(z;)] = 9 for any i € {2,3,---,7}. This shows that
R has at most 15|Zs| elements of order 18. Since 13|Zg| < 18|Z2 x Z1g|, then
R/Z(R) % Zs X Zys. So, R = Zs x T3 x Zg. If |Cr(z1)| = 9 or 27, then
R does not exist any element of order 2. We have reached a contradiction as
Zs x s x Zg has an elements of order 2. Hence, |Cx(1)| = 18 and it follows
that m = Zs3 x Zg. This implies that R has at most 6|23 X Zg| elements of

order 6. Consequently, we obtain ¢|R| = ¢|Z3 x Zs3 x Zg| < ¢|Zs X Zg|, which

18 a contradiction.
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If |R| = 60, then R = Zy x Zsg as R is not cyclic. Thus, |Cr(x1)| < 30
and |Cr(z;)| < 15 for any i € {2,3,---,7}. It follows that R has at most
30|Zso| elements of order 30. This leads to 39| R| = 30|Zy X Zsg| < 30|Zso|, a

contradiction is reached. O]

Lemma 2.8.9. Let {z, 2, -, 27} be the maximal non-commuting set of a

finite ring R. If R is an 11-centraliser finite ring, then |R : Z(R)| # 48.

Proof. Assume that |R : Z(R)| = 48. Without loss of generality, we suppose that
|R : Cg(x;)| = i, where v < 72 < -+ < 7. From Lemma 1.3.1(a), we have
R/Z(R) = 191[01%(%)/2(}%)]' By Lemma 2.8.3, we have 7, = 4 or 6. Let ,,, |G|
denote the total number of elements with order m in an additive group G. For the
sake of simplicity, we write 7 = r + Z(R) for any r € R and S = S/Z(R) for

any S < R.

Since R is not cyclic, then R = 7o X Loy, Tog X Ly X Tong, Loy X Loy X Lo X L

or Z4 X Zio. Hence, |Cr(z1)| < 24 and |Cg(z;)| < 12foranyi € {2,3,--- ,7}.
This shows that R has at most 94|Z4| elements of order 24. Since 94|Zy4| <

24|Zy X Ty, then R % Zo X Zyy. We first claim that y; # 6. If v, = 6, then

v2 = 6 and hence, we obtain v, = 73 = --- = 7 = 6 by Lemma 2.2.1. It
follows that |Cr(z;)| = 8 forany i € {1,2,--- ,7}. This leads to there does not
exist any element of order 6 and order 12 in R. This contradicts with the fact
that Zy X Zo X 7 X Zg has an element of order 6, Zo X Zo X Zio and Z4 X Ziy2
have an element of order 12. Next, we claim that v # 4. Suppose that 5 = 4,

then Cr(x;) = Zy X Zg or Z15 for any i € {2,3,--- ,6}. This gives that C'r(x;)

has exactly 2 elements of order 3 for any i € {2,3,---,6}. Since 3 is divide
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|Cr(x1)|, then there exists an element of order 3 in Cr(x;). By the fact that
Ly X Loy X Lo, Ly X Lo X Lo X Zig and Z4 X 715 have exactly 2 elements of order

_ 6
3, then there exists some @ € R — Z(R) with order 3 such that a € n Cr(z;).

So, by Lemma 1.3.1(b), (c) and Lemma 2.2.2, we obtain a € Z(R), which leads

to a contradiction. Consequently, 75 # 4.

We claim that v; # 4. Suppose that 5 = 4, then Cr(x;) = Zy X Zg or

Zys forany i € {2,3,4,5}. This gives that Cr(z;) has exactly 2 elements of order

3 forany i € {2,3,4,5}. Since 3 is divide |Cg(z1)|, then there exists an element
of order 3 in Cg(z1). By the fact that Zy X Zg X Zyo, Zo X Ly X Lo X Zg and

7.4 X 715 have exactly 2 elements of order 3, then there exists some @ € R — Z(R)

with order 3 such that @ € z"i Cr(x;). In view of Lemma 2.2.8(b), there exist four
distinct 4, l2, I3, 14 € {1,2,3,4,5} such that Cg(zy,), Cr(xy,), Cr(zi,), Cr(xy,)
are commutative. Therefore, we have ig Cr(z;,) € Cg(a). It follows that
R = Cr(a)UCg(z, )UCR(x6)UCR(x7), where l5 € {1,2,3,4,5}—{l1, 12,13, 14}

So, by Lemma 2.7.3, we obtain |R| < @ + 2(%) = %, which is impossible.

So, 75 # 4. Therefore, we have |Cr(z1)| < 24, |Cr(x;)| < 12 for any i €

{2,3,4} and |Cg(z;)| < 8 for any j € {5,6,7}. This gives that R has at most
12|29 X Za| + 3(12Z12]) = 8 + 3(4) = 20 elements of order 12. Since Z4 X Zq2

has 24 elements of order 12, then R % Z4 X Z».

Next, we want to show that v, # 4. Suppose that 74 = 4, then Cr(z;) =

Zo X Zg or Zyo for any i € {2,3,4}. This gives that Cr(z;) has exactly 2

elements of order 3 for any i € {2,3,4}. Since 3 is divide |Cr(z1)|, then there
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exists an element of order 3 in m. By the fact that Zy X Zs X 735 and
Lo X Ly X Ly X Zg have exactly 2 elements of order 3, then there exists some @ €
ﬁ—m with order 3 such thata € iél m. In view of Lemma 2.2.8(b), there
exist three distinct [y, 5, l3 € {1,2, 3,4} such that Cg(z;,), Cr(x1,), Cr(x,) are
commutative. Therefore, we have i§1 Cr(z;;) € Cg(a). It follows that R =
Cr(a)UCRg(x, ) UCR(x5)UCR(26) UCR(x7), where Iy € {1,2,3,4}—{l1,1s,13}.
If ; # 6, then by Lemma 2.7.3, we obtain |R| < @ + 2(%) + % = %;

a contradiction. So, 7; = 6 and hence, 75 = 7 = 6. From Lemma 2.7.3

again, we have |R : Cg(a)| = 2 and |R : Cg(x;,)| = 2. Since 72 > 4, then

I, = 1. Hence, we have |Cg(a)| = |Cr(x1)| = 24 and |Cg(z5)| = |Cr(zs)| =

|CR($7)| = 8. Note that, }_% = CR((Z) U CR(I‘l) U CR(I'5) U CR(iL‘G) U CR(ZL‘7).

Assume that R = Zo X Zo X Zqs. Since Zo X Zo X Zqs has 16 elements of

order 12, then it follows that Cr(a), Cr(x1) = Zg X Z;5. This implies that R
has at most 2(g|Z2 X Z12|) = 2(6) = 12 elements of order 6. We have reached a

contradiction as Zo X Zy X Z15 has 14 elements of order 6. Next, we suppose that

R = 7y x Ly X T x Zg. Hence, Cr(a), Cr(x1) = Zy x Zy x Zg. This yields
that R has at most 2(g|Zg x Zy x Zg|) = 2(14) = 28 elements of order 6, which

leads to a contradiction as Zg X Zso X Zo X Zg has 30 elements of order 6.

Therefore, we have |Cr(z1)| < 24, |Cr(x;)| < 12 forany i € {2,3} and
|Cr(z;)] < 8 forany j € {4,5,6,7}. Assume that R & Zy X Zy X Zy X Zs.

Since Zg X Zo X L X Zg has 30 elements of order 6, then it follows that C'r(z) =

Lo X Ly X ZLg, Cr(xs),Cr(x3) = Zy x Zg¢ and Cg(z,), Cr(z,) = Zg for two

distinct w,v € {4,5,6,7}. This gives that Cr(x;) has exactly 2 elements of
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order 3 for any i € {1,2,3,u,v}. By the fact that Zy X Zy X Zg X Zg has

exactly 2 elements of order 3, then there exists some @ € R — Z(R) with order

3 such thata € . N }CR(xZ-). In view of Lemma 2.2.8(b), there exist four
1€41,2,3,u,v

distinct Iy, l5, 3,14 € {1,2,3,u,v} such that Cg(zy, ), Cr(xy,), Cr(21,), Cr(xy,)
are commutative. Therefore, we have iﬁjl Cr(z1,) € Cg(a). It follows that R =
Cr(a) U Cgr(z;) U Cr(zy,) U Cr(xy,), where l5 € {1,2,3,u, v} — {l1,l2, 13,14}
and lg,l; € {4,5,6,7} — {u,v} with [ # l;. Hence, we obtain |R| < @ +
2(%') = @ by Lemma 2.7.3, a contradiction is reached. Consequently, we have
R > 7o X 7y X Zys. Since Zy X Zs X 715 has 16 elements of order 12, then it

follows that CR<(L’1) = ZQ X Zlg and CR(J,’g), CR(JI:;) = Zlg. Since ZQ X Z2 X Z12

has 14 elements of order 6, then we have Cg(z,), Cr(x,) = Zg for two distinct

u,v € {4,5,6,7}. This gives that Cr(z;) has exactly 2 elements of order 3 for
any i € {1,2,3,u,v}. By using similar arguments as in above, we will obtain

|R| < %‘ + 2('%) = %, which leads to a contradiction. O

Lemma 2.8.10. Let {x, 25, -+ , 27} be the maximal non-commuting set of a

finite ring R. If R is an 11-centraliser finite ring, then |R : Z(R)| # 64.

Proof. Assume that |R : Z(R)| = 64. Without loss of generality, we suppose

that |R : Cg(z;)| = 7, where 71 < 72 < --+ < 7. From Lemma 1.3.1(a),
7

we have R/Z(R) = ,L_Jl[C’R(xi)/Z(R)]. By Lemma 2.8.3 and Lemma 2.8.6,

we have 71 = 2 and 5 = 4. If 73 # 4, then by Lemma 2.7.3, we obtain

) = 7|R|

Bl = (IR
[l < 5 +5( 5

= which is impossible. So, we have 3 = 4. If v, > 16,

then by Lemma 2.7.3, we obtain |R| < 2(%) —|—4(%) = @, which is impossible.

So, we have ~, < 8. For the sake of simplicity, we write 7 = r + Z(R) for any

r € Rand S = S/Z(R) forany S < R.
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If Or(r1) is commutative, then by Lemma 2.2.12, we obtain |R| <

2(4) = 8; a contradiction. Therefore, C'r(x;) is non-commutative. By Lemma

2.2.8(b), we have Cg(z;) is commutative for any i € {2,3,---,7}. Since
|CR<1'1)‘ = 32, then E - CR(xl) = {x_Qa T3, T4, T5, L6, L7, 11,72, " 7@} for
some 1,72, -+ , 796 € R — Cg(x1). We claim that 7; ¢ Cg(x;) N Cr(zg)

for any i € {1,2,---,26} and j,k € {2,3,---,7} with j # k. If7; €

Cr(zj) N Cg(xy) for some i € {1,2,---,26} and j, k € {2,3,---,7} with
J # k, then Cr(x;) U Cr(zx) € Cg(r;). Itis clear that Cr(r;) # R, Cr(x;) for
any [ € {1,2,---,7}. Therefore, by Lemma 2.2.8(a), we obtain ; € Cr(x;); a

contradiction. So, our claim is true. By Lemma 2.2.11, we have

8 ify =4,
|Cr(z:) N Cr(x1)| =
4 ify =S8,
where i € {1,2,---,7}. Likewise, we have
B 8 if~y =4,
|Cr(w:) N (R = Cr1))| =
4 ifvy, =8,

where i € {1,2,--- | 7}. If |Cr(x2) N Cr(x3) N Cr(z4)| = 2, then without loss

of generality, we have

CR(£2) D {67 d_la CU_Q, T_17 Ea e 7T_7}7

CR(I?)) 2 {67 d_la I'_g, T_87 %7 e 7m};

Cr(z4) D {0,dy, T2, 715, 16, T17 }
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for some d; € Cr(z,) — Z(R). It follows that Cr(z5) U Cgr(z3) U Cr(z4) C

Cr(dy). This shows that 73, T3, Ty, 71, T2, - - - , 717 € Cgr(dy) and thus, |Cr(dy)| =

32. Therefore, we have |Cg(d;) N Cr(x1)| < 8. Hence, by Lemma 2.2.11, we

obtain |R| < 2(2)(8) = 32, which is a contradiction. Consequently, |Cr(z2) N

Cgr(z3) N Cr(x4)] = 1. We continue the proof by considering two cases.

Case 1: 74 = 4. By Lemma 2.2.11, we have |Cg(z;) N Cg(z;)| > 4 for

any two distinct i, j € {2,3,4}. Thus, without loss of generality, we have

for some dy,dy, - - ,d1a € Cgr(x1) — Z(R). It follows that C(x5) U Cr(23) C
CR(dl),CR(ZEQ) U CR(I4) Q CR(d4) and CR(.Tg) U CR(I4) Q CR(d7> It is

obvious that Cg(d;) # R,Cg(z;) forany i € {1,4,7}and [ € {1,2,---,7}.

Since |Cr(z2) N Cr(xs) N Cr(xy)| = 1, then Cr(d;) # Cgr(d;) for any two
distinct 7,5 € {1,4,7}. Therefore, by Lemma 2.2.8(a), we have d;, d4, d7 do
not commute with each other. Now, we consider for Cr(d; + x1). Since dy &
Cgr(dy + x1) but dy € R,Cg(x1), then Cr(d; + x1) # R,Cg(z1). For any
i€{2,3,---,7},since xy € Cr(d; +x1) but xy & Cr(x;), then Cr(dy +x1) #
Cr(z;). Since z9 € Cr(dy + x1) but zo € Cgr(dy), then Cr(dy + x1) # Cgr(dy).
Since dy, d7 & Cr(dy + x1) but dy € Cg(ds) and dy € Cg(dz), then Cgr(dy +

x1) # Cgr(ds), Cr(dy). Consequently, we obtain |Cent(R)| > 12, which is a
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contradiction.

Case 2: 74 = 8. In view of Lemma 2.7.3, it follows 75 = 75 = 77 = 8.

By Lemma 2.2.11, we have |Cr(z2) N Cr(x3)| = 4 or 8. Thus, without any loss,

we have

CR(:U2> {67 d17d27d3>x_277._17ﬁ7"' ;T_77d_47d_5:d_67d_7}7

CR(I'g) - {67 d_la d_27 d_?n iU_g, T_g, 7,.—97 T 7m7 d_Sa d_97 d_107d_11}

for some dy, dy, - -+ ,dy; € Cr(x1) — Z(R). We first consider |{dy, ds, dg, d7} N

{dg,dy, dyo,dy; }| = 0. Hence, we have

Cr(di) > Cr(w2) U Cr(ws) U {71} forany i € {1,2,3},

Cr(d;) D Cr(xy) U{z7} forany i € {4,5,6,7},

Cr(d;) D Cr(zs) U {71} forany i € {8,9,10,11}.

Since |Cr(dy) N Cgr(d;)| = 17 for any i € {2,3,---,11}, then |Cg(d;) N

Cr(d;)| = 32 forany i € {2,3,--- ,11}. This yields that Cr(d,) = Cr(dy) =
.-+ = Cr(dy). So, we have 0,dy,dy, -+ ,dy; € Z(Cr(d,)), which gives that
|Z(Cr(dy))| > 16. If |Cr(dy) : Z(Cr(dy))| = 1, then Cg(d;) is commutative.
On the other hand, if |Cg(dy) : Z(Cgr(dy))| = 2, then Cg(dy1)/Z(Cr(dy)) is
cyclic, which follows that Cr(d;) is commutative. In both situations, we obtain

Cgr(dy) is commutative. This leads to z129 = x9xq, wWhich is a contradiction. So,
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we have

QL

CR('TQ) 1,d2,d3,$_2,7"_1,7“_2,"‘ 7T_77 d4ad57d67d7}7

{0,
{0,

=9
=N

CR(I‘g)

25 d3,l‘_3, T_87 T_97 s, T4, d47 d57 d67 d7}7

1

CR(dl) D) {671'_2,1'_3,7’_1,7“_2,"' 7T_I47d_17d_27”' 7d_7}

Next, without loss of generality, we have

for some wy, ws, wg, w7 € Cgr(zr1) — Z(R). If Cr(dy) = Cgr(w;) for some

i €{4,5,6,7},thenT; € Cr(dy). This leads to |Cr(d1) N Cgr(z1)| < 16. Hence,

it follows from Lemma 2.2.11 that |R| < 2(2)(16) = 64; a contradiction. So,
Cr(dy) # Cr(w;) forany i € {4,5,6,7}. We claim that w,, # w, for two distinct
u,v € {4,5,6,7}. Suppose that w, = w, for any two distinct u,v € {4,5,6,7},

then we have

CR(U)4) D {071'_47 :U_E)a x_ﬁ,fl:_?, ma ma T )E? w_47$_1}

Since |R : Cgr(dy)| = |R : Cr(w4)| = 2, then by Lemma 2.2.11, it follows that

|Cr(dy) N Cr(w,)| = 16. Thus, we have d; € Cr(w,). It is obvious that C'r(d;)

and Cr(w,) are not equal to R, Cr(z;) for any i € {1,2,---,7}. Therefore,
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from Lemma 2.2.8(a), we obtain dyw, # w4d;, which is a contradiction. So, we

have w, # w, for two distinct u,v € {4,5,6, 7}. Without loss of generality, we

assume that v = 4 and v = 5. Thus, we have

Since x4 € Cpg(wy) but x4 & Cr(ws), then Cr(wy) # Cr(ws). Clearly,

Cgr(dy), Cr(wy) and Cr(ws) are not equal to R, Cr(x;) forany i € {1,2,--- ,7}

Hence, we have Cent(R) = {R, Cr(x1), Cr(xa), -+ ,Cr(x7),Cr(dy), Cr(w,),

Cr(ws)}. Note that, there exist at least 12 distinct by, ho, - - - , hia € Cg(x;) —
Z(R) suchthat forany i € {1,2,---,12}, h; & Cr(z;) forany j € {2,3,--- ,7}.
So, we are forced to conclude that Cr(hy) = Cgr(he) = -+ = Cr(h12) =

- hiy € m, which gives

Cg(z,). This implies that 0,77, hy, ho,
14 and it follows that |Z(Cgr(z1))| = 16. If |Cr(z1)

that | Z(Ca(e1))| >
Z(Cg(z1))| = 1, then Cg(x;) is commutative. On the other hand, if |Cg(z1)

Z(Cgr(z1))| = 2, then Cg(z1)/Z(Cgr(z1)) is cyclic, which follows that C'r(x;)

is commutative. In both situations, we obtain C'g(z1) is commutative. We have
O

reached a contradiction.

Lemma 2.8.11. Let {x, 25, - , z7} be the maximal non-commuting set of a

finite ring R. If R is an 11-centraliser finite ring, then |R : Z(R)| # 72.

Proof. Assume that |R : Z(R)| = 72. Without loss of generality, we suppose that
|R : Cr(x;)| = 7, where 41 < 72 < -+ < 7. From Lemma 1.3.1(a), we have

R/Z(R) = 'Ql[CR<IZ')/Z(R)]. By Lemma 2.8.3, we have 2 = 4 or 6. Let ,,,|G]|
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denote the total number of elements with order m in an additive group G. For
the sake of simplicity, we write 7 = r + Z(R) forany r € Rand S = S/Z(R)
for any S < R. Since R is not cyclic, then R 7o X Lsg, Zg X Loy, Ty X Lo X

Zlg,ZQ X Z(; X ZG or ZG X ZIZ- Hence, ‘CR(ml)‘ < 36 and ’CR(l'l)‘ < 18 for
any i € {2,3,---,7}. This shows that R has at most 35|Z3s| elements of order
36 and R has at most o4|Zo,| elements of order 24. Since sg|Zsg| < 36|Z2 X Zsg|

and 24‘224’ < 24‘23 X 224’, then R A7—£ Zig X Zizg and Zs X Zioy.

Suppose that R = Z, x Zy x Zys. We first claim that if |C(z;)| = 18 for

somei € {2,3,---, 7}, then Cr(x;) % Zs x Zg. If not, then R has 3|73 x Zg| = 8
elements of order 3, which contradicts the fact that Z, X Zs X Zig has only 2

elements of order 3. Next, we want to show that 75 # 4. Assume that v5 = 4,

then Cr(z;) = Zys forany i € {2,3,---,6}. This gives that Cr(x;) has exactly

2 elements of order 3 for any i € {2,3,--- ,6}. Since 3 is divide |Cr(x1)], then

there exists an element of order 3 in Cr(x;). By the fact that Zy X Zs X Zig

has exactly 2 elements of order 3, then there exists some @ € R — Z(R) with

6 —
order 3 such thata € '01 Cr(z;). So, by Lemma 1.3.1(b), (c) and Lemma 2.2.2,

we obtain @ € Z(R), which leads to a contradiction. Consequently, vs # 4 and

Cgr(z;)] < 12 for any i € {6,7}. Since Zy X Zy X Z1s has 42 elements

SO,

of order 18, then it follows that Cr(x;) = Zy X Z1s and Cg(z;) = Z;s for any

i € {2,3,4,5}. Since Zy X Zy X Z1s has exactly 2 elements of order 3, then

- = 5
there exists some @ € R — Z(R) with order 3 such thata € 92 Cgr(z;). For any

i €{2,3,4,5}, since Cg(z;) is cyclic, then Cr(x;) is commutative. Therefore,

we have i,l2 Cr(z;) C Cg(a). This gives that R = Cr(a) U Cr(x1) U Cg(z6) U
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Cgr(z7). So, by Lemma 2.7.3, we obtain |R| < %R‘ + 2('7?‘) = %R‘, which is a

contradiction.

Next, we suppose that R = Zg x Zi,. First, we consider |M| < 24.
Since Zg X Z15 has 32 elements of order 12, then it follows that m & Zo XX
and m >~ 7y, forany i € {2,3,---,7}. This yields that R has at most
6|Zo X Z2| + 6(6|Z12]) = 6 + 6(2) = 18 elements of order 6, which contradicts
the fact that Zg x Zi, has 24 elements of order 6. Therefore, |Cr(z1)| = 36.
If Cr(z,) is commutative, then by Lemma 2.2.12, we obtain |R| < 2(6) = 12,
which is a contradiction. Therefore, C'z(x) is non-commutative. By Lemma
2.2.8(b), we have Cg(x;) is commutative for any i € {2,3,--- 7}. We claim
that if o = 4, then there exist four distinct Iy, l2, I3, 4 € {3,4,5,6, 7} such that
Y, =Y, = Vi, = Y1, = 6. If not, then R has at most 15|Z3 X Za| + 3(12|Z12|) =
16 4 3(4) = 28 elements of order 12, which contradicts the fact that Zg X Z;5 has
32 elements of order 12. Therefore, our claim is true. On the other hand, if v, = 6,
then by Lemma 2.2.1, we obtain 5 = 3 = - - - = 7 = 6. In both situations, we
have v, = 7, = Vi, = Y1, = 6 for four distinct [y, ls, 3,1, € {3,4,5,6,7}. Let
i € {ly,ls,13,14}. In view of Lemma 2.2.11, we have Cg(z3) N Cr(x;) # Z(R),
which implies that there exists some w; € (Cgr(x2) N Cr(z;)) — Z(R) and it
follows that Cr(x2) U Cr(z;) € Cr(w;). It is obvious that Cr(w;) # R, Cr(x;)
forany j € {1,2,---,7}. Assume that Cr(w;) = Cr(wy) = Cr(w;) for three
distinct j,k,1 € {l1,l2,13,14}. Hence, we have Cr(z2) U Cr(z;) U Cr(zy) U
Cr(z;) C Cgr(wj). It follows that R = Cr(w;) U Cg(z1) U Cr(xy,) U Cr(xy),

where l5 S {3,4, 5, 6, 7} - {ll, l2, lg, l4} and lﬁ S {ll, l2, l3, l4} - {j, k, l} So, by
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R R R 11|R C
% + |4—‘ + % = %, a contradiction is reached.

Lemma 2.7.3, we obtain |R| <
Consequently, there does not exist any three distinct j, k, [ € {ly, s, (3,14} such
that Cr(w;) = Cr(wy) = Cr(w;). Since |Cent(R)| = 11, then it follows
that Cr(w;) = Cr(wy) for two distinct j, k € {l1, 15,5, l4}. Therefore, we have
R = Cr(wj)UCR(21)UCR(z,) UCR(xy) UCR(x;), where u, v € {1y, 12, 13,14} —
{j,k} with uw # v and | € {3,4,5,6,7} — {l1,(2,13,l4}. Thus, by Lemma
2.7.3, we obtain |R| < B+ 2(8) 4 |C(x;)|, which yields that ; < 6. By
Lemma 2.2.11, we have Cg(z2) N Cgr(z;) # Z(R). So, there exists some
w; € (Cr(z2)NCr(x;))— Z(R) and hence, Cr(x2) UCR(x;) € Cr(wy;). Clearly,
Cr(w;) # R,Cg(x;) for any i € {1,2,---,7}. If Cr(w;) = Cgr(w;), then
R = Cr(w)UCR(x1)UCR(z,)UCR(x,). So, we obtain |R| < ‘—};'+2(%) = %

by Lemma 2.7.3, which is a contradiction. If Cr(w;) = Cg(w,) = Cr(w,), then

R = Cr(w;) U Cr(z1) U Cr(z;) U Cr(xy). So, we obtain |R| < %‘ + 2('%) =
%R‘ by Lemma 2.7.3, which is a contradiction again. Since |Cent(R)| = 11,
then we have Cg(w,,) # Cr(w,) for two distinct m,n € {l,u,v}. Therefore,
Cr(w;), Cr(wy,), Cr(wy,) are three distinct proper centralisers of R that are
different from Cg(z;) forany i € {1,2,--- ,t}. From Lemma 2.2.8(a), we have
Wi, Wiy, Wy, € Cr(x1) and wj, Wy, w, do not commute with each other. We now
consider for Cr(w; + x1). Since w,, ¢ Cr(w; + 1) but w,, € R, Cr(x1), then
Cr(wj +x1) # R,Cg(z). Forany i € {2,3,---, 7}, since 21 € Cr(w; + x1)
but z; € Cgr(z;), then Cr(w; + x1) # Cgr(z;). Since z; & Cr(w; + 1) but
z; € Cr(wj), then Cr(w; + x1) # Cr(wj). Since wy,,w, ¢ Cr(w; + 1)
but w,, € Cr(w,,) and w,, € Cr(w,), then Cr(w; + x1) # Cr(wy,), Cr(wy,).

Consequently, we obtain |Cent(R)| > 12, a contradiction is reached.
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Hence, we have R = Zy x Zg x Zg. We first claim that v # 4. Suppose

that v¢ = 4, then Cr(x;) = Z3s X Zg for any i € {2,3,--- ,6}. This gives that

Cr(z;) has exactly 8 elements of order 3 for any i € {2,3,---,6}. Since 3 is

divide |Cr(z)|, then there exists an element of order 3 in Cg(z). By the fact

that Z, x Zg X Zg has exactly 8 elements of order 3, then there exists some @ €

_ 6
R — Z(R) with order 3 such thata € n Cr(x;). So, by Lemma 1.3.1(b), (c) and

Lemma 2.2.2, we obtain @ € Z(R), which leads to a contradiction. Consequently,

76 # 4. We next claim that 5 # 4. Assume that 5 = 4, then Cr(x;) = Zs X Zg
for any i € {2,3,4,5}. This gives that Cr(x;) has exactly 8 elements of order 3
for any i € {2,3,4,5}. Since 3 is divide |Cr(z1)|, then there exists an element of
order 3 in m. By the fact that Zs X Zg X Zg has exactly 8 elements of order

3, then there exists some @ € R — Z(R) with order 3 such that @ € Zél Cr(z;). In
view of Lemma 2.2.8(b), there exist four distinct Iy, 5, I3, 14 € {1,2,3,4,5} such
that Cr(zy, ), Cr(x,), Cr(21,), Cr(x,) are commutative. Therefore, we have
1‘@1 Cr(x;,) C Cg(a). It follows that R = Cg(a) U Cgr(x;;) U Cr(zs) U Cr(x7),
where I5 € {1,2,3,4,5} — {l1,ls,13,14}. So, by Lemma 2.7.3, we obtain |R| <
B4 o1y = 981 which is impossible. So, 75 # 4. If 1 > 4, then R has at most
A(6|Z3 < Zs|)+3(6|Z2 % Zg|) = 4(8)+3(6) = 50 elements of order 6, which leads
to a contradiction as Zs X Zg X Z¢ has 56 elements of order 6. Therefore, v; < 3. If
Cr(x1) is commutative, then it follows from Lemma 2.2.11 that | R| < 3(6) = 18,
which is a contradiction. Thus, Cg(z1) is non-commutative. From Lemma
2.2.8(b), we have Cg(x;) is commutative for any ¢ € {2,3,--- ,7}. Next, we

want to show that v, # 4. Suppose that v, = 4, then Cr(z;) = Z3 X Zg for any

i € {2,3,4}. This gives that Cr(z;) has exactly 8 elements of order 3 for any
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i € {2,3,4}. If 3 is not divide |C(z5)|, then |Cr(z5)| = 2,4 or 8. This implies
that R? has at most ¢|Zg x Zg| +3(|Z3 x Zg|) +2(s|Z6|) = 24 +3(8) +2(2) = 52
elements of order 6. This contradicts with the fact that Zy X Zg X Zg has 56
elements of order 6. Therefore, 3 is divide |Cz(zs5)|. Since 3 is divide [Cr(z5)|,
then there exists an element of order 3 in m. By the fact that Zy X Zg X Zg
has exactly 8 elements of order 3, then there exists some @ € R —m with order
3 such that a € ﬁz Cr(x;). Thus, we have iEJQ Cgr(z;) € Cg(a). This implies
that R = Cg(a) U Cg(z1) U Cr(zs) U Cr(z7). By Lemma 2.7.3, it follows that
|R| < @ + 2(%) = TR‘, which is impossible. So, 74 # 4. We now claim that
Cr(z9)NCgr(x;) # Z(R) forany i € {3,4,5,6}. We first consider the case where
Yo = 4. If 75 > 18, then R has at most g|Zg x Zg|+2 (6| Zs % Zg|)+2(6|Zo x Zg|) =

24 + 2(8) + 2(6) = 52 elements of order 6, which contradicts the fact that
Zo X Zg % Z¢ has 56 elements of order 6. Hence, 75 < 12. Therefore, by Lemma
2.2.11, it follows that Cr(x2) N Cg(z;) # Z(R) for any i € {3,4,5,6}. We
next consider the case where 7, = 6. From Lemma 2.2.1, we have 75 = 6.
Therefore, by Lemma 2.2.11, it follows that Cr(zs) N Cr(z;) # Z(R) for
any ¢ € {3,4,5,6}. By combining these two cases, our claim is proved. Let
i € {3,4,5,6}. Hence, there exists some w; € (Cr(x2) NCg(x;))— Z(R), which
gives that Cr(x2) U Cr(x;) € Cr(w;). It is obvious that Cr(w;) # R, Cr(x;)
forany j € {1,2,---,7}. Assume that Cr(w;) = Cr(wy) = Cr(w;) for three
distinct j, k,l € {3,4,5,6}. Hence, we have Cg(z2) U Cg(x;) U Cr(zy) U
Cr(z;) € Cr(wy). It follows that R = Cr(w;) U Cr(z1) U Cr(zh) U Cr(x7),
where h € {3,4,5,6} — {j,k,(}. So, by Lemma 2.7.3, we obtain |R| < % +

s % = —5, a contradiction is reached. Consequently, there does not exist
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any three distinct j. k,l € {3,4,5,6} such that Cr(w;) = Cgr(wi) = Cr(wy).
Since |Cent(R)| = 11, then it follows that Cr(w;) = Cr(wy) for two distinct
J.k € {3,4,5,6}. Therefore, we have R = Cg(w;) U Cr(z1) U Cr(z,) U
Cr(z,)UCR(z7), where u,v € {3,4,5,6} —{j, k} with u # v. Thus, by Lemma

|R|

. R R
2.7.3, we obtain |R| < % + 5+ % + |Cr(x))

, which yields that v, < 12.
If 75 = 4, then it follows from Lemma 2.2.11 that Cg(x2) N Cr(z7) # Z(R).
On the other hand, if 7» = 6, then by Lemma 2.2.1, v; = 6. Therefore, by
Lemma 2.2.11, it follows that Cr(x9) N Cr(z7) # Z(R). So, there exists some
wy € (Cr(x9)NCr(x7))—Z(R) and hence, Cr(x2)UCR(x7) C Cg(wy). Clearly,
Cr(wr) # R,Cg(z;) forany i € {1,2,--- ,7}. If Cr(wy) = Cr(w;), then R =
Cr(w)UCRg(x1) UCR(x,) UCR(x,). So, we obtain |R| < @—I—%+% = %
by Lemma 2.7.3, which is a contradiction. If Cr(w;) = Cr(w,) = Cr(w,), then

R = Cr(wr)UCR(x1)UCR(z;) UCR(x)). So, we obtain | R| < @—FT—F? =

11|R|

-5~ by Lemma 2.7.3, which is a contradiction again. Since |Cent(R)| = 11,

then we have Cr(w,,) # Cgr(w,) for two distinct m,n € {7,u, v}. Therefore,
Cr(w;), Cr(wy,), Cr(wy,) are three distinct proper centralisers of R that are
different from Cg(z;) forany i € {1,2,--- ,t}. From Lemma 2.2.8(a), we have
Wi, Wiy, Wy, € Cr(x1) and wj, Wy, w, do not commute with each other. We now
consider for Cr(w; + x1). Since w,, ¢ Cr(w; + 1) but w,, € R, Cr(x1), then
Cr(wj +x1) # R,Cg(z). Forany i € {2,3,---, 7}, since 21 € Cr(w; + x1)
but z; € Cgr(z;), then Cr(w; + x1) # Cgr(z;). Since z; & Cr(w; + 1) but
z; € Cr(wj), then Cr(w; + x1) # Cr(wj). Since wy,,w, ¢ Cr(w; + 1)
but w,, € Cr(w,,) and w,, € Cr(w,), then Cr(w; + x1) # Cr(wy,), Cr(wy,).

Consequently, we obtain |Cent(R)| > 12, a contradiction is reached. O
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Lemma 2.8.12. Let {x;, 2, - , 7} be the maximal non-commuting set of a

finite ring R. If R is an 11-centraliser finite ring, then |R : Z(R)| # 80.

Proof. Assume that |R : Z(R)| = 80. Without loss of generality, we suppose that
|R : Cg(x;)| = i, where v < 72 < -+ < 7. From Lemma 1.3.1(a), we have
R/Z(R) = Z,L:7J1[C’R(mi)/Z(R)]. By Lemma 2.8.3, we have 7, = 4 or 5. Let ,,, |G|
denote the total number of elements with order m in an additive group G. For the
sake of simplicity, we write 7 = r + Z(R) for any r € R and S = S/Z(R) for

any S < R.

Since E is not Cy01iC, then E = ZQ X Z40, ZQ X ZQ X ZQ(), ZQ X ZQ X Z2 X Zlg

or Zy X Zs. Hence, |Cr(z1)| < 40 and |Cr(z;)| < 20 foranyi € {2,3,--- ,7}.
This shows that R has at most 40|Z40| elements of order 40. Since 40|Z40| <

10|Za X Zyo|, then R 2 Zo X Zy9. We first claim that v; # 5. Assume that

71 = b, then |Cr(x1)| = 16 and |Cr(x;)| < 16 for any ¢ € {2,3,---,7}. This
shows that |R| has at most 6(19|Z1|) = 6(4) = 24 elements of order 10. Also,
there does not exist any element of order 20. This contradicts with the fact that
Ly X Ty X Ly X Zio has 60 elements of order 10 and Zy X Zo X Zigg, Ziy X Ziog
have an element of order 20. Thus, 7; # 5. We next claim that v # 4. Suppose

that v = 4, then Cr(x;) = Zo X Z1g or Zy for any i € {2,3,--- ,6}. This

gives that C'r(x;) has exactly 4 elements of order 5 for any i € {2,3,---,6}.
Since 5 is divide |Cr(z1)|, then there exists an element of order 5 in Cr(z;). By

the fact that ZQ X ZQ X ZQO; ZQ X Zg X ZQ X ZlO and Z4 X ZQQ have exactly 4

elements of order 5, then there exists some @ € R — Z(R) with order 5 such

6
that @ € Dl Cr(z;). So, by Lemma 1.3.1(b), (c) and Lemma 2.2.2, we obtain
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a € Z(R), which leads to a contradiction. Consequently, vs # 4.

We claim that 75 # 4. Suppose that 75 = 4, then Cr(x;) = Zs X Zqo OF

Zoo forany i € {2,3,4,5}. This gives that Cr(z;) has exactly 4 elements of order
5forany i € {2,3,4,5}. Since 5 is divide |C'r(x1)|, then there exists an element
of order 5 in Cr(1). By the fact that Zy X Zy X Zg, Zy X Zo X Zy X Z1g and
74 x Ziao have exactly 4 elements of order 5, then there exists some @ € R — (—R)
with order 5 such thata € iél m. In view of Lemma 2.2.8(b), there exist four
distinct Iy, Iy, I3, 14 € {1,2,3,4,5} such that Cr(x,,), Cr(xy,), Cr(z,), Cr(z1,)
are commutative. Therefore, we have iél Cgr(z;,) € Cg(a). It follows that

R = Cr(a)UCg(x, )JUCR(x6)UCR(x7), where l5 € {1,2,3,4,5}—{l1, 12, 13,14}

So, by Lemma 2.7.3, we obtain |R| < @ + 2(@) = %z‘, which is impossible.

So, 75 # 4. Therefore, we have |Cr(x1)| < 40, |Cr(x;)| < 20 for any i €
{2,3,4} and |Cg(z;)| < 16 for any j € {5,6,7}. This gives that R has at most
20|Za X Zao| + 3(20]Za0|) = 16 + 3(8) = 40 elements of order 20. Since Z4 X Zag
has 48 elements of order 20, then R X Ly X L.

Next, we want to show that v, # 4. Suppose that v, = 4, then C'r(z;)

~

Lo X 7y or Zsg for any i € {2,3,4}. This gives that C'r(x;) has exactly 4
elements of order 5 for any i € {2,3,4}. Since 5 is divide |M|, then there
exists an element of order 5 in m. By the fact that Zy X Zs X Zsy and
Lo X Ly X Lo X 7y have exactly 4 elements of order 5, then there exists some @ €

—_ — 4 —
R—Z(R) with order 5 such thata € n Cr(z;). In view of Lemma 2.2.8(b), there

exist three distinct [y, 5, l3 € {1,2, 3,4} such that Cg(z;,), Cr(x1,), Cr(x,) are
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3
commutative. Therefore, we have Y Cgr(z;,) € Cg(a). It follows that R =

Cr(a)UCR(x,)UCR(x5)UCR(26)UCR(x7), where Iy € {1,2,3,4}—{l1,15,15}.

We claim that v; # 8. If ; = 8, then |Cr(x7)| = 10 and so, Cr(x7) = Zo. This

shows that C'r(x7) has exactly 4 elements of order 5. By the fact that Zg X Zg X Zs
and Zy X Zs X Zy X Zyo have exactly 4 elements of order 5, then @ € Cg(x7).
Since C'g(x7) is cyclic, then Cg(z7) is commutative, which follows that C'r(x7) <

Cr(a). Therefore, we have R = Cr(a) U Cr(xy,) U Cg(z5) U Cr(xg). So, from

@) — ARl 5 contradiction. So, v7 # 8.

Lemma 2.2.1, we obtain |R| < @ + 2( R

—_

If 6 # 5, then by Lemma 2.7.3, we obtain |R| < @ + @ + 2(%) — IR,

contradiction. So, 76 = 5 and hence, 75 = 5. From Lemma 2.7.3 again, we have

|R: Cr(a)] =2and |R : Cg(z;,)| = 2. Since 5 > 4, then I, = 1. Hence, we

have |Cgr(a)| = |Cr(x1)| = 40, |Cr(zs)| = |Cr(x¢)| = 16 and |Cr(x7)| < 16

with |Cr(z7)| # 10. Note that, R = Cr(a)UCg(x1)UCR(z5)UCR(x6) UCR (7).

Assume that R 22 Zy X Zy X Zog. Since Zs X Zo X Zso has 32 elements of order

20, then it follows that Cg(a), Cr(71) = Zg X Zago. This implies that R has at
most 2(19|Zs X Zao|) = 2(12) = 24 elements of order 10. We have reached a

contradiction as Zs X Zso X Zop has 28 elements of order 10. Next, we suppose

that}_% = ZQ X ZQ X Z2 X ZIO- Hence, CR(CL), CR(ZEl) = ZQ X Z2 X ZIO- This
yields that R has at most 2(10|Zy X Zy x Z1o|) = 2(28) = 56 elements of order
10, which leads to a contradiction as Zy X Zo X Zq X 71 has 60 elements of order

10. SO, Y4 7é 4.

Therefore, we have |Cr(z1)| < 40, |Cr(z;)| < 20 for any i € {2,3} and

|Cr(z;)| < 16 for any j € {4,5,6,7}. Assume that R = Zy x Zy X Zg X Zyy.
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Since Zo X Zo X Zig X Zqo has 60 elements of order 10, then it follows that

Cr(21) = ZoxZoxZno, Cr(xs), Cr(xs) = ZyxZyg and Cr(xy,), Cr(z,) = Zig

for two distinct u, v € {4,5, 6, 7}. This gives that C'r(z;) has exactly 4 elements

of order 5 for any ¢ € {1,2,3,u,v}. By the fact that Zy X Zy X Zs X Zy, has

exactly 4 elements of order 5, then there exists some @ € R — Z(R) with order

5 such that a € . 93 Cr(z;). In view of Lemma 2.2.8(b), there exist four

distinct Iy, l5, 3,14 € {1,2,3,u,v} such that Cg(zy, ), Cr(xy,), Cr(zi,), Cr(xy,)
are commutative. Therefore, we have ig Cr(z1,) € Cg(a). It follows that R =
Cr(a) U Cgr(z;;) U Cgr(zy,) U Cr(xy,), where l5 € {1,2,3,u,v} — {l1,l2, 13,14}
and lg,l; € {4,5,6,7} — {u,v} with [ # I;. Hence, we obtain |R| < @ +
2(@) = %fg" by Lemma 2.7.3, a contradiction is reached. Consequently, we have

R 2 7o X Ty X Zng. Since Zy X Zo X Zop has 32 elements of order 20, then it

follows that OR<J]1) = Z2 X ZQO and CR((L’Q), CR((L’3> = Zgo. Since ZQ X ZQ X ZQU

has 28 elements of order 10, then we have Cr(z,), Cr(x,) = Z;o for two distinct

u,v € {4,5,6,7}. This gives that Cr(z;) has exactly 4 elements of order 5 for

any i € {1,2,3,u,v}. By using similar arguments as in above, we will obtain

|R| < %‘ + 2(%) = %ﬂ, which leads to a contradiction. ]

Lemma 2.8.13. Let ¢ be the cardinality of the maximal non-commuting set of a

finite ring R. If R is an 11-centraliser finite ring, then ¢ # 8.

Proof. Assume that ¢ = 8. Let {x, 29, - - , s} be the maximal non-commuting

set of R. Without loss of generality, we suppose that |R : Cg(z;)| = ~;, where
8

71 < 72 < -+ < 7g. From Lemma 1.3.1(a), we have R = '91 Cr(x;). By

Lemma 2.2.3, we have Cg(z;) is commutative for any ¢ € {1,2,--- 8} and

Cgr(a), Cr(b) are two distinct non-commutative proper centralisers of R for some
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a,b € R—Z(R). By Theorem 2.2.23, we have |R : Z(R)| > 16 with |R : Z(R)|
is not square-free, |R : Z(R)| # p?q for any two distinct primes p, ¢, and

|R: Z(R)| # p?* for any prime p.

First, we claim that v; > 4 forany i € {1,2,--- ,8}. Assume that y; < 3,
then by Corollary 2.2.13, we obtain |R : Z(R)| < 372. By Lemma 2.2.1, we
have 75 < 7. If 75 < 5, then |R : Z(R)| < 15; a contradiction. If v = 6,
then |R : Z(R)| < 18; a contradiction. If 72 = 7, then |R : Z(R)| < 21; a
contradiction. Therefore, ; > 4 and so, 7; > 4 for any i € {1,2,--- ,8}, as

claimed

Next, we want to show that C'r(a) contains exactly two distinct C'r(x;)’s.
From Lemma 2.2.7, we have R = Cg(a) U (igA C’R(a:i)) for some A C
{1,2,---,8} with |A] < 6. Obviously, |A| # 0. Suppose that |A| < 3, then
by Lemma 2.2.1, it follows that v; < |A| < 3 for some ¢ € A. This contra-
dicts with the fact that 7; > 4. Assume that |A| = 4 or 5. Thus, we have
R = Cula) U (Ql OR(:C,%)) for |A| distinct ky, kg, - -,k € {1,2,---,8).
Without loss of generality, we assume that 7, < %, < -+ < 4. We
claim that v, = 4. By Lemma 2.2.1, v, < |A|. For |A| = 4, we have
Yk, = 4. For |A| = 5, we have vy, = 4 or 5. If 74, = 5, then by Lemma
2.2.1, we obtain 7y, = V& = Ve, = ks = o. Therefore, by Corollary
2.2.13, we obtain |R : Z(R)| < 5(5) = 25, which is a contradiction. So,

Ye, = 4. We next claim that v, # 5 and 7 for any ¢ € {2,---,|A|}. Sup-

pose that v,, = 5 or 7 for some ¢ € {2,--- ,|A|}, then by Corollary 2.2.13,
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we obtain |R : Z(R)| < 47, If 79 = 5, then |R : Z(R)| < 20, which is
a contradiction. If v, = 7, then |R : Z(R)| < 28, which is a contradiction

again. Therefore, 7, # 5 and 7 for any i € {2,--- ,|A|}. In view of Lemma

4]
2.7.3, we have |R| < Y |Cr(xy,)

i=1

< B4 (JA] = 1)|Cr(xy,)|, which gives

4(1A[-1)

that Yko < 3

< 5. Therefore, v, = 4. In view of Lemma 2.7.3 again,

< 2(8) 4 (JA] = 2)|Cr(24,)|, which gives that

4

we have |R| < il|CR($ki)
Yes < 2(|A] — 2) < 6. Therefore, v, = 4 or 6. Here, we consider Cr(xy,) N
Cr(zg,) = Z(R). By Lemma 2.2.11, we obtain |R : Z(R)| < 16 and hence,
|R : Z(R)| = 16. Since Cr(a) is non-commutative, then by Lemma 2.2.15, we
obtain |R : Cr(a)| = 2. We claim that if 7, < 8 for some i € {1,2,---,|A|},
then Cr(xy,) < Cgr(b). By Lemma 2.2.11, we have Cr(a) N Cr(zy,) # Z(R).
It follows that there exists some w € (Cgr(a) N Cgr(zy,)) — Z(R). Since Cr(xy,)
is commutative, then Cr(zy,) < Cr(w). It is clear that Cr(w) # R, Cr(z;)
forany j € {1,2,---,8} — {k;}. If Cr(w) = Cg(a), then Cr(zg,) < Cgr(a).
On the other hand, if Cr(w) = Cg(xy,), then Cr(w) is commutative and hence,
Cr(w) < Cr(a) and so, Cr(xy,) < Cg(a). In both situations, we obtain a contra-
diction because C'r(zy,) & Cr(a). So, we obtain Cr(w) = Cr(b) and therefore,
Cr(zg,) < Cgr(b). If |[A] = 4, then R = Cg(a) U Cg(b) U Cr(zy,). Thus, it
follows from Lemma 2.2.1 that 7, = 2, which is a contradiction. If | A| = 5, then
R = Cr(a) U Cgr(b) UCg(xy,) U Cr(zg,y). If 7, # 4, then by Lemma 2.7.3, we
obtain |R| < |Cr(a)|+ |Cr(zk,)| + |Cr(zks)| < @ + @ + % = @, which is
impossible. So, we have 7, = Y, = 4 and it follows that R = Cr(a) U Cg(b).

Thus, by Lemma 2.2.1, we obtain |R : Cg(b)] = 1, which is a contradic-

tion. Consequently, Cr(x,) N Cr(zk,) # Z(R). Thus, there exists some r €
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(Cr(zk,)NCr(zk,)) — Z(R) such that Cr(xy, ) UCR(zE,) € Cr(r). Itis obvious

that Cg(r) # R, Cg(z;) forany i € {1,2,---,8}. Since Cg(zy,), Cr(wk,) £

Cgr(a), then Cg(r) # Cgr(a). So, we obtain Cr(r) = Cgr(b). This gives
|A]

that R = CR<CZ) U CR(b) U ('US CR(-TI@Z)) Since ’CR(b)‘ > ’CR(l’kl)’, then

|R : Cr(b)| < 3. We claim that if v, < 6 for some i € {3,--- | |A

}, then
Cr(zy,) < Cgr(D). Assume that Cr(b)NCr(zg,) = Z(R), then by Lemma 2.2.11,
we obtain |R : Z(R)| < 3, If v, < 5, then |R : Z(R)| < 15; a contradiction.
If vk, = 6, then |R : Z(R)| < 18; a contradiction. So, Cr(b) N Cr(xx,) # Z(R).
Thus, there exists some w € (Cr(b) N Cgr(xy,)) — Z(R). Since Cgr(xy,) is com-
mutative, then Cr(zy,) < Cr(w). Itis clear that Cr(w) # R, Cr(x;) for any
je{1,2,---,8—{k;}. Since Cr(zy,) £ Cr(a), then Cr(w) # Cr(a). So, we
conclude that Cr(w) = Cg(b) or Cr(xy,). If Cr(w) = Cg(b), then Cr(xy,) <
CRr(b). On the other hand, if Cr(w) = Cg(xy,), then Cr(w) is commutative and
hence, Cr(w) < Cg(b) and so, Cr(zk,) < Cr(b). In both situations, we obtain
Cr(zg,) < Cgr(b), as claimed. If |A| = 4, then R = Cg(a) U Cg(b) U Cr(xy,).
Therefore, by Lemma 2.2.1, we obtain vy, = 2, a contradiction is reached. If

|A’ = 5, then R = CR(CL) U CR(b) U CR($k4) U CR(-TI%)- If Vs 7é 4, then by

|E|
6

Lemma 2.7.3, we obtain | R| < |Cr(a)|+|Cr(xk, ) |+|Cr(xk, )| < |2ﬂ+|4ﬂ+

%, which is impossible. So, we have v;, = 7, = 4 and it follows that

R = Cr(a)UCg(b). Thus, by Lemma 2.2.1, we obtain |R : Cr(b)| = 1, which is

a contradiction. Consequently, |A| # 4 and 5. So, |A| = 6. It follows that C'r(a)
contains exactly two distinct C'r(x;)’s, as desired. By using a manner entirely

similar to that used to prove Cg(a) contains exactly two distinct Cr(x;)’s, we

will obtain C'r(b) is also contains exactly two distinct Cr(z;)’s.
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Since Cr(a), Cr(b) contains exactly two distinct C'r(x;)’s, then we have
Cgr(zy,), Cr(zy,) < Cr(a) and Cg(x,,), Cr(z,,) < Cr(b) for some uy, uy, vy,
vy € {1,2,---,8} with u; # wus and v; # wvy. We claim that [{uy,us} N
{v1,v2}| = 0. Suppose to the contrary that [{u;, us} N {vy,v2}| > 1. Without
any loss, we assume that u; = v;. Now, we consider for Cr(x,, + x,,). Since
x; € R,Cgr(z;)butx; & Cr(xy,+x,,) foranyi € {uy, ve}, then Cg(x,, +x,,) #
R,Cg(zy,), Cr(xy,). Since z,, € Cg(a),Cgr(b) but x,, € Cgr(xy, + Ty,),
then Cr(x,, + x,) # Cr(a),Cr(b). So, Cr(zy, + x,,) = Cg(z;) for some
i€ {1,2,---,8} — {ug,v2}. Since b € Cg(zy, + Ty,), then b € Cgr(z;).
Since Cr(x;) is commutative, then we have Cr(z;) < Cg(b). This contradicts
with the fact that C'z(b) contains exactly two distinct C'r(z;)’s. Consequently,
{u1,us} N {vy,v2}| = 0, as claimed. Therefore, in view of Lemma 1.3.1(c),
we have {Cg(a), Cg(b), Cr(zk,), Cr(x,), Cr(zk,), Cr(xy,)} is an irredundant
cover of R for four distinct k1, ko, k3, ks € {1,2,--- |8} with ky < ko < k3 < k4.
Next, we claim that Cr(b) N Cg(zk,) = Z(R). Let w € Cr(b) N Cr(zk,). Since
Cr(zk, ) is commutative, then Cr(zy, ) < Cr(w). Clearly, Cr(w) # Cg(z;) for
any 1 € {1,2,--- 8} — {k1}. If Cr(w) = Cg(a) or Cr(b), then Cr(xy,) <
Cr(a) or Cg(b), which is a contradiction. If Cr(w) = Cg(zg, ), then Cr(w) is
commutative and hence, Cr(w) < Cg(b) and therefore, Cr(xy, ) < Cr(b), which
is a contradiction again. So, we obtain Cr(w) = R, which implies that w € Z(R).
This gives that Cr(b) N Cr(xy,) < Z(R). On the other hand, it is obvious that
Z(R) < Cgr(b) N Cg(z,). Hence, Cr(b) N Cr(xy,) = Z(R), as claimed. So,
we have |R : Z(R)| < f(6) = 36 and consequently, |R : Z(R)| = 16, 24,27, 32

or 36. If |R : Z(R)| = 27, then by Lemma 2.2.16 and Lemma 2.2.4, we have
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|Cent(R)| = 9, a contradiction is reached. Therefore, |R : Z(R)| = 16,24, 32 or

36. Since C'r(b) is non-commutative, then by Lemma 2.2.15, we have

(

=2 if|R: Z(R)| = 16,

[R:CrO)[{ <3 if |R: Z(R)| = 24 or 36,

<4 if|R:Z(R)| = 32.

\

By Lemma 2.2.11, we have |R : Z(R)| < Y,|R : Cgr(b)|- By Lemma 2.7.3,

< |Cr(D)| + 4[Cr(zr,)

4
|R| < |Cr(D)| + > |Cr(a,) , which gives that v, <
i=1

- lorgy Assume that |R : Cr(b)| = 2, then 74, < 8 and thus, |R : Z(R)| <
8(2) = 16, which implies that |R : Z(R)| = 16. If v, # 8, then |R : Z(R)| <
2(4) = 8; a contradiction. Therefore, 7, = 8 and s0, Yk, = Yk, = Yk, = 8. We
claim that v,, = Yu, = Yo, = Vo, = 4. If 7, = 8 for some i € {uy, uy, vy, v2},
then |[R: Z(R)| <4+ (4—1)+ (4—1)+5(2 — 1) = 15, which is impossible.
SO, Vuy = Yuy = Yoy = Yo = 4. fa+ Z(R) = b+ Z(R), then Cg(a) =
Cr(b), which is impossible. Thus, a + Z(R) # b+ Z(R). Since a + Z(R) €
(Cr(xy,) NCr(xy,))/Z(R) and b + Z(R) € (Cg(zy,) N Cr(zy,))/Z(R), then
we obtain |R : Z(R)| <4+ 3(4—1)+4(2—1) — 2 = 15, which is impossible.
Therefore, |R : Cr(b)| # 2. If |R : Cgr(b)| = 3, then v, < 6 and thus,
|R: Z(R)| < 6(3) = 18; a contradiction. If |R : Cg(b)| = 4, then 7, < 5 and

thus, |R : Z(R)| < 5(4) = 20; a contradiction. Consequently, ¢ # 8. O

Lemma 2.8.14. Let ¢ be the cardinality of the maximal non-commuting set of a

finite ring R. If R is an 11-centraliser finite ring, then ¢ # 9.
Proof. Assume that ¢ = 9. Let {x, 29, -+ , x9} be the maximal non-commuting
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set of R. Without loss of generality, we suppose that |R : Cg(z;)| = ~;, where
71 < Y2 < -+ < 7. From Lemma 1.3.1(c), we have {Cg(x;) | i =1,2,---,9}
is an irredundant cover of R. By Lemma 2.2.3, we have Ci(z;) is commutative

foranyi € {1,2,---,9} and Cg(a) is non-commutative for some a € R — Z(R).

By Lemma 2.2.6, we have {Cr(a)} U (igA{C’R(xi)}> is an irredundant
cover of R forsome A C {1,2,---,9} with |A]| < 6. Clearly, |A| # 0. If |A| =1,
then by Lemma 2.2.1, it follows that 7; = 1 for some ¢ € A, which is a contradic-
tion. We claim that if i € A, then Cg(z;) N Cr(a) = Z(R). This claim can be
proved by using a manner entirely similar to that used to prove Lemma 2.6.4. Thus,
we have |R : Z(R)| < max{f(3), f(4), f(5), f(6), f(7)} = 81. Therefore,
by Theorem 2.2.23, we obtain |R : Z(R)| = 16,24,27,32, 36,40, 48, 54, 56,
60,64,72,80 or 81. If |R : Z(R)| = 27, then by Lemma 2.2.16 and Lemma

2.2.4, we obtain |Cent(R)| = 10, which is a contradiction. So,

R: Z(R)| =

16,24, 32, 36, 40, 48, 54, 56, 60, 64, 72, 80 or 81. Since C'r(a) is non-commutative,
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then by Lemma 2.2.15, we have

=2 if|R:Z(R)| =16,

<3 if|R: Z(R)| = 24,36,54 or 81,
<4 if|R: Z(R)| =32,

<5 if|R: Z(R)| =40 or 60,
[R:Cra)]{ <6 if|R:Z(R)| = 48,

<7 if|R:Z(R)| =56,

<8 if|R:Z(R)| =64,

<9 if|R:Z(R)| =12,

<10 if|R: Z(R)| = 80.

Since Cg(x;) N Cr(a) = Z(R) for any i € A, then by Lemma 2.2.11, we obtain
v; = 8 forany i € A. But, by Lemma 2.2.1, we have 7; < |A| < 6 for some

© € A. We have reached a contradiction. Consequently, ¢ # 9. [l

Lemma 2.8.15. Let {x, 25, , 210} be the maximal non-commuting set of a
finite ring R. Let |R . CR($1)| < |R . CR(l'Q)l < cee < |R . CR($10)|. If Ris
an 11-centraliser finite ring, then |R : Cr(x1)| = 372, |R : Cr(x;)| = 9 for any

i€{2,3,---,10} and R/Z(R) = Z for some 1 € {3,4}.

10
Proof. From Lemma 1.3.1(a), we have R = ) Cgr(z;). By Corollary 2.2.5, we
have Cr(z;) N Cr(z;) = Z(R) for any two distinct 7, j € {1,2,---,10}. Let
|R : Cr(z;)| = v forany i € {1,2,---,10}. By Lemma 2.2.11, we have |R :

Z(R)| < 7. In view of Lemma 2.2.1 and Lemma 2.2.14, we have 4 < 7, < 9.
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By Theorem 2.2.23, we have |R : Z(R)| > 16 with |R : Z(R)| is not square-free,
|R : Z(R)| # p?q for any two distinct primes p, ¢, and |R : Z(R)| # p? for any

prime p. For the sake of simplicity, we write S = S/Z(R) for any S < R.

If 5 = 4, then |R| < 16, which gives that |R| = 16. Since |R| =

i |Cr(x;)| — 9, then we obtain | R| is odd, which is a contradiction. If v, = 5,
then | R| < 25, which is a contradiction. Assume that v, = 6. Therefore, | R| < 36.
By Lemma 2.2.11, we have |Cr(z1)| < 6. If [R| = 24, then R = Zy X Zy5 or
Zy x Ty X Lg as R is not cyclic. Thus, |Cr(x1)| < 6 and |Cr(z;)| < 4 for any
i € {2,3,---,10}. This leads to R has at most 2 elements of order 6. Also, there
does not exist any element of order 12 in R. We have reached a contradiction as
Zoy X 7y X Zg has 14 elements of order 6 and Z, X Z15 has an element of order
12. If |R| = 36, then R = Zy X Zyg, Zsg X Z1o ot Zg X Zg as R is not cyclic.

Thus, |Cr(x;)| < 6 forany i € {1,2,---,10}. This shows that R has at most

20 elements of order 6. Also, there does not exist any element of order 12 and
order 18 in R. This leads to a contradiction as Zg X Zg has 24 elements of order
6, Zs X Z.5 has an element of order 12 and Z, X Zig has an element of order
18. If 5 = 7, then |R| < 49, which is a contradiction. If v, = 8, then |R| < 64.
From Lemma 2.2.11, we have |Cy(z;)| < 8. If [R| = 16, 32 or 64, then since

|R

i |Cr(x;)| — 9, it follows that |R| is odd, a contradiction is reached. If
|R| = 24, then R = Zy x 7o o1 Zg X Zy X Zg as R is not cyclic. It follows that
|Cr(z1)| < 8and [Cr(z;)] < 3foranyi € {2,3,---,10}. This shows that R
has at most 2 elements of order 6. Also, there does not exist any element of order

12 in R. This contradicts with the fact that Z, X Zs X Zg has 14 elements of order

132



6 and Zy x Z, has an element of order 12. If | R| = 40, then R = Zy X Zy, or
Zy x Ly x Zyg as R is not cyclic. Therefore, |Cr(z1)| < 8 and |Cr(z)| < 5
for any i € {2,3,---,10}. This leads to there does not exist any element of
order 10 and order 20 in R, which contradicts the fact that Zy x Zy x Z;o has an
element of order 10 and Z, x Zy, has an element of order 20. If | R| = 48, then
R 7o X Loy, Ty X Ly X Lyo, Ly X Loy X Loy X L ot Zy X Zqs as R is not cyclic.
Thus, |Cr(z1)| < 8 and |Cr(z;)| < 6 forany i € {2,3,---,10}. It follows that
R has at most 20 elements of order 6. Also, there does not exist any element of
order 12 and order 24 in R. We have reached a contradiction as Zs X Zg X Zo X Zg
has 30 elements of order 6, Zo X Zo X Z19, 74 X 715 have an element of order
12 and Zy x Zs, has an element of order 24. If |R| = 56, then R 22 Zy x Zog
or Zy X Zy X Zyy as R is not cyclic. Hence, |Cr(z1)| < 8 and [Cr(z;)] < 7
for any ¢ € {2,3,---,10}. It follows that there does not exist any element of
order 14 and order 28 in R, which leads to a contradiction as Zy x Z, x Z14 has
an element of order 14 and Z, X Zsg has an element of order 28. Consequently,
vo = 9. Therefore, by Lemma 2.2.1, we obtain v = v3 = --- = 7190 = 9.
Since |R| = f:l |Cr(x;)| — 9, then we have v, = @. Let ,,|G| denote the total
number of elements with order m in an additive group G. If |R| = 27, then
R/Z(R) = Zs X Zg or Zs x Zs x Zs3 as R is not cyclic. Hence, |Cr(z)| = 9

and |Cg(x;)] = 3 forany i € {2,3,---,10}. This shows that R has at most

, then R % Zs x Zg. If

0|Zg| elements of order 9. Since o|Zg| < o|Z3 X Zqg
|R| = 36, then R = Zy X Zg, Z3 X Zo or Zg X Zg as R is not cyclic. Therefore,

|Cr(z1)| =9and |Cgr(x;)| =4 forany i € {2,3,---,10}. This shows that there

does not exist any element of order 6, order 12 and order 18 in R. This leads to a
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contradiction as Zg X Zg has an elements of order 6, Zs X Z15 has an element of
order 12 and Z; x Z1g has an element of order 18. If | R| = 54, then R = Zy X Zy7
or Zs x Zs x Zg as R is not cyclic. Thus, |Cr(z1)| = 9 and |Cr(z;)| = 6 for
any i € {2,3,---,10}. This shows that there does not exist any element of order
27. Since 2 is divide |Cg(z;)| for any i € {2,3,---,10}, then R has at least 9
elements of order 2. We have reached a contradiction as Zy X Zo7 has an element
of order 27 and Zz x Zsz x Zg has only 1 element of order 2. If | R| = 72, then
R 22 Ty X Ligg, Loy X Loy X Lng, Loy X Ty X L, Log X Ly OF Zg X Zy as R is not cyclic.
Therefore, |Cr(z1)| = 9 and |Cg(z;)| = 8 for any i € {2,3,---,10}. This
implies that there does not exist any element of order 6, order 12, order 18, order
24 and order 36 in R. This leads to a contradiction as Zy X Zg X Zg has an element
of order 6, Zg X Z15 has an element of order 12, Zy X Zy X Z15 has an element
of order 18, Z3 X Zo4 has an element of order 24 and Z, x Zsg has an element
of order 36. If | R| = 81, then R = Zy X Zyy, Zs X T X Zig, Lz X Lz X Ly X Zs
or Zy X Zg as R is not cyclic. Thus, |Cg(z;)| = 9 forany i € {1,2---,10}.
It follows that R has at most 10(9|Zg|) = 60 elements of order 9. Also, there
does not exist any element of order 27 in R. Since Zg x Zg has 72 elements
of order 9 and Z3 x Z,; has an element of order 27, then R % Zg x Zgy and
Zs X Zor. Assume that R = Zs X Zs X Zg. To simplify writing, we let 7 =

r+ Z(R) for any r € R. Since Zs x Zj3 X Zg has 54 elements of order 8, then

there exist two distinct [y, 1y € {1,2,---,10} such that Cr(x,,), Cr(x),) = Zy.

Hence, there exist some @ € Cr(z;,) — Z(R),b € Cgr(z1,) — Z(R) such that

Cr(r;,) = {0,a,2a,---,8a} and Cr(z;,) = {0,b,2b,---,8b}. This implies

that R = {ma +nb | m,n € Zg} = Zg x Zgy, which leads to a contradiction.

134



Consequently, R 22 Zg x Zs x Zg X Zs. O

Theorem 2.8.16. Let R be an 11-centraliser finite ring. Let X1, Xs,--- , X9
be the 10 distinct proper centralisers of R with |R : X;| < |R : Xo| < -+ <
|R : X10|. Let t be the cardinality of the maximal non-commuting set of R. Then
|R: X| =32 |R: X;| =9foranyi € {2,3,--- ,10}, R/Z(R) = Z} and

Prob(R) = & + 5= for some p € {3,4}.

Proof. By Lemma 1.3.1(d)-(g), Lemma 2.7.1, Lemma 2.7.2, Lemma 2.7.5, Lem-
mas 2.8.1-2.8.5, Lemmas 2.8.7-2.8.14, we obtain ¢ = 10. Thus, it follows from
Lemma 2.8.15 that |R : X;| = 372, |R: X;| =9 forany: € {2,3,---,10} and
R/Z(R) = Z for some 1 € {3,4}. In view of Corollary 2.2.5, it follows that for
any 11,79 € R — Z(R), either Cg(r1) = Cr(rs) or Cg(r1) N Cr(re) = Z(R).

Consequently, by (1.3), we obtain

CR T
_|Z(R) reR—ZZ(R)| ")

Prob(R) =
R |R|?
R R R R R R

1, (BB ) (2 8) (2)
o 3m |RJ?

B 1 8

9 * 32n—2
‘We are done. ]

In general, the converse of the above theorem is not necessarily true.
For example, Ry = {[%}]|a,b,c € Z3} is a 14-centraliser finite ring with
Ry/Z(Ry) = Zs X Zs3 X Zs3, where the multiplication operation of R is de-

fined as [28][2§] = [*1** %] for any [2}],[2}] € R. Besides that, R, =

Ccx
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tii

Ly X g X L3 X Z3. In the following, we provide an example of an 11-centraliser

cooa

a,b,c,d e Zg} is a 29-centraliser finite ring with Ry/Z(Rs) =

ooon

b
0
0
0

oo

finite ring, which is appeared in the proof of Proposition 2.2.18.
Example 2.8.17. Let M(a,b,c) be defined by M(a,b,c) = [8 i 8} for any
a,b,c € Zs. Thering R = {M(a,b,c) | a,b,c € Z3} is an 11-centraliser finite

ring with

R = Cr(M(0,0,0)),

X; = Cr(M(0,0,1)) = Cr(M(0,0,2)) = Cr(M(0,1,0))
= Cr(M(0,1,1)) = Cr(M(0,1,2)) = Cr(M(0,2,0))
= Cr(M(0,2,1)) = Cr(M(0,2,2))
= {M(0,0,0), M(0,0,1), M(0,0,2), M(0,1,0), M(0,1,1)

M(0,1,2), M(0,2,0), M(0,2,1), M(0,2,2)},

Xy = Cr(M(1,0,0)) = Cr(M(2,0,0))
= {M(0,0,0), M(1,0,0), M(2,0,0)},

X3 =Cgr(M(1,0,1)) = Cr(M(2,0,2))

— {M(0,0,0), M(1,0,1), M(2,0,2)},

Xy = Cr(M(1,0,2)) = Cr(M(2,0,1))
— {M(0,0,0), M(1,0,2), M(2,0,1)},

X5 = Cr(M(1,1,0)) = Cr(M(2,2,0))
= {M(0,0,0), M(1,1,0), M(2,2,0)},

Xo = Cr(M(1,1,1)) = Cr(M(2,2,2))

={M(0,0,0), M(1,1,1),M(2,2,2)},
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X; =Cr(M(1,1,2)) = Cr(M(2,2,1))
={M(0,0,0), M(1,1,2),M(2,2,1)},
Xs = Cr(M(1,2,0)) = Cr(M(2,1,0))
={M(0,0,0), M(1,2,0),M(2,1,0)},
Xo=Cgr(M(1,2,1)) = Cr(M(2,1,2))
= {M(0,0,0), M(1,2,1),M(2,1,2)},
X0 =Cgr(M(1,2,2)) = Cr(M(2,1,1))

= {M(0,0,0), M(1,2,2), M(2,1,1)}.

Note that, {M(0,0,1), M(1,0,0),M(1,0,1), M(1,0,2), M(1,1,0), M(1,1,1),
M(1,1,2),M(1,2,0), M(1,2,1), M(1,2,2)} is a non-commuting set of R with
cardinality 10. Also, we note that there does not exist a non-commuting set of R
with cardinality 11. Thus, the cardinality of the maximal non-commuting set of R
is 10. Besides that, we have |R : X;| = 3, |R : X;| = 9foranyi € {2,3,---,10}.
Since Z(R) = {M(0,0,0)}, then we have R/Z(R) = 73 x Z3 X Z3. Lastly,

from (1.3), we obtain

>, |Cr(r)]
|Z(R)| | rer-z(R)
Prob(R) = R Ve
1 N 8(9) + 18(3)
27 272
1T
81

We conclude this chapter by summarizing the main theorems regarding
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the n-centraliser ring. Here, we list the results obtained by Dutta et al. (2018a)

and Nath et al. (2022).

characterisation

Obtained by

R is a 1-centraliser ring if and only if R is commuta-

tive.

By definition

There does not exist any 2-centraliser and 3-centraliser

ring.

Nath et al. (2022)

R is a 4-centraliser finite ring if and only if R/Z(R) =
Zo X 7o if and only if the cardinality of the maximal

non-commuting set of 2 is 3.

Dutta et al. (2018a),

Nath et al. (2022)

R is a 5-centraliser finite ring if and only if R/Z(R) =
Zs x Zg if and only if the cardinality of the maximal

non-commuting set of R is 4.

Dutta et al. (2018a),

Nath et al. (2022)

If R is a 6-centraliser finite ring, then |R : Z(R)| =

8,12 or 16.

Dutta et al. (2018a)

If R is a 7-centraliser finite ring, then |R : Z(R)| =

12, 18, 20, 24 or 25.

Dutta et al. (2018a)

Table 2.1: Characterisation for all n-centraliser finite rings

withn <7

In this chapter, we have obtained the characterisation for all n-centraliser finite

rings for n € {6,7,8,9,10,11} in terms of R/Z(R).

Also, we have deter-

mined their cardinality of the maximal non-commuting set, index of proper

centralisers and Prob(R). In the following, we present the results that we
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have obtained. Let n € {6,7,8,9,10,11}. Let R be an n-centraliser finite
ring. Let Xy, Xo,---, X,,_1 be the n — 1 distinct proper centralisers of R with
|IR: Xi| <|R: Xy <+ <|R: X,_1|. Lett be the cardinality of the maximal

non-commuting set of R.

characterisation
n
t Index of proper centralisers of R | Isomorphism of | Prob(R)
R/Z(R)
5 | |R:X1| =2, |R: X;| =4for | ZyxZy X7y z
° any i € {2,3,4,5}
5 ||R : X;| = 4forany i €| ZyxZyxLyxXLs | 1
{1,2,3,4,5}
7 |6 ||R : X;| = 5 forany i € | Zsx Zs k]
{1’2’... ,6}
8 |7 ||R : X;| = 4 forany i € | Zy X Ly X Zy ?1)_;
{1727... 77}
9 |8 ||R : X;|] = 7 forany i € | Z; xZy 5
{1,2,---,8}
6 ||R : X;| = 2 for any i € | ZoXZoXZyXZs %
{1,2,3}, |[R : X;| = 4 for any
i€ {4,5,---,9},
10
6 ||R : X;| = 2 forany i € |Zyx7Zy u
{1,2,3}, |R : Xi| = 4 for any
i€{4,5,---,9},
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|R : Xz‘ = 4 for anyi € | Lo X Lo X Ly X Lo

I

{1,2,3}, |R : X;| = 8 for any

ie{4,5,---,9}

IR:Xi| =2 |R: Xj| = 8for | ZyxZyxZyxZy | 1

anyic {23, 9}

|RX1|:4,|RX1‘:8fOI' ZQXZQXZQX 23

128
anyi€{2a37"'79} Lo X Lo
IR : X;| = 8forany i €| ZyXZyxZyx |5
{1727"'79} ZQXZQXZQ
|R: Xi| =3, |R:X;| =9for | Zsx Zs x Zs é_z

anyi € {2,3,---,10}

|R . Xz‘ = 9 for anyi € ZgXZgXZgXZg %

{1,2,---,10}

Table 2.2: Characterisation for all n-centraliser finite rings

with6 <n <11
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CHAPTER 3

FINITE RINGS WITH CARDINALITY OF THE MAXIMAL

NON-COMMUTING SET IS §

3.1 Introduction

In this chapter, we study the structures for all finite rings with cardinality of the
maximal non-commuting set is 5. To achieve it, we have applied some of the
similar techniques which have been used in Amiri and Madadi (2016) to prove

our main result. Our main result is:

Main Result. If R is a finite ring with cardinality of the maximal non-commuting

set is b, then R satisfies one of the following structures:

(a) |C6Ilt(R)| = 6, and R/Z(R) = ZQ X ZQ X ZQ or Z2 X ZQ X ZQ X ZQ.

(b) |Cent(R)| =16 and R/Z(R) = Zy X Ly X Lo X ZLa.

For the purpose of convenience, for any finite ring R, we denote 7 =
r+ Z(R) for any r € R and denote S = S/Z(R) for any S < R in this chapter.
In Section 3.2, we obtain some results for finite rings with |E| = 16. Finally, in

Section 3.3, we give the proof of our main result.
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3.2  Preliminary Results

In this section, we establish some results that are helpful for the proof of the main

result.

Lemma 3.2.1. Let R be a finite ring. Let r € R — Z(R) with |Cg(r)| = pm for
some prime p and m € N. If C'z(r) is non-commutative, then the order of 7 is

not m.

Proof. Suppose that the order of 7 is m. Since Cg(r) is non-commutative,

then Cg(r) satisfies Z(R) < Z(Cg(r)) < Cg(r). Since 7 € Z(Cg(r)), then

|Z(CRr(r))] is divisible by m. Hence, |Cg(r) : Z(Cg(r))| = p. This leads to
Cr(r)/Z(Cg(r)) is cyclic. It yields that Cr(r) is commutative, which leads to a

contradiction. O

Lemma 3.2.2. Let R be a finite ring. Let r; € R — Z(R) with |Cg(r1)| = p1paps
for some primes pq, p2, p3. If Cr(r1) is non-commutative, then C'r(r1) # Cr(rz)

forany ro € R — Z(R) with 7] €< 75 >.

Proof. Assume that Cr(r1) = Cr(rs) for some o, € R— Z(R) with Ty €< 75 >.

Since C'z(ry) is non-commutative, then C'z(r) satisfies Z(R) < Z(Cg(r1)) <
Cr(r1). Suppose that |Z(Cg(r1))| = pip; for two distinct 7, j € {1,2,3}, then
|Cr(r1) : Z(Cgr(r1))| = px, where k € {1,2,3} — {i,j}. This yields that
Cr(r1)/Z(Cgr(r1)) is cyclic. Consequently, C'r(r;) is commutative, which is a
contradiction. Thus, we have |Z(Cg(r1))| = p; for some i € {1,2,3}. This
gives that m is cyclic with order p;. So, we obtain 7| € m =

Z(Cr(ry)) =< 73 >, which leads to a contradiction. O
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In the following, we provide some results for finite rings with | R| = 16.

Lemma 3.2.3. Let R be a finite ring with |Cent(R)| > 6 and |R| = 16. Let
{1, 9, x3, 24, x5} be the maximal non-commuting set of R. If |R : Cg(z;)| # 2

forany ¢ € {1,2,3,4,5}, then |Cent(R)| = 16.

— 5 —M—
Proof. From Lemma 1.3.1(a), we have R = 5} Cr(x;). Given that |R : Cg(x;)]
# 2 for any i € {1,2,3,4,5} and |R| = 16, thus it can be easily seen that

|Cr(z;)] = 4 forany i € {1,2,3,4,5} and Cg(z;) N Cr(z;) = Z(R) for any

two distinct i, 7 € {1,2,3,4,5}. By Lemma 2.2.15, Cg(z;) is commutative for
any i € {1,2,3,4,5}. Thus, it can be easily checked that for any r € R — Z(R),
Cr(r) is non-commutative if and only if [Cr(r)| = 8. Since |Cent(R)| > 6,
then there exists some a; € R — Z(R) such that Cr(a;) is non-commutative

with |Cr(a;1)| = 8. Without loss of generality, we assume that a; € Cg(xy).

Therefore, we have

CR(ZL'l) = {6793_17&_17 T+ al}

and

CR(al) = {67 _1a a'_lwxl + alaa_2a a’_37a_47a_5}

for some as, as, ay, a5 € R — Z(R). Now, we claim that |Cg(x;) N A| = 1 for
any i € {2,3,4,5}, where A = {az,a3, a1, a5 . Suppose that |Cr(x;) N A| >
2 for some i € {2,3,4,5}. So, we have ay,,ar, € Cg(z;) for two distinct

ki, ke € {2,3,4,5}. If |Cr(ax,) N Cr(ak,)| = 4|Z(R)|, then a; € Cr(x1) N

Cr(ar,) N Cr(ag,) = Cr(z1) N Cr(x;) = Z(R), which is a contradiction. If
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|Cr(ax,) N Cr(ax,)| = 8|Z(R)|, then Cgr(ay,) = Cr(ax,) with |Cr(ag,)| = 8,
which contradicts with Lemma 3.2.1 and Lemma 3.2.2. So, our claim is true.
Without loss of generality, we let a; € Cr(x;) forany i € {2,3,4,5}. Hence, we

have

Cr(z;) = 10,7, @, 7; + a;}

for any i € {2,3,4,5}. Forany i € {2,3,4,5}, since a; € Cg(a;) but a; &

Cr(z;), then Cg(z;) < Cg(a;). So, |Cg(a;)| = 8 for any i € {2,3,4,5}. Next,

we claim that |Cr(z; + a;)| = 8 for some j € {1,2,3,4,5}. Assume that
|Cr(z; + a;)| = 4 for any i € {1,2,3,4,5}. Thus, Cr(z; + a;) = Cr(x;) for

any ¢ € {1,2,3,4,5}. This implies that

CR(GQ) - {6; :L'_Qa a_27 ) + a?aa/_17 a’_37 CL_4, (l_5}

This shows that |Cr(a;) N Cr(as)| = 6, which contradicts the fact that [C'r(a;) N

Cr(ay)| is divide |R|. Consequently, we have |Cr(x; + a;)| = 8 for some

j € {1,2,3,4,5}, as claimed. We claim that |Cg(a;) N {@;,z; +a;}| = 1

for any i € {1,2,3,4,5} — {j}. If |Cr(a;) N{@;,x; +a;}| = 2 for some
i € {1,2,3,4,5} — {j}, then @; € Cg(;), which is a contradiction. We next
claim that |Cr(z; + a;) N {a@,7; + a;}| = 1 forany i € {1,2,3,4,5} — {j}.
If |Cr(z; +a;) N {@, 7 + a;}| = 2 for some i € {1,2,3,4,5} — {5}, then

z; + a; € Cr(z;), which is a contradiction. By Lemma 3.2.1 and Lemma 3.2.2,

we obtain OR((Ij) 7é CR<I'j+CLj). It follows that CR(aj)ﬂC’R(xj + aj) = CR(ZL‘]‘).

Thus, we have z; + a;, € Cg(a;) or z; + a; € Cg(z; + a;) but not both. This
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implies that |Cr(z; + a;)| = 5 forany i € {1,2,3,4,5} — {j}. Hence, we have
|Cr(z; +a;)] = 8 forany i € {1,2,3,4,5} — {j}. Consequently, we obtain

|Cent(R)| =1+ 5+ 10 = 16 by Lemma 3.2.1 and Lemma 3.2.2, as desired. [

Lemma 3.2.4. Let R be a finite ring with [Cent(R)| > 6 and |R| = 16. Let
{1, 9, x3, 24, x5} be the maximal non-commuting set of R. If |R : Cr(xy)| = 2
for some k € {1,2,3,4,5}, then |R : Cr(z;)] = 2 forsome ! € {1,2,3,4,5} —

{k}.

Proof. Suppose that |R : Cr(x;)| > 4 forany [ € {1,2,3,4,5} — {k}. Without

loss of generality, we assume that & = 1. Thus, C'z(z1) can be written as

CR('Tl) - {67_1,671_),a—|—b,$1 +aax1 +b7x1 +a+b}

— 5
for some a,b € R — Z(R). By Lemma 1.3.1(a), we have R = Y Cr(z;). Hence,
by Lemma 2.7.3, we obtain |Cr(x;)| = 4 for any i € {2,3,4,5}. Assume that

ab = ba, then C'r(z) is commutative. Thus, it follows from Lemma 2.2.12 that

|R| < 2(4) = 8, which is a contradiction. So, ab # ba. By Lemma 2.2.11,

we obtain |Cg(z1) N Cg(z;)| = 2 for any i € {2,3,4,5}. Then, there exist
four elements wy, w3, wy, ws € {a,b,a + b,r1 + a,x1 + b, r1 + a + b} such
that w; € mfor any 1 € {2,3,4,5}. Let A = {a,b,a + b,z1 + a,x; +
b,x1 + a+ b} — {wy, w3, wy, ws}. Now, we claim that A = {u3, x1 + uz} for
some uz € {a,b,a + b}. Suppose to the contrary that A # {w, z; + w} for any
w € {a,b,a+ b}. Hence, we note that there exist two distinct u, v € {a,b,a+ b}

such that u,v € A, u,x;1+v € Aorxy +u,x; +v € A. Since all the elements in

the set A are non-commute with xo, 73, 4, x5, then we have {«, 5, xa, T3, 24, x5}
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is a non-commuting set of R with cardinality 6, where o € {u,z; + u} and
p € {v,x1 +v}. This contradicts with the fact that the cardinality of the maximal
non-commuting set of R is 5. Therefore, A = {ug,x; + ug} for some ug €

{a,b,a + b}, as claimed. Without loss of generality, we have

CR(xQ) = {67 x_Za u_la X2 + ul}a

Cr(z3) = {0,773, 21 + w1, 21 + 3 + w1 },

CR(x4) = {67 I'_4, u_27 T4+ U’?}a

Cr(zs) = {0,T5, 71 + ug, Ty + a5 + ua},

where uy, us € {a,b,a+ b} — {uz} with u; # u,. By Lemma 2.2.15, Cr(x;) is

commutative for any i € {2, 3,4, 5}. Consequently, we obtain

Cr(ur) = {0,717, 01, 1 + w1, Tz, T2 + uy, T4 + Uz, 1 + x5 + s}

and

Cr(z1 4+ u1) = {0,T1, 1, T1 + 1, T3, 1 + T3 + U1, Ty + Ug, T1 + X5 + Uz}

This shows that |Cr(u1) N Cr(x; + uy)| = 6. We have reached a contradiction

as |Cr(u1) N Cr(xy + uy)| is divide |R|. O

Lemma 3.2.5. Let R be a finite ring with [Cent(R)| > 6 and |R| = 16. Let
{x1, x9, x3, 24, x5} be the maximal non-commuting set of R. If |R : Cr(xy)| =
|R : Cr(z;)| = 2 for two distinct k, [ € {1,2,3,4,5}, then |Cent(R)| = 16.

Proof. Without loss of generality, we assume that £ = 1 and [ = 2. By Lemma

146



2.2.11, we obtain |Cr(z1) N Cr(xs)| = 4. Therefore, Cr(z1) N Cr(x2) can be

written as Cg(z,) N Cr(zs) = {0,@,b,a + b} for some a,b € R — Z(R). So, we

have

CR(]fl) = {6,1'_1,6,5,@—}—67551 +a7x1 +b7'r1 +a+b}a

Cr(x2) = {0,73,@,b,a + b, 75 + a, 2o + b, 15 +a + b}.

Suppose that ab = ba, then Cr(z1) and Cr(x2) are commutative. Therefore, by
Lemma 2.2.12, we obtain | R| < 2(2) = 4, which is a contradiction. So, ab # ba.

Thus, we have

CR<CL>

{Oua7x_17x_27$1 +I‘2,.’E1 +CL,SC2+CL,SE1 +Z‘2+CL},

=l

Cr(b) =

—
ol

,ill'_l,.fl'_g,iCl +l’2,l’1 +b,$2+b,$1 —|—$2—|—b},

Y

Cr(a+b)={0,a+ b,71,ZT3, 71 + T9, 1 +a+ b, x9 + a+ b,

a:1+x2+a~|—b},

Cr(zy + x0) = {G,xl F2,a,b,a+ b, 71 + 2 + a, x1 + T2 + b,

1+ 22+ a+ b}

Apart from this, we have

for any u € {x1,x9,21 + 22} and v € {a,b,a + b}. Consequently, we have

|Cent(R)| =1+ 2+ 4+ 9 = 16. This completes the proof. O
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3.3 Proof of Main Result

In this section, we give the proof of our main result.

Theorem 3.3.1. If R is a finite ring with cardinality of the maximal non-commuting

set is 5, then R satisfies one of the following structures:

(a) |C€Dt<R)‘ = 6, and R/Z(R) = ZQ X ZQ X ZQ or ZQ X ZQ X Zg X ZQ.

(b) |Cent(R)\ = 16 and R/Z(R) = ZQ X ZQ X Zg X ZQ.

Proof. Let {x1, 2y, x3, 74,75} be the maximal non-commuting set of R. By
Lemma 1.3.1(d), we have |Cent(R)| > 6. If |Cent(R)| = 6, then by Theorem
2.3.1, we get R/Z(R) = Zy X Zy X Lo Or Ly X Lo X Ly X Zo. Next, we
consider for |Cent(R)| > 6. By Lemma 1.3.1(b), (c), it follows that {Cr(x;) |
i=1,2,3,4,5} is an irredundant cover of R with intersection Z(R). Therefore,
we obtain |R : Z(R)| < f(5) = 16. Thus, by Theorem 2.2.23, we have |R :
Z(R)| =8or16. If |[R: Z(R)| = 8, then by Lemma 2.2.16 and Lemma 2.2.4,
we get |Cent(R)| = 6, which is a contradiction. So, we have |R : Z(R)| = 16. In
view of Lemma 3.2.3, Lemma 3.2.4 and Lemma 3.2.5, we obtain |Cent(R)| = 16.
Suppose to the contrary that R/Z (R) % Zg X Zy X 7o X Zs. Then, there exists some

a € R—Z(R) such that the order of @ is 4 or 8. Since ged(3, order of @) = 1, then

Cr(a) = Cr(3a). Since @ # 3a, then we obtain |Cent(R)| < |R : Z(R)|, which
leads to a contradiction. So, we can conclude that R/Z(R) = Zy X Zo X Lo X Zs.

‘We are done. ]
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CHAPTER 4

(m,n)-CENTRALISER FINITE RINGS

4.1 Introduction

Inspired by the works of Ashrafi et al. (2020), we intend to determine the structures
of (m, n)-centraliser finite rings. In Section 4.2, we first give some requirements
which will be used in the construction of our main results. We also compute
|m — Cent(R)| for certain classes of finite rings. Finally, in Section 4.3, we

describe the characterisation for some (m, n)-centraliser finite rings for n < 10.

4.2  Some Requirements and Some Computations of |m — Cent(R)|

In this section, we establish some useful lemmas that will be employed in the
construction of our main results. Besides that, we compute |m — Cent(R)| by

imposing some assumptions on the finite ring R.

Lemma 4.2.1. Let m € N with m > 2 and let R be a non-commutative ring.

Then the following statements hold.

(a) If |[Z(R)] = m — 1, then |Cent(R)| < |m — Cent(R)]|.

(b) If |Z(R)| = m, then |Cent(R)| < |m — Cent(R)| — 1.

Proof. We claim that Cent(R) — {R} C (m — Cent(R)) — {R}. Let Cg(ry) €
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Cent(R) — {R}, where r; € R — Z(R). Hence, we have C(r;) = ﬁ1 Cr(r:) €
(m — Cent(R)) — {R} for m — 1 distinct 79,73, , 7, € Z(R). This shows
that Cent(R) — {R} C (m — Cent(R)) — { R}. Suppose that Cent(R) — {R} =
(m — Cent(R)) — { R}. Since R is non-commutative, then there exist two distinct
r1,72 € R — Z(R) such that ;79 # rory. Thus, there exists some 7 € R — Z(R)

such that

Cr(r1) N Cr(r2) if m =2,
CR<7") =

(2

ﬁ Cr(r;) for m — 2 distinct r3, 74, -+ ,rm € Z(R) ifm > 3.

This implies that r € 61 Cr(r;), which gives that 7, 7o € Cg(7). This contradicts
with the fact that ry,ry & 61 Cg(r;). Consequently, Cent(R) — {R} C (m —

Cent(R)) — { R}, as claimed.

(a) Since |Z(R)| = m — 1, we have R ¢ m — Cent(R). It follows that

Cent(R) — {R} C m — Cent(R). Therefore,

Cent(R)| < |m — Cent(R)]|.

(b) Since |Z(R)| = m, we have R € m — Cent(R). It follows that

Cent(R) C m — Cent(R). Therefore, |Cent(R)| < |m — Cent(R)| — 1. O

Lemma 4.2.2. If R is an n-centraliser finite ring with 4 < n < 9, then every

proper centraliser of 2 is commutative.

Proof. By Lemma 1.3.1(f), (g), Theorem 2.3.1, Theorem 2.4.1, Theorem 2.5.1
and Theorem 2.6.5, it follows that the cardinality of the maximal non-commuting

set of Risn — 1. So, we obtain every proper centraliser of R is commutative by
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Lemma 2.2.4. [

Theorem 4.2.3. Let m € N with m > 2 and let R be a finite non-commutative
ring with every proper centraliser of R is commutative. Then the following

statements hold.

(a) If |Z(R)| = m — 1, then |m — Cent(R)| = |Cent(R)]|.
(b) If |Z(R)| = m, then |m — Cent(R)| = |Cent(R)| + 1.

Proof. Here, we let 61 Cr(r;) € m—Cent(R), where all r;’s are in R and distinct

from each other.

(a) Since |Z(R)| = m—1,thenr; € R—Z(R) forsomei € {1,2,--- ,m}.
If r; € Z(R) forany j € {1,2,---,m} — {i}, then ﬁl Cr(r;) = Cr(r) for
somer € R—Z(R). If r; € R— Z(R) for some j € {1,2,--- ,m} — {i},
then by Lemma 1.3.1(h), we obtain ﬁl Cgr(r;) = Z(R) or Cg(r) for some
r € R — Z(R). Therefore, m — Cent(R) = {Z(R)} U (Cent(R) — {R}).

Consequently, [m — Cent(R)| = |Cent(R)|.

(b) Given that |Z(R)| > m.If r; € Z(R) forany i € {1,2,--- ,m}, then
ﬁl Cgr(r;) = R. Ifr;, € R— Z(R) for some i € {1,2,---,m}, then by using
similar arguments as in part (a), we obtain 161 Cr(r;) = Z(R) or Cg(r) for some
r € R — Z(R). Therefore, m — Cent(R) = {Z(R)} U Cent(R). Consequently,

|m — Cent(R)| = |Cent(R)| + 1. O

Theorem 4.2.4. Let m € N with m > 2 and let R be a finite non-commutative

ring with |Z(R)| = m— 1. Let t be the cardinality of the maximal non-commuting
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set of R. Then every proper centraliser of R is commutative if and only if

L iIZ(R) = m— 1,
|m — Cent(R)| =

t+2 if|Z(R)| = m.

Proof. The necessity part follows readily by Lemma 2.2.4 and Theorem 4.2.3.
Next, we consider the sufficiency part. In view of Lemma 4.2.1, we obtain
|Cent(R)| < t+ 1. So, we have |Cent(R)| = t + 1 by Lemma 1.3.1(e).
Consequently, by Lemma 2.2.4, it follows that every proper centraliser of R

1S commutative. L]

Theorem 4.2.5. Let m,n € N with m,n > 2 and let R be a finite ring with
|R: Z(R)| = p" for some prime p. Let |Cr(r)| = p|Z(R)| or p*|Z(R)| for any
r € R—Z(R). Let s1 and s, be the total numbers of distinct proper centralisers in

R with order p|Z(R)| and p*|Z(R)

, respectively. Then the following statements

hold.

(a) s1+ s2(p+1) = p;jll.

(b) If|Z(R)| =m — 1, then |m — Cent(R)| = s1 + so + 1.
(c) If|Z(R)| = m, then |m — Cent(R)| = s1 + so + 2.

Proof. In view of Lemma 2.2.15, we obtain every proper centraliser of R is

commutative.

(a) By Lemma 1.3.1(h), it follows that for any r1, 7, € R — Z(R), either

Cgr(r1) = Cgr(ry) or Cg(r1) N Cgr(r2) = Z(R). So, we have |R| — |Z(R)| =
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s1(|Cr(a1)| = |Z(R)]) + s2(|Cr(a2)| — |Z(R)]|), where a;,as € R — Z(R) with

|Cr(a1)| = p|Z(R)| and |Cr(as)| = p*|Z(R)|. This gives that s; + sa(p + 1) =

pr=1
p—1-

(b) It follows from Theorem 4.2.3(a) that |m — Cent(R)| = s1 + so + 1.

(c) It follows from Theorem 4.2.3(b) that | — Cent(R)| = s1+s9+2. [

To simplify the writing in Theorem 4.2.6 and Theorem 4.2.7, we denote

1 if|Z(R)| =m—1
I(R) = , for any ring R and m € N with m > 2.

0 if|Z(R)| =m

Theorem 4.2.6. Let m € N with m > 2. Let Ry, Ry be rings with |Z(R;)

>

|Z(R2)| = m — 1. Then

|m — Cent(Ry x Rs)|
(

|m — Cent(Ry)||m — Cent(Ry)|

ifm =2,
+ 6(Rg)|m — Cent(Ry)| + 0(Ry)|m — Cent(Ry)|
=\ |m — Cent(R;)||m — Cent(Rs)|

+ §(Ry)|m — Cent(Ry)| + 0(Ry)|m — Cent(Ry)| #m =3.

+ d(R1)6(R2)

\

Proof. 1t can be easily seen that

1 Craxca((a:, )

1=



= (1 Cr, (@) x (11 Cry (b)) @.1)

for any (al, b1>, (CLQ, bg), cee (CLm, bm) < Rl X Rg. Let (al, bl), ((12, bg), e,
(@, bm) be m distinct elements in R; X R,. Before we continue the proof,

without loss of generality, we consider the following two situations.

Situation 1: |Z(Ry)| > m. Since |Z(Ry)| = m, 61 Cg, (a;) can be

m m
written as 'ﬂl Cgr, (a;) = ﬂl Cr, (x;) for m distinct z1, z9, - - - , T, € Ry.
1= 1=

Situation 2: |Z(Ry)| = m — 1. If not all ;s are in Z(R;), then since
|Z(Ry)| =m —1, ﬁ Cg, (a;) can be written as ﬁ Cr,(a;) = ﬁ Cg, (z;) form
distinct xq, 9, -+ , T, € Ry. On the other hand, if all a;’s are in Z(R;), then

z‘Ql CR1 (CLZ) = Rl.
Now, we break the proof into the following four cases.

Case 1: |Z(R1)|,|Z(R2)| = m. By using (4.1) and similar arguments as

in Situation 1, we have
N Crixra((ai b)) = (0 Cr,(20)) x (A Cry())

for m distinct x, xo, - -+ , x,, € Ry and m distinct y1, v, - -+ , Ym € Ro. Conse-

quently, we obtain

|m — Cent(Ry x Ry)| = |m — Cent(Ry)||m — Cent(R2)|.
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Case 2: |Z(Ry)| = m,|Z(R2)| = m — 1. By using (4.1) and similar

arguments as in Situation 1 and 2, we have

i;ﬂnl CRl XRz((a‘iy bl))
(ﬁ Cr, () % (61 Cr,(y:)) if notall b;’s are in Z(R,),

(M Cr,(2)) x R if all b;’s are in Z(R,)

for m distinct x, xo, - -+ , T, € Ry and m distinct y1, v, - -+ , Ym € Ro. Conse-

quently, we obtain

|m — Cent(Ry X Rs)| = |m — Cent(Ry)||m — Cent(Rs)| + |m — Cent(Ry)].

Case 3: |Z(Ry)| = m — 1,|Z(Ry)| = m. By using similar arguments as

in Case 2, we obtain

|m — Cent(Ry X Ry)| = |m — Cent(Ry)||m — Cent(Rz)| + |m — Cent(Ry)|.

Case 4: |Z(Ry)| = |Z(R2)| = m — 1. By using (4.1) and similar

arguments as in Situation 2, we have

ﬁl CRry xR, ((ai, b;))
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(ﬁl Cgr, (z;)) X <ﬁ1 Cr,(y;)) ifnotall a;’s are in Z(R;) and not all b;’s
are in Z(Ry),
Ry X (fjl Cr,(yi)) ifall a;’s are in Z(R;) and not all b;’s are
_ in Z(Rs),
(ﬁl Cgr, (7)) X Ry if not all a;’s are in Z(R;) and all b;’s are
in Z(Rs),
Ry X Ry if all a;’s are in Z(R;), all b;’s are in
L Z(R3) andm > 3
for m distinct xq, xo, - -+ , x,, € Ry and m distinct y1, v, - -+ , Ym € Ro. Conse-

quently, we obtain

|m — Cent(Ry X Ry)]

(

|m — Cent(Ry)||m — Cent(Ry)|
ifm=2,

+ |m — Cent(Ry)| + |m — Cent(Rs)|

|m — Cent(R;)||m — Cent(Rs)|
ifm > 3.

+ |m — Cent(Ry)| + |m — Cent(R3)| + 1

\
By combining all the cases, we obtain the desired result. [

To conclude this section, we give a generalisation of the above theorem.

Theorem 4.2.7. Let m,n € Nwithm,n > 2. Let Ry, Ro, - - - , R,, be rings with
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|Z(R1)|>|Z(R2>‘a 7’Z(Rn)| 2 m—1. LetAn = {1727 an}' Then

(
H |m — Cent(R;)| + M,—1 ifm =2
i=1

|m — Cent (H Rz’) | = H |m — Cent(R;)| + M,y 7
i i=1 zfm >3

+ ﬁd(Ri)

where M, = nz_l > ((H 5(Rm)> < I Im- Cent<Ry>|>>

i=1 | B;CAp z€B; yEAL—B;
with
|Bi|=i

Proof. To prove this result, we will use mathematical induction. By Theorem

4.2.6, the result holds for n = 2. Suppose that there exists some k£ € N with

k > 3 such that

(
k

[[Im — Cent(R)| + My—y  ifm =2

=1

k
=4 [[Im = Cent(R;)| + M,
i=1

ifm >3

+[I6(R)

Now, we want to show that the result also holds for n = k£ + 1. By Theorem 4.2.6,

we have
k+1
'm — Cent (H Ri> ‘
i=1
k
= 'm — Cent (H R; x Rk+1> ‘
i=1

157



(

\

k
m — Cent (H R,-) | |m — Cent (Rj+1)|
i=1

k
+ d(Ry+1) |m — Cent (H Ri>
) =1
+4 (H RZ-) |m — Cent (Ry11)|
=1

k
im — Cent HRZ- |m — Cent (Rj11)]
i=1

k
+ 0(Rg+1) ‘m — Cent (H Ri>
=1

k k
+9 (H RZ> \m — Cent(Rk+1)| +4 (H R;

=1 i=1

) O(Rp1)

(H |m — Cent(R;)| + Mj_ 1) |m — Cent (Rj.+1)]

+ d(Ri+1) <H |m — Cent(R;)| + Mj— 1>
k
+ <H5 (Rz)> |m — Cent (Ry1)|
k
(H |m — Cent(R
+ d(Rk+1) (H |m — Cent(R

=1

By expanding and simplifying, we obtain

k+1
H |m — Cent(R
k+1 k+1
‘m — Cent (H RZ-) H |m — Cent(R
i=1
k—i—l
+ ] o(Rr)
i=1

as desired.
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=1

D+ My + (R )

i)+ My

|+ M,

ifm =2,

ifm >

)|+ My 1+H5 ) |m — Cent (Rj+1)|

ifm >
ifm=2
ifm > 3,

3

ifm=2,
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4.3  Some (m,n)-Centraliser Finite Rings

In this section, we give the characterisation for some (m, n)-centraliser finite

rings with n < 10. We begin with the following result.

Theorem 4.3.1. Let m € N withm > 2 and let R be a non-commutative ring
with |Z(R)| = m — 1. Then R is not (m, 2)-centraliser ring, (m, 3)-centraliser

ring, and (m,4)-centraliser ring with |Z(R)| = m.

Proof. Suppose that R is an (m, 2)-centraliser ring, (m, 3)-centraliser ring, or
(m, 4)-centraliser ring with |Z(R)| > m. Then, by Lemma 4.2.1, we obtain

|Cent(R)| < 3, which contradicts the fact that |Cent(R)| > 4. O

Theorem 4.3.2. Let m € N with m > 2 and let R be a finite ring with |Z(R)| =

m—1. Then R is an (m, 4)-centraliser finite ring if and only if R/ Z (R) = Zo X Zs.

Proof. (=): By Lemma 4.2.1(a), we obtain |Cent(R)| < 4. Since |Cent(R)| >

4, we have |Cent(R)| = 4. Hence, by [A3], we have R/Z(R) = Zy X Zs.

(«<): In view of [A2], we have |Cent(R)| = 4. Consequently, R is an

(m, 4)-centraliser finite ring by Lemma 4.2.2 and Theorem 4.2.3(a). [l

Theorem 4.3.3. Let m € N with m > 2 and let R be a finite ring with |Z(R)| >
m—1. Then R is an (m, 5)-centraliser finite ring if and only if R/ Z (R) = Zo X Zo

with |Z(R)| = m, or R/Z(R) = Z3 X Zs with |Z(R)| = m — 1.

Proof. (=): By Lemma 4.2.1, we obtain |Cent(R)| < 5. Since |Cent(R)| > 4,

we have 4 < |Cent(R)| < 5. Hence, by Lemma 4.2.2, Theorem 4.2.3, [A3] and
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[A4], we have R/Z(R) = 7y x Zy with |Z(R)| = m, or R/Z(R) = Z3 x Z3

with |[Z(R)| = m — 1.

(«<): In view of [A2], we have |Cent(R)| = 4 with |Z(R)| > m, or
|Cent(R)| = 5 with |Z(R)| = m — 1. Consequently, R is an (m, 5)-centraliser

finite ring by Lemma 4.2.2 and Theorem 4.2.3. 0

Theorem 4.3.4. Let m € N with m > 2 and let R be a finite ring with |Z(R)| =
m — 1. If R is an (m, 6)-centraliser finite ring, then R/Z(R) = Zy X Zo X Zs or

ZQXZQXZQXZQ.

Proof. By Lemma 4.2.1(a), we obtain |Cent(R)| < 6. Since |Cent(R)| > 4,
we have 4 < |Cent(R)| < 6. Hence, by Lemma 4.2.2, Theorem 4.2.3(a) and

Theorem 2.3.1, we have R/Z(R) = Zy X Zg X Ly Ot Ly X Ly X Ly X Zo. [

Theorem 4.3.5. Let m € N with m > 2 and let R be a finite ring with |Z(R)| >

m. Then R is an (m, 6)-centraliser finite ring if and only if R/Z(R) = Z3 X Zs.

Proof. (=): By Lemma 4.2.1(b), we obtain |Cent(R)| < 5. Since |Cent(R)| >
4, we have 4 < |Cent(R)| < 5. Hence, by Lemma 4.2.2, Theorem 4.2.3(b) and

[A4], we have R/Z(R) = Z3 X Zs.

(«<): In view of [A2], we have |Cent(R)| = 5. Consequently, R is an

(m, 6)-centraliser finite ring by Lemma 4.2.2 and Theorem 4.2.3(b). N

Theorem 4.3.6. Let m € N withm > 2 and let R be a finite ring with |Z(R)| =

m—1. Then R is an (m, 7)-centraliser finite ring if and only if R/Z (R) = Zs X Zs.
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Proof. (=): By Lemma 4.2.1(a), we obtain |Cent(R)| < 7. Since |Cent(R)| >
4, we have 4 < |Cent(R)| < 7. Hence, by Lemma 4.2.2, Theorem 4.2.3(a) and

Theorem 2.4.1, we have R/Z(R) = Zs X Zs.

(«<): In view of [A2], we have |Cent(R)| = 7. Consequently, R is an

(m, 7)-centraliser finite ring by Lemma 4.2.2 and Theorem 4.2.3(a). [l

Theorem 4.3.7. Let m € N with m > 2 and let R be a finite ring with |Z(R)| >
m. If R is an (m,7)-centraliser finite ring, then R/Z(R) = Zo X 7y X Zs or

ZQXZQXZQXZQ.

Proof. By Lemma 4.2.1(b), we obtain |Cent(R)| < 6. Since |Cent(R)| > 4,
we have 4 < |Cent(R)| < 6. Hence, by Lemma 4.2.2, Theorem 4.2.3(b) and

Theorem 2.3.1, we have R/Z(R) = Zy X Zg X Ly Ot Ly X Ly X Ly X Zo. [

Theorem 4.3.8. Let m € N with m > 2 and let R be a finite ring with |Z(R)| =

m — 1. If R is an (m, 8)-centraliser finite ring, then R/Z(R) = Zy X Ly X Zs.

Proof. By Lemma 4.2.1(a), we obtain |Cent(R)| < 8. Since |Cent(R)| > 4,
we have 4 < |Cent(R)| < 8. Hence, by Lemma 4.2.2, Theorem 4.2.3(a) and

Theorem 2.5.1, we have R/Z(R) = Za X Zg X Zs. O

Theorem 4.3.9. Let m € N with m > 2 and let R be a finite ring with |Z(R)| >

m. Then R is an (m, 8)-centraliser finite ring if and only if R/Z(R) = Z5 X Zs.

Proof. (=): By Lemma 4.2.1(b), we obtain |Cent(R)| < 7. Since |Cent(R)| >
4, we have 4 < |Cent(R)| < 7. Hence, by Lemma 4.2.2, Theorem 4.2.3(b) and

Theorem 2.4.1, we have R/Z(R) = Z5 X Zs.
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(«<): In view of [A2], we have |Cent(R)| = 7. Consequently, R is an

(m, 8)-centraliser finite ring by Lemma 4.2.2 and Theorem 4.2.3(b). ]

Theorem 4.3.10. Let m € N withm > 2 and let R be a finite ring with | Z(R)| =

m—1. Then R is an (m, 9)-centraliser finite ring if and only if R/Z (R) = Zr X Zs.

Proof. (=): By Lemma 4.2.1(a), we obtain |Cent(R)| < 9. Since |Cent(R)| >
4, we have 4 < |Cent(R)| < 9. Hence, by Lemma 4.2.2, Theorem 4.2.3(a) and

Theorem 2.6.5, we have R/Z(R) = Z7 X Zs.

(«<): In view of [A2], we have |Cent(R)| = 9. Consequently, R is an

(m, 9)-centraliser finite ring by Lemma 4.2.2 and Theorem 4.2.3(a). O]

Theorem 4.3.11. Let m € N withm > 2 and let R be a finite ring with |Z(R)| >

m. If R is an (m,9)-centraliser finite ring, then R/Z(R) = Zy X Ly X Zs.

Proof. By Lemma 4.2.1(b), we obtain |Cent(R)| < 8. Since |Cent(R)| > 4,
we have 4 < |Cent(R)| < 8. Hence, by Lemma 4.2.2, Theorem 4.2.3(b) and

Theorem 2.5.1, we have R/Z(R) = Za X Zg X Zs. O

We conclude this chapter by giving the characterisation for some (m, 10)-

centraliser finite rings.
Theorem 4.3.12. Let m € N with m > 2 and let R be a finite ring with |Z(R)| >

m. Then R is an (m, 10)-centraliser finite ring if and only if R/Z(R) = Z7 X 7.

Proof. (=): By Lemma 4.2.1(b), we obtain |Cent(R)| < 9. Since |Cent(R)| >
4, we have 4 < |Cent(R)| < 9. Hence, by Lemma 4.2.2, Theorem 4.2.3(b) and

Theorem 2.6.5, we have R/Z(R) = Z; X Zr.
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(«<): In view of [A2], we have |Cent(R)| = 9. Consequently, R is an

(m, 10)-centraliser finite ring by Lemma 4.2.2 and Theorem 4.2.3(b). ]
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CHAPTER 5

NON-CENTRALISER GRAPHS OF FINITE RINGS

5.1 Introduction

In this chapter, we attempt to discuss various graph theoretical properties of the
non-centraliser graphs of finite rings. Let GG be a graph. We denote by V' (G) the
vertex set of G, F(G) the edge set of G. Anedge {z,y} in E(G) is said to join the
vertices x and y. For any two vertices x, y in V(G), we write  ~ y (respectively,
x 7 y) to means that x is adjacent to y (respectively, x is non-adjacent to y). We
use the notation d(x, y) to denote the distance between two vertices = and y in

V(G). We let €x(x) be defined by Cr(z) = {y € R | Cr(z) = Cr(y)}.

5.2 Some Properties of T

In this section, we investigate some properties of T z. We first give some examples

of TR.

Example 5.2.1. Consider the ring R, = {(a,b|2a =2b=0,a> = a,b® = b,
ab = a,ba = b). Note that, R, can be simplified as Ry = {0, a,b,a + b}. Since

a # b, then ab # ba. Hence, we have
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CR1 (O) = R1>
CRI (a) = {Ov a}7
Cr, (b) = {0, b},

Cgr,(a+b) ={0,a + b}.

This gives that V(Tg,) = {0,a,b,a + b} and E(Tg,) = {{0,a},{0,b},{0,a +

b},{a,b},{a,a+ b}, {b,a + b}}. Therefore, Y g, is as follows:

Figure 5.1: Non-centraliser graph T g,

This shows us that T, is a complete 4-partite graph.

Example 5.2.2. Consider the ring Ry = {(a,b|3a =3b=0,a* = a,b® =,
ab = a,ba = b). Note that, R, can be simplified as Ry = {0, a,2a,b,2b,a +

b,a + 2b,2a + b, 2a + 2b}. Since a # b, then ab # ba. Hence, we have

Cr,(0) = Ry,
Cr, (a) = Ch, (2&) = {O’ a, 2a}7

Chr, (b) = Ch, (2b) = {07 b, 2b}7
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Cr,(a+0b) = Cg,(2a + 2b) = {0,a + b, 2a + 2b},

Cr,(a+2b) = Cr,(2a +b) = {0,a + 2b,2a + b}.

This gives that V(Tg,) = {0, a,2a,b,2b,a + b,a + 2b,2a + b,2a + 2b} and
E(YTgr,) = {{0,a},{0,2a},{0,b},{0,2b},{0,a + b}, {0, 2a + 2b},{0, a + 2b},
{0,2a+0b},{a,b},{a,2b}, {a,a+b},{a,2a+2b},{a, a+2b},{a, 2a+b}, {2a, b},
{2a,2b},{2a,a+0b}, {2a,2a+2b}, {2a,a+2b},{2a,2a+b}, {b, a+0b}, {b, 2a+
2b},{b,a + 2b},{b,2a + b}, {2b,a + b},{2b,2a + 2b}, {20, a + 2b}, {2b,2a +
b}, {a+0b,a+2b},{a+0b,2a+b}, {2a+2b, a+2b}, {2a+2b, 2a+b} }. Therefore,

Tg, is as follows:

Figure 5.2: Non-centraliser graph T p,

This shows us that Ty, is a complete 5-partite graph.
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From the above examples, we see that |Cent(R;)| = 4 and Yg, is a
complete 4-partite graph. Also, we see that |Cent(R2)| = 5 and Y g, is a complete
b-partite graph. The following result shows that the structure of T i can be affected

by |Cent(R)].

Proposition 5.2.3. Let R be a finite non-commutative ring. Then |Cent(R)| = n

if and only if T is a complete n-partite graph.

Proof. If |Cent(R)| = n, then Cent(R) = {Cg(r1),Cr(r2), -+ ,Cr(r,)} for
n distinct elements 71,79, -+ , 7, € R. Since V(T g) can be partitioned into n
partite sets €r(ry), €r(r2), - -, €r(ry,) such that for any two vertices x € Cx(r;)
andy € €x(r;), x ~ yif and only if i # j, then Y is a complete n-partite graph.
Conversely, assume that Ty is a complete n-partite graph but |Cent(R)| = m,
where m # n. Hence, by the necessity part, we obtain Ty is a complete m-partite

graph. We have reached a contradiction. [

As an immediate consequence of Proposition 5.2.3, [Al], [A3], [A4],
Theorem 2.3.1, Theorem 2.4.2, Theorem 2.5.1, Theorem 2.6.6, Theorem 2.7.10

and Theorem 2.8.16, we have the following result.

Proposition 5.2.4. Let R be a finite ring. Then the following statements hold.

(a) Ygis an empty graph if and only if R is commutative.

(b) Tg is neither a complete bipartite graph nor a complete tripartite graph.

(c) Tgisacomplete 4-partite graph if and only if R/Z(R) = Zy X Zs.

(d) Tgisacomplete 5-partite graph if and only if R/Z(R) = Z3 X Zs.
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(e) If Tg is a complete 6-partite graph, then R/Z(R) = Zy X Zy X Zsg or

Z2><Z2><Z2><Z2.

(f) Ygis acomplete 7-partite graph if and only if R/Z(R) = Zs X Zs.

(g) If Tgis a complete 8-partite graph, then R/Z(R) = Zo X Zo X Zso.

(h) T is acomplete 9-partite graph if and only if R/Z(R) = Z7 X Zs.

(i) If Tg is a complete 10-partite graph, then R/Z(R) = Zy X Ly, Ty X Ly X

ZQXZQ,ZQXZQXZQXZQXZQOI'ZQXZQXZQXZQXZQXZQ.

() If Tg is a complete 11-partite graph, then R/Z(R) = Zs X Z3 X Z3 or

ZgXZgXZgXZg.

5.21 Clique and Colouring

The clique number of a graph G, denoted by w(G), is the order of a largest
complete subgraph contained in GG. The chromatic number of a graph G, denoted
by x(G), is the smallest number of colours required to colour the vertices of G so
that every adjacent vertices in G are assigned different colours. The following

result is a direct consequence of Proposition 5.2.3.

Proposition 5.2.1.1. Let R be a finite non-commutative ring. Then w(Tg) =

X(Tr) = |Cent(R)|.
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5.2.2  Domination Number and Independent Set

A subset D of the vertex set of a graph G is called a dominating set of G if every
vertex not in D is adjacent to at least one vertex in D. Furthermore, the domination
number of GG, denoted by 7(G), is the cardinality of a smallest dominating set of

G. In this part, we first find an upper bound of v(Yr).

Proposition 5.2.2.1. Let R be a finite non-commutative ring. Then v(Yg) < 2.

Proof. For any r; € R — Z(R), since Cr(r;) # Cg(0), then we have r; ~ 0.
On the other hand, for any r, € Z(R), since Cr(ry) # Cg(z) for some x €
R — Z(R), then we have ry ~ z. This shows that {0, z} is a dominating set of

Y g. Therefore, we obtain y(Tg) < 2. O

We now obtain some sufficient conditions for v(YTg) = 2.

Proposition 5.2.2.2. Let R be a finite non-commutative ring. If |Z(R)| # 1 or

2r # 0forany r € R, then y(Tp) = 2.

Proof. By Proposition 5.2.2.1, v(Tg) < 2. Suppose that y(Tr) = 1. Let {x} be
a dominating set of T». Assume that |Z(R)| # 1. Letw € Z(R) — {0}. Since
Cr(z) = Cr(x 4+ w), then x 4 (z + w), which leads to a contradiction. So, we
have 2r # 0 for any » € R. This gives that 2z # 0 and thus, x # —x. Since
Cgr(z) = Cr(—x), then x o¢ —x, which leads to a contradiction again. Hence,

A subset D of the vertex set of a graph G is called an independent set of
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G if every two distinct vertices in D are non-adjacent with each other. Moreover,
D is said to be a maximal independent set of G if its cardinality is the largest one
among all such sets. We next give a necessary condition for maximal independent

set of T 5.

Proposition 5.2.2.3. Let R be a finite non-commutative ring. If S'is a maximal

independent set of Y g, then S = N, Cr(s).
s€

Proof. Letw € S. Since S is a maximal independent set of Y g, then w ¢ s for
any s € S — {w}. Hence, Cr(w) = Cg(s) forany s € (S — {w}) U{w} = S.
It follows that w € €x(s) for any s € S and hence, w € SQS Cr(s). This gives
that S C o Cg(s). On the other hand, let w € o Cr(s). Thus, w € Cx(s) for
any s € S and therefore, we have Cr(w) = Cg(s) forany s € S. If w ¢ S, then
w o sforany s € S — {w} = S. This shows that S U {w} can be formed an
independent set of Y g, which contradicts the fact that S is a maximal independent
set of T . Therefore, w € S and so, SQS Cr(s) C S. Consequently, we obtain

S=nN QR(S). O

seSs

5.2.3 Diameter and Girth

The diameter of a graph G, denoted by diam/(G), is the largest distance between
any two vertices of G. We begin this subsection by determine a lower bound of

diam(YR).

Proposition 5.2.3.1. Let R be a finite non-commutative ring. Then Y is con-

nected and diam(Tg) < 2.
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Proof. Let x,y be two distinct elements in R. Here, we consider the following

three cases.

Case 1: z,y € Z(R). Thus, we have Cr(z) # Cr(w) and Cr(w) #
Cr(y) for some w € R — Z(R). It follows that = ~ w ~ y. Therefore, we have

d(z,y) < 2.

Case 2: Either x € Z(R) or y € Z(R) but not both. Thus, we have

Cr(z) # Cr(y). It follows that x ~ y. Therefore, we have d(z,y) = 1.

Case 3: x,y ¢ Z(R). Thus, we have Cg(z) # Cg(0) and Cg(0) #

Cr(y). It follows that  ~ 0 ~ y. Therefore, we have d(z,y) < 2.

Consequently, by all the cases above, we obtain Ty is connected and

diam(YTg) < 2. O

The following proposition presents some necessary and sufficient condi-

tions for diam(Yg) = 1.

Proposition 5.2.3.2. Let R be a finite non-commutative ring. Then the following

statements are equivalent.

(@) diam(YTg) = 1.

(b) YTgis complete.

(©) |Cent(R)| = |R|.
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Proof. (a)=-(b): Since diam(Ygr) = 1, then d(z,y) < 1 for any two distinct
x,y € V(Tg). In view of Proposition 5.2.3.1, Ty is connected. So, we have

d(z,y) = 1 for any two distinct =,y € V(T ). Consequently, T is complete.

(b)=(c): Assume to the contrary that |Cent(R)| < |R|. Let |Cent(R)| =
n. Thus, we have Cent(R) = {Cr(r1),Cg(r2), - ,Cg(r,)} for n distinct
elements 7,79, ,7, € R. Letr € R — {ry,r,--- ,m,}. Since Cg(r) €
Cent(R), then Cr(r) = Cg(r;) for some i € {1,2,---,n}. Hence, r ¢ r;,

which contradicts the fact that Tz is complete.

(c)=(a): Since |Cent(R)| = |R|, then Cg(z) # Cgr(y) for any two
distinct z, y € R. This implies that d(z,y) = 1 for any x,y € R. Consequently,

we obtain diam(Yg) = 1. O

The girth of a graph G, denoted by gr(G), is the length of the shortest

cycle contained in G. In the following, we obtain an exact value of gr(Trg).

Proposition 5.2.3.3. Let R be a finite non-commutative ring. Then gr(Tg) = 3.

Proof. Since R is non-commutative, then there exist two distinct elements 1, 75 €
R such that 779 # rory. This gives that Cg(r1) # Cgr(r2) # Cgr(0). It follows
that 7y ~ ro ~ 0 ~ rq is a triangle contained in Y r, which implies that gr(T ) <

3. Since Y is a simple graph, then gr(Y ) > 3. Consequently, gr(Tg) = 3. [
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5.24  Degree

The degree of a vertex x in a graph G is the number of edges incident with z, and
is written deg(x). We begin with the following result which gives the degree of

each vertex in Y p.

Proposition 5.2.4.1. Let R be a finite non-commutative ring. Then for any

T &€ V(TR),

deg(z) = [R| — |€r(z)]
=Rl = |Z(R)| ifze Z(R),

> |R| = |Cr(x)| ifzd Z(R).

Proof. Letx € V(Yg). Since Cr(z) # Cr(u) for any u € Cx(x), then z ~ u
forany u & Cg(x). It follows that deg(z) > |R|—|Cg(z)|. Since Cr(z) = Cgr(v)
for any v € Cg(x), then x o v for any v € €x(x). It follows that deg(x) <
|R| — |€Rr(x)|. Therefore, we obtain deg(x) = |R| — |€r(x)|. If x € Z(R), then
Cr(xz) = Z(R) and so, we have deg(z) = |R| — |Z(R)|. Assume that x ¢ Z(R).

Since €r(z) C Cg(z), then we have deg(z) > |R| — |Cr(z)]. O

We use the notation 6(G) to represent the minimum vertex degree in a

graph G. In the following proposition, we give a lower bound of §(Yr).

Proposition 5.2.4.2. Let R be a finite non-commutative ring. Then §(Yg) > 3.

Proof. Suppose to the contrary that 6(T ) < 2 for some non-commutative ring

R. Thus, deg(xz) < 2 for some x € V(Tg). Hence, we note that x is non-
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adjacent to at least |R| — 3 distinct vertices in V(Y g). Therefore, we have

Cr(z) = Cgr(r1) = Cg(ry) = --- = Cg(r|gj—3) for |R| — 3 distinct elements
71,79, - ,7|rl—3 € R. This yields that [Cent(R)| < 3, which contradicts with
[AT]. [

By applying Proposition 5.2.4.2, we can confirm that T y is not isomorphic
to certain graph. For example, T  is not isomorphic to tree. Next, we improve a

lower bound of 6(Y i) and develop an upper bound of §(Yg).

Proposition 5.2.4.3. Let R be a finite non-commutative ring. Then @ <

5(Tr) < |R| - 1.

Proof. Since x € €p(z) for any = € R, then |€x(z)| > 1 for any x € R. Since
Z(R) < R, then |Z(R)| < |—§|. Since Cr(z) < R for any = ¢ Z(R), then
|Cr(x)] < |2£‘ for any © ¢ Z(R). Thus, it follows from Proposition 5.2.4.1
that @ < deg(xz) < |R| — 1 forany z € V(Yg). Consequently, we obtain

5 <8(Yr) <|R| - L. -

2

By combining the Proposition 5.2.4.2 and Proposition 5.2.4.3, we have

the following result.

Proposition 5.2.4.4. Let R be a finite non-commutative ring. Then max{3, %‘} <

6(Tr) < |R| - 1.

Dirac’s theorem (see Dirac (1952)) is a well-known theorem in the Hamil-

tonian problem. Dirac’s theorem states that a simple graph G is hamiltonian if
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d(G) > 2and 0(G) > ‘V(QG)‘. As a direct consequence of Proposition 5.2.4.4 and

Dirac’s theorem, we have the following result.

Proposition 5.2.4.5. Let R be a finite non-commutative ring. Then T ; is Hamil-

tonian.

5.2.5 Connectivity and Planarity

The edge connectivity (respectively, vertex connectivity) of a graph G, denoted
by A(G) (respectively, x(G)), is the minimum number of edges (respectively,
vertices) required to be eliminated from G so that GG is disconnected. Chartrand

(1966) has verified that for any simple graph G, if §(G) > %, then A\(G) =

d(G). Thus, by combining this result and Proposition 5.2.4.4, we obtain the

following proposition immediately.

Proposition 5.2.5.1. Let R be a finite non-commutative ring. Then max{3, %‘} <

MTr) =06(Tr) < |R| - 1.

Next, we give the relation between the (Y z) and A(YTg).

Proposition 5.2.5.2. Let R be a finite non-commutative ring. Then x(Yg) =

MYq) =0(Ye) = |R| - ffeag{\Q:R(T)’}

Proof. Let |Cent(R)| = n. Thus, we have Cent(R) = {Cr(r1), Cg(r2),- -,
Cgr(ry,)} for n distinct elements 71,7, - - - , 7, € R. By Proposition 5.2.3, T is

a complete n-partite graph. Since T is a complete n-partite graph, then «(Yg)
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(respectively, A(Tg)) is equal to the minimum number of vertices (respectively,
edges) required to be eliminated from Y g so that T g left only a single partite set
(respectively, T exists an isolated vertex). Thus, we have k(Tg) = A(Tg) =
|R| —  max n}{ICR(r)\} = |R| — ryeaé({\QR(r)]}. From Proposition 5.2.5.1,

re{ri,ro,,r

AMTR) = §(Tg). Consequently, we get the desired result. O

Kuratowski (1930) published a famous theorem regarding the planarity
of a graph, which is Kuratowski’s theorem. Kuratowski’s theorem states that
a graph is planar if and only if it does not contain a subdivision of K5 or K33
as a subgraph, where K is a complete graph of order 5 and K3 3 is a complete
bipartite graph with both partite sets having 3 vertices. In the following, we obtain

a complete characterisation of the planarity of Y .

Proposition 5.2.5.3. Let R be a finite non-commutative ring. Then T is planar

if and only if |R| = 4.

Proof. We first consider the necessity part. Assume that |Z(R)| > 3. Let
{0,21,20} € Z(R) and let r € R — Z(R). It follows that C(0) = Cg(z1) =
Cgr(29) and Cgr(r) = Cr(r + z1) = Cr(r + 22) and C(0) # Cr(r). Since
Cr(a) # Cg(b) forany a € {0, 21, 22},b € {r,r+ 21,7+ 22}, then a ~ b for any
a € {0,21,22},b € {r,r+2z1,7+22}. This gives that K3 3 is a subgraph contained
in Y g, which contradicts with the Kuratowski’s Theorem. So, |Z(R)| < 2. By
[Al], |Cent(R)| > 4. If |Cent(R)| > 6, then {Cg(r1),Cr(ra), -+ ,Cr(re)} C
Cent(R) for six distinct elements ry, 9, - - - , 76 € R. Since Cr(a) # Cg(b) for

any a € {ry,re,r3},b € {ry,rs,16}, then a ~ b for any a € {ry,rq9,73},b €
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{r4,r5,76}. This gives that K3 is a subgraph contained in Y, which con-
tradicts with the Kuratowski’s Theorem. If |Cent(R)| = 5, then Cent(R) =
{Cg(r1),Cgr(ra),- -+ ,Cr(rs)} for five distinct elements ry, ry, - - - ,r5 € R. By
[A4], |R| > 9. Letr € R — {ry,ra,--- ,7r5}. Since Cr(r) € Cent(R), then
Cgr(r) = Cg(r;) for some i € {1,2,---,5}. Without loss of generality, we
assume that i = 1. Since Cg(a) # Cg(b) forany a € {r,r;,r},b € {r3,r4,75},
then a ~ b for any a € {r,r,m},b € {rs,r4,r5}. This gives that K33 is a
subgraph contained in Y g, which contradicts with the Kuratowski’s Theorem. So,
|Cent(R)| = 4. Thus, we have Cent(R) = {Cg(r1),Cr(r2), Cr(rs), Cr(rs)}
for four distinct elements 7,79, 73,74 € R. Suppose that |Z(R)| = 2 and let
Z(R) =10, z}. Note that, Cr(r1) = Cr(r1+2) and Cg(r3) = Cr(r3s+z). Since
Cr(a) # Cr(b) forany a € {ry,r1 + z,r2},b € {rs,rs + z,r4}, then a ~ b for
any a € {ry,r1 + z,r2},b € {rs,rs + z,r,}. This gives that K5 3 is a subgraph
contained in Y, which contradicts with the Kuratowski’s Theorem. Conse-
quently, |Z(R)| = 1. So, by [A3], we obtain |R| = 4, as required. Conversely,

let R = {0,71,72,73}. Note that, |Cent(R)| < |R| = 4. By [Al],

Cent(R)| > 4
and thus, |Cent(R)| = 4. It follows that Cr(0), Cg(r1), Cr(r2), Cr(rs) are dis-
tinct from each other, which yields that a ~ b for any two distinct elements
a,b € R. Consequently, Tz can be drawn in the plane without edges crossing

and so, Ty is planar. O
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5.2.6  Regularity

In this part, we study the regularity of T z. We first prove the following equiva-

lence.

Proposition 5.2.6.1. Let R be a finite non-commutative ring. Then the following

statements are equivalent.

(a) Ygisregular.

(b) x + Z(R) = €r(x) for any x € R.

(©) |Cent(R)| = |R: Z(R)|.

Proof. Note that, z + Z(R) C €g(z) for any z € R. By Proposition 5.2.4.1,
deg(z) = |R| — |Cg(z)| forany x € V(Yr) and deg(0) = |R| — |Z(R)|. Hence,

we have

T is regular < deg(0) = deg(x) for any z € V(YTg)
& |R|— |Z(R)| = |R| — |€g(z)| forany = € R
& |Z(R)| = |€g(x)| forany z € R
& |z 4+ Z(R)| = |€gr(x)| forany x € R

& x+ Z(R) = Cg(x) forany x € R.

So, the implication (a)<>(b) holds.

We now show (b)<(c). For necessity part, suppose to the contrary that

|Cent(R)| < |R : Z(R)|. It follows that there exist two distinct elements
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r 4+ Z(R),rs + Z(R) € R/Z(R) such that Cg(r1) = Cg(r2). Therefore, we
obtain r; € €x(ry) = 2 + Z(R), which implies that r; + Z(R) = ry + Z(R), a
contradiction is reached. Conversely, we assume that x + Z(R) # Cg(z) for some
x € R. Note that, z + Z(R) C €g(z). Hence, €r(z) € x+ Z(R). It follows that
there exists some a € €g(z) but a € x + Z(R). Thus, we have Cr(a) = Cg(x)
and a+ Z(R) # x+ Z(R). This gives that |Cent(R)| < |R : Z(R)|, which leads

to a contradiction. O

Next, we indicate the structure of R/Z(R) when Y is regular.

Proposition 5.2.6.2. Let R be a finite non-commutative ring. If Y is regular,

then R/Z(R) = Z} for some n > 2.

Proof. If R/Z(R) = Zs, then R/Z(R) is cyclic. This yields that R is com-
mutative, which is impossible. So, R/Z(R) % Z,. We want to show that all
non-identity elements in R/Z(R) have order 2. Let x € R — Z(R). Since
Cgr(z) = Cg(—x), then x € €x(—z). In view of Proposition 5.2.6.1, = €
—x + Z(R). It follows that z = —z + z for some z € Z(R), which gives that
2x = z. This implies that the order of x + Z(R) is 2. So, we can conclude that

R/Z(R) = Z% for some n > 2. O

In general, the converse of Proposition 5.2.6.2 is not necessarily true.

For example, R = {[885}
000

a,b,c € ZQ} 1S a non-commutative ring with
R/Z(R) = Z3 but Tg is not regular. In the following, we demonstrate that

the converse of Proposition 5.2.6.2 is holds for some circumstances.
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Proposition 5.2.6.3. Let R be a finite non-commutative ring. If R/Z(R) = 73,

then Yy is regular.

Proof. In view of [A2], |Cent(R)| = 4. So, by Proposition 5.2.6.1, we have T g

is regular. [

Proposition 5.2.6.4. Let R be a finite non-commutative ring. If R/Z(R) = 73,

then Y is regular if and only if |R : Cg(r)| =4 forany r € R — Z(R).

Proof. If Y is regular, then by Proposition 5.2.6.1, we have |Cent(R)| = 8. So,
we obtain |R : Cg(r)| = 4 for any r € R — Z(R) by Theorem 2.5.1. Conversely,
we assume that Yy is not regular. Thus, it follows from Proposition 5.2.6.1 that
|Cent(R)| # 8. Therefore, by [A7], we have |Cent(R)| = 6. But, by Theorem
2.3.1, we obtain |R : Cg(r)| # 4 for some r € R — Z(R). We have reached a

contradiction. So, Ty is regular. O]

Next, we show that Y  is not an n-regular graph for some positive integer

Proposition 5.2.6.5. Let R be a finite non-commutative ring. Let n € N with
n > 4 and let D be the set D = {dGN ld< %,d ’ n} Ifforanyd € D, 1+ 5
is square free or 1 + % = p?q for two distinct primes p, ¢, then Yy is not an

n-regular graph.

Proof. Assume that Y g is an n-regular graph. By Proposition 5.2.4.1, deg(0) =

|R| — |Z(R)| and thus, we have |R| — |Z(R)| = n. It follows that |R : Z(R)| =

ntZR)| oy Zimy- Since Z(R) < Cr(z) < Rforany z € R — Z(R),
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then |R| = k1|Cgr(x)| = ki1ka| Z(R)| for some ky, ke > 2, which implies that
|R| = k|Z(R)| for some k > 4. Hence, we have (k — 1)|Z(R)| = n. This shows

that |Z(R)| | nand |Z(R)| = %5 < %, which gives that | Z(R)| € D. From

k—1
. . n . _ n — 2

the given assumptions, we have 1 + Z(m)] 18 square free or 1 + ) = P4 for

two distinct primes p,q. If 1 + ﬁ = p?q for two distinct primes p, g, then

by Lemma 2.2.17, we obtain a contradiction. So, 1 + |ZE‘—R)| is square-free. This

implies that R/Z(R) = Zy+_»_ and hence, R/Z(R) is cyclic. Consequently, R

1Z(R)]

is commutative. We have reached a contradiction. L]

5.2.7  Rings with the Same Non-Centraliser Graph

In this subsection, we determine some sufficient conditions to guarantee the

isomorphism between two non-centraliser graphs.

Buckley et al. (2014) have introduced the notion of Z-isoclinic between
two rings. Following Buckley et al. (2014), two rings R; and R, are said to
be Z-isoclinic if there exist additive group isomorphisms ¢ : R;/Z(R;) —
Ry/Z(Ry) and v : [Ry, Ri] — [Rs, Ry such that ¢ ([u,v]) = [u',v'] whenever
o(u+ Z(Ry)) = v + Z(Ry) and ¢(v + Z(R,)) = v + Z(R,). Recall that,
for aring R, [x,y] = zy — yx is the additive commutator of R and [R, R| =
{lxs,vil + -+ [Tn,un) | 1,01, s @0y yn € R,n € N} is the commutator
subgroup of (R, +). We conclude this chapter by showing that two non-centraliser
graphs are isomorphic when two rings are Z-isoclinic and the cardinalities of their

centres are equal.
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Proposition 5.2.7.1. Let R;, R, be two finite non-commutative rings with | Z(R;)| =

|Z(R2)|. If Ry and Ry are Z-isoclinic, then Y, = Tp,.

Proof. Since R; and R, are Z-isoclinic, then there exists an additive group iso-
morphism ¢ : Ry/Z(Ry) — R2/Z(Ry). Thus, |R,/Z(Ry)| = |R2/Z(Ry)|. Let
|R1/Z(R1)| = n. Hence, we have R, /Z(Ry) = {x1+ Z(R1), -+ ,xn+ Z(R1)}
for n distinct elements 1, - - - , x, € Ry, and Ry /Z(Rs) = {sh+Z(R2), -+ ,Yn+
Z(Rs)} for n distinct elements y;,-- - ,y, € Re. Without loss of generality,
we assume that ¢(z; + Z(R1)) = y; + Z(Rs) forany ¢ € {1,--- ,n}. Since
|Z(R1)| = |Z(R2)|, then we are able to construct a map g : Z(R;) — Z(R3)
such that g is bijective. Note that, for any u € R; (respectively, v € Ry), u
(respectively, v) can be written in the form u = xz; + z for some ¢ € {1,--- ,n}
and z € Z(R;) (respectively, v = y; + g(z) for some i € {1,---,n} and
g(z) € Z(R,)) and this representation is unique. Here, we construct a map
f + Ry — Ry such that f(z; + 2) = y; + g(2) forany i € {1,--- ,n} and
z € Z(Ry). Assume that f is not injective, then f(z; + 21) = f(z; + 22) for
two distinct z; + 21, x; + 2o € Ry. Thus, we have y; + g(z1) = y; + g(z2). If
i = j, then g(z1) = g(z2), which gives that z; = z5, which is a contradiction.
Therefore, i # j. It follows that y; + Z(Ry) = y; + Z(R2), which implies that
¢(x; + Z(Ry1)) = ¢(x; + Z(Ry)). This gives that z; + Z(Ry) = z; + Z(Ry). So,
we obtain ¢ = j, which is a contradiction again. Therefore, f is injective. Since

|Z(R1)| = |Z(R2)|, then |R;| = | R2| and consequently, f is bijective.

Let {u,v} be an arbitrary edge in E(Yg,). Thus, Cg,(u) # Cg,(v).

Hence, we know that either |Cg, (u) — Cg,(v)| = 1 or |Cg,(v) — Cg,(u)| > 1
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but not both. Without loss of generality, we suppose that |Cg, (u) — Cg, (v)| > 1.
Hence, there exists an element w € Cg, (u) but w ¢ Cg, (v). Note that, u, v, w
can be written as u = ¥; + 21,V = ¥; + 22, w = ¥}, + 23 for some i, j,k €
{1,--- ,n} and z1, 29,23 € Z(R;). Since w € Cg, (u) but w ¢ Cg, (v), then
v, —x; 7, = 0 and x,x; —x;x), # 0, which gives that [z, z;] = 0 and [z, z;] #
0. Since R; and R, are Z-isoclinic, then there exists another additive group
isomorphism ¢ : [Ry, Ry] — [R2, Rs] such that for any s,¢t € {1,--- ,n}, if
¢(xs+Z(R1)) = ys+Z(Rp) and g2+ Z(R1)) = u+Z(Ra), then ([, 2:]) =
[ys, y¢]. Since the kernel of f is {0}, then we note that for any s,t € {1,--- ,n},
[zs, 2] = 0 if and only if [ys, y:] = 0. So, we obtain [yx, v;] = 0 and [y, y,] # 0,
which yields that y, € Cg,(y;)) = Cr,(yi + g(z1)) = Cr,(f(z; + 21)) =
Cry(f(u)) butyy, & Cr,(y;) = Cr,(yj+9(22)) = Cr,(f(zj+22)) = Cry(f(v)).
It follows that C'r, (f(u)) # Cr,(f(v)) and so, { f(u), f(v)} is an edge in E(Ys).
This shows that there exists a bijective map f : V(R;) — V(R5) such that for
any u,v € V(Ry), {u,v} € E(R;) ifand only if {f(u), f(v)} € E(Rz). So, we

can conclude that T, = Tpg,. O]
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CHAPTER 6

CONCLUSION

In conclusion, the study of n-centraliser rings has allowed us to delve into un-
derstanding the impact of the number of distinct centralisers in a finite ring on
its structure and commutativity. Throughout this study, we have meticulously
investigated various topics related to the centraliser of a ring. This investigation
involved characterising all n-centraliser finite rings for n € {6,7,8,9,10, 11}
and computing their commuting probabilities. Additionally, we have classified the
structures for all finite rings with cardinality of the maximal non-commuting set
is 5. Moreover, we have generalised the notion of n-centraliser rings and yielded
various results regarding this generalisation. To achieve this, we introduced the
notion of (m, n)-centraliser rings and determined the characterisation for some
(m, n)-centraliser finite rings for n < 10. Finally, we have employed the concept
of centralisers to establish a connection between a graph and a ring. This was
accomplished by introducing the concept of the non-centraliser graph of rings
and discussing various graph-theoretic properties of the non-centraliser graph of

finite rings.

On the other hand, we have also identified some open problems for future

work. The investigation in Chapter 2 could be extended by considering the exis-

tence and characterisation of n-centraliser finite rings for n > 12. Furthermore,
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the study in Chapter 3 might be continued by considering the cardinality of the
maximal non-commuting set to be ¢, where ¢t > 6. Moreover, in Chapter 4, we
imposed the assumption that | Z(R)| > m — 1. The results in Chapter 4 could be
further improved by encompassing the cases where |Z(R)| < m — 2. Lastly, in
Chapter 5, the applications of the non-centraliser graph of finite rings in various
fields remain largely unexplored. The exploration of applications for the non-
centraliser graph of finite rings opens up new avenues for research. Furthermore,
the discussion in Chapter 5 could be continued by considering the complement of

the non-centraliser graph of rings.
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